N

N

Determination of non-linear normal modes for
conservative systems
Cyril Touzé, Olivier Thomas

» To cite this version:

Cyril Touzé, Olivier Thomas. Determination of non-linear normal modes for conservative systems.
Ninth International Congress on SOund and Vibration (ICSV 9), 2002, Orlando, United States. hal-
01154709

HAL Id: hal-01154709
https://ensta-paris.hal.science/hal-01154709

Submitted on 22 May 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://ensta-paris.hal.science/hal-01154709
https://hal.archives-ouvertes.fr

Cyril Touzé-1

DETERMINATION OF NON-LINEAR NORMAL MODES
FOR CONSERVATIVE SYSTEMS

Cyril Touzé Olivier Thomas

ENSTA-UME, Unité derechercheenMécanique
Chemindela Huniére,91761PalaisealCede, FRANCE
touze@ensta.fr

Abstract. Thedefinitionof anon-lineamormalmode(NNM) is consideredhroughnormalform
theory It is shovn thata nonlinearchangeof variablesallows oneto spanthe phasespacewith the
invariantmanifolds,andthusto defineco-ordinatedinked with the NNMs. Invarianceproperty
aswell asthe validity of the asymptoticdevelopmentusedfor generatingthe normal form are
illustratedon two examples.

INTRODUCTION

The definition of non-linearnormal modes(NNMs) hasbeensubjectto variousapproachsince
the pioneeringwork of Rosenbeg [1]. The main motivation reliesin the fact that, at the non-
linear stage the modeshapesiependon vibration amplitude. This phenomenonwhich could be
comparedwith thefrequeng dependencen motionamplitude,is not madeexplicit by the usual
framework, which consistan projectingthe equation®f motionontothelinearmodeshasis.

In this paper a NNM is definedasan invariantmanifold which is tangentto its linear coun-
terpart(thelineareigenspacettheorigin. S. Shav andC. Pierreusedcentermanifoldreduction
techniquan orderto calculatethoseinvariantmanifolds[2, 3]. It allows themto computeasingle
NNM; but the methodbecomedediousto handlemultiple modemotions[4].

The applicationof normalform theoryallows oneto definea non-linearchangeof variables
that cancelsnon-resonantermsin the non-linearequationsof motion. It is thenshawvn thatthe
new definedvariablesarelinkedto the invariantmanifolds.Hencethe geometryof all the NNMs,
which are computedin a single operation,are containedin this non-linearco-ordinatechange.
Moreover, attendantlynamicsonto the manifolds(i.e. the nonlinearmodalmotions)aresimply
givenby the normalform of thevibratory problemat hand. This procedurggreatlysimplifiesand
generalizeghe approachproposedn [2, 3]. A similar ideahasalreadybeenusedby Jezequel
andLamarque[5]. A summaryof the main resultsare hereprovided, aswell astwo examples.
Completecalculationdor an N degrees-of-freedon(d.o.f) systemaregivenin [6].
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NORMAL FORM THEORY AND NNMs
Normal form theory

A consenrative N d.o.fsystemwith quadraticandcubicnon-linearitiess considered

N N N N N
Vp=1.N: X,+w2X,+> > XX, +> > Y mu XXX, =0, (1)
i=1 j>i i=1 j>i k>j

It is assumedherethat there are no internal resonanceaelationsbetweenthe eigenfrequencies
{wp}p=1..n Of the system(1). Normal form theory relies upon Poincaréand Poincaré-Dulas
theoremg7, 8]. The underlyingideais thatthe physicalco-ordinateq X,, Y;), whereY, = X,
arenot the mostappropriateonesto describethe dynamicsexhibited by (1). Hencea non-linear
changeof variableds soughtin orderto cancelall termsthatarenotdynamicallyimportant. These
termsarethenon-resonanbnes[7, 8].

For anoscillatoryproblem,onecanshav thatthesenon-resonantermsareresponsibldor the
lossof invarianceof the linear eigenspacesBy invariancewe meanthata motion initiated in a
subspacalwaysstaysin thatsubspaceuringits motion. An invariantmanifoldis thena subsebf
initial conditionghatallows oneto defineaglobalmotionof astructurewith asingledisplacement-
velocity pair. This centralpropertydefinesaNNM [2, 3, 6]. SettingEqs(1) into its normalform
exhibits the co-ordinatedinked with the invariantmanifolds,which aretwo-dimensionaturved
surfacesn the2 N-dimensionaphasespace.

Theremainderof this article givesa surwey of the main analyticalresultsgivenin [6], where
the generakquationghatdefinethe normalco-ordinateg R, S, ) areexplicited.

Elimination of the quadratic terms

Poincaréstheoremensureshatquadratidermsarenon-resonarendthuscanbe eliminated.This
is obtainedvia thefollowing relations:

N N

Xp=Up+ > (@ UU; + b5 ViVy), (22)
i=1 j>i
N N

Y, =Vo+ > > UV, (2b)

i=1 j=1

For the sale of concision the expressiorof thecoeficients{afj, bfj, yf-’j}p:l___N arenotgivenhere.
They are expressedasfunctionsof the physicalparametergw,, gf’j, hfjk) in [6]. Onecanno-
tice the following generalproperties:(i) Eqg. (2) is chosentangentto the identity, to ensurethat
the manifoldsare tangentto the linear eigenspaces(ii) Expressionf {a};, b;,7;;} divergein
caseof internalresonancea featurewhich is completelyusualin asymptoticdevelopments (iii)

(U, V) arecalculatedso asto remainhomogeneouto a displacement-glocity pair (Up = V).
They correspondo the co-ordinatedinked with a second-ordeapproximationof the invariant

manifolds.
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Substituting(2) into (1) givesthefollowing dynamics:

Up =V, (3a)
) N N N N N N
TN ) ) DA ITED ) 9) DI LA TTRR NI NE®
i=1 j>i k>j i=1 j=1 k>j
Thecoeficients A7, , B, aregivenby:
zak - Z gzlajk + Z glz Jk ) zyk Z gzlb_lyk + Z glzbék (4)
1> 1<z > 1<z

As expectedthe quadratidermshave beencancelled Somecubictermsarisefrom this operation.
Onecannoticethatsomeof themarevelocity-dependent factthathasalreadybeenunderlined
[2, 3]. Thesameoperationis now carriedout, to proceedwith the cubicterms.

Processing the cubic terms

A non-linearchangeof co-ordinatesvill now beexhibitedin orderto cancekhecubicnon-resonant
terms. The specificityof this calculationis thatall termswill not be eliminated,dueto the partic-
ular resonanceelationsthat arealways presentfor systemswith eigenspectrurdtiw,},>1. For
example theorderthreeresonanceelationw; = (wy — we) + wy is alwaysfulfilled, leadingto an
unremwableterm X2 X, in theevolution equatiorfor X;.

Thenew displacement/@locity variablesarenow written (R,, S,,). They arecalledthenormal
co-ordinates. The non-linearrelationshipbetween(U,, V,)) and (R,, S,) is found to be of the
following form:

N N N N N N
Up=Rp+ > > > P RR R+ Y > by RiS;S, (5a)
i=1 j>i k>j i=1 j=1 k>j
N N N N N N
i=1 j>i k>j i=1 j=1 k>j

Assembling(5) togethemith (2) givestherelationshipbetweerthephysicalco-ordinate§ X, Y,)
andthenormalco-ordinateg R,, S,), which areconnectedo the orderthreeapproximatiorof the
invariantmanifolds. Finally, introducing(5) into (3) givesthe dynamicswhich is foundto bethe
normalform of (1). The generalequationis not reproducecderefor the sale of brevity, andalso
becausehe normalform canbewritten from the knowledgeof thellineareigenspestruronly. But
interestingfeaturesarefoundwithin it, andwill betreatedelsevhere[6].

We shaw the generaresultwith N = 2, astheexamplestreatedoelon will considertwo d.o.f
systems:

Rl + W1R1+(h%11 + A111)R3 (h%m + A122 + A212)R1R§
111R152 + B122R152 + B212R25152 == 0 (Ga)

Ry +w R2+(h§22 + ASgo) RS + (hl)y + Aljy + A3, )RR}
+ B112R15152 + anR?Sl2 + BQQQRQSg =0 (6b)
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Fig. 1: Sletd of thephasespacein thevicinity of theorigin. Orthogonallinesrepresenthelinear
modalbasis.Curvedlinestangentat the origin representgheinvariant manifolds,i.e. the NNMs.
A curvedgrid is alsorepresentedin which thenormaldynamicswill be expressed.

Onecannoticethatall thetermsthatareresponsibldor thelossof invariancenave beencancelled,
aswell asthe presencef velocity-dependentermsin the normal dynamics. Single non-linear
modaldynamicsis now simply givenby settingall othersco-ordinateso zero,asin alinearcase.
For example,thefirst NNM is found by settingR, = S, = 0. This givesthe dynamicsonto the
first manifold (by substitutingnto (6a)),aswell asits geometryin phasespace:

Xo = a?lR% + b%lsf + T%llR:l)’ + u%llRl‘SlQ (7a)
Y, = VflRISI + N%nSf + V%nSlR% (7b)

Thesituationis sketchedn figure 1. Thelinearorthogonakigenspacegjraduatedy the physical
co-ordinateg X, Y,) arerepresentedy lines for corvenience put they arein factplanes. The
invariantmanifolds(denotedM; and.M,) arerepresenteddy thecurvedlines. Non-linearsingle-
modeorbitsarecontainedwithin theseinvariantmanifolds.

Throughoutthe section,it hasbeenshaovn thatnormalform theorygives: (i) the geometryof
all invariantmanifolds,(ii) co-ordinatedinkedwith themandthusthebendingof thewhole phase
spaceand (iii) the reduceddynamicswith the new co-ordinates. Thesecalculationshave been
foundto be consistentvith previousapproachedeveloppedvy otherauthorg2, 4, 9]. It will now
be appliedon examples.

EXAMPLES

System with cubic non-linearity

The first exampleconsidersa two d.o.f systemwith cubic non-linearity shovn in figure 2. The
equationof motionaregivenby:

X1=Y1, Yi=-(1+kX +kX;—gX} (8a)
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Thefirst thing to do is alineardecoupling thatis to expresskq. (8) into the linear modalbasis,

DXl DXQ

m‘zl 4\/\/\/\/\— m‘:1
0.0 0.0

Fig. 2: Physicalrepresentatiorof examplel.

definedby thetwo following linearmodalmotions: X; = U; + U, Xy = U; — U,. Thisgivesthe
following system:

Ui=Vi, Vi=—U— U+ Uy (92)
Up=Vy , Va=—(1+2k)U,— g(U1 +Uy)? (9b)
Thelinearfrequenciesarew; = 1 andw, = v/1 + 2k. The assumptiorof no internalresonance

is fulfilled aslongask # 0, k # 4 andk # —4/9. Theresultsof the precedensectionggive the
non-linearrelationthatpermitsto describehe bendingof the whole phasespace:

3+ 7k)g 3(1 k) 3g 9g 3¢

_ 9 n2
Ui =Rt groe s 0~ a2t gpg — PSS~ e — St R ger 0 25
(10a)
_ 39 3 3(k—3)g o 3(1—k)g 39 3(1+3k)g
Vi= St o 0% T i 0 00t oy B RS T e S0t por 1 4) 22
(10b)
(3—K)g ps, 39 2 3(1+3k)g , 99 3g
Uo = Bt g = 4)R T D5 Ger 0 R T ek TSt s oy o RS
(10c)
B 3g 3 3(1—k)g o 3(1+ 3k)g 3B+ Tk)g  po 3g 9
Ve = S2+4k(k —4) ST+ Ak (k — 4)R o 2k(9k + 4) iRz 52 4K (9K + 4) Sty 4K (9K + 4) 5152
(10d)
Applying this co-ordinatechangeagivesthe normaldynamicsup to order3:
) . 3
Ri=S, Si=—R — gRi‘ “IR2R, (11a)
. . 3 3g 9
By=5Sy , So=—(1+2k)Ry— 5R2 SRR (11b)

Figure 3 shaws the resultsof simulationsconcerningthe invarianceproperty with ¢ = 1/3 and
k = 1. Thefirst columnis relatedto the linear modal subspacelnital conditionhasbeentaken
along the first linear mode,namely: U; = 1 andall other co-ordinateso zero. Figure 3(a)
shavsthe projectionof themotion,calculatedn physicalco-ordinategi.e. with (8)), ontothefirst
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01+ Initial condition onto
the first linear subspace

Initial condition on
the invariant manifold

-0.2 0 0.2 -0.2 0 0.2

Ul
Uz RZ

Fig. 3: (a)-(d): projectionsonto linear and non-linearsubspacesf a motioninitiated along the
firstlinear mode(a)-(b); and along the first non-linearmode(c)-(d). Repesentatiorof the two
precedensimulationsin (Uy, V4, Us) space showingtheinvariancepropertyfor thefirstNNM.

linearsubspacé¢U;, V7). Figure3(b) shavstheresidualcontributiononthesecondinearsubspace
(Us, Vo), which is clearly not negligible. This is the effect of non-resonantermsthat have been
cancelledhroughthe nonlinearchangeof co-ordinates.

The samesimulationis now conductedwith thefirst non-lineamormalmode. An initial posi-
tion alongthefirst non-linearmanifoldis givenby : R; = 1, all theotherco-ordinatesetto zero.
Equationg10) allows oneto calculatethecorrespondingnitial conditionin physicalco-ordinates.
For thefirst non-linearmode,this gives: X; = 0.944, X, = 1.055, Y7 = Y, = 0. Thedynamics
is integratednumericallywith (8) andthenprojectedbackontothe non-linearnvariantmanifolds,
with the inverserelation of (10). Figure 3(c) shavs the motion alongthe first non-linearmode,
andFigure 3(d) the residualcontribution alongthe secondnon-linearmode. Comparing(b) and
(d) shaws thata factor7 hasbeengainedfor the invariance.Thefactthatthe motionin (d) is not
completelyzerois dueto the factthatonly a third-orderapproximatiornof the invariantmanifold
is computed Theresultsof thesetwo simulationsareplottedin the (U;, V4, Us) space Theorder
threeapproximatiorof thefirst invariantmanifoldis representetdy a surface. Thetwo calculated
trajectoriesarealsoshovn. Onecanseethattaking the initial conditionon thefirst linear mode
resultsin awhirling trajectory The motion startedon the invariantmanifold, the first NNM, stay
onit for all time.

A system with quadratic and cubic non-linearities

The two d.o.f systemconsiderechereis composedof a massm connectedo a frame by two
geometricallynon-linearsprings(Fig. 4(a)). The potentialenegy of spring: (: € {1,2}) is
assumedo be:

1 2 -1

1 .
&= 5klie, with e=_ T (12)
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1st. manifold 2nd. manifold

0.1 T 0.3 ¥
0.2
X *
T2 * 0.1
5 0 =3
lo < * 01
-0.2
(b) 03l (¢)
-0.1 -0.4

-0.2 0 0.2 -0.1 -0.05
X, [dless] X, [dless]

Fig. 4: (a) - Thetwo d.o.fmass/springsystem.(b) - Third order approximation(solid lines) and
true position('*") of thefirstinvariantmanifold.(c) - idemfor the secondnvariant manifold.

k; is thelinearstiffnessof springi, andl; is its deformedength. Thetensionin thespringsis then:

o€ 1 1\ 3ALZ  1AP
Ni:— p:——kil i -t :—k'z Alz - ¢ - ¢ , th Alz:lz—l
al, 2 °l<10> 10] [ T2 T2 zg] W °
(13)
Applying Lagranges equationgo the mass,
d 0 0
i —_ —_ =V, 14

with &, denotingthe kinetic enegy of massm, oneobtainsthe following system with quadratic
andcubicnon-linearities:

. 2 2 2
X 4+ w?X; + %(3){% +X2) 4 wlX Xy 4+ i X (X24+XH=0 (15a)
2 w? + w?

Xo(X2+ X2) =0 (15b)

X, +wiX, + 72(3)(3 + X)) + wiX  Xo +

X; = x1/lp and X, = z5/l, aredimensionlesslisplacementslefiningthe positionof the mass,
w? = ki /m andw? = ky/m arethe naturalfrequencief the system. The systemis naturally
linearly uncoupledasthe two linear modesof motionare X; andX5. It is aconsequencef the
orthogonalkonfigurationof thetwo springsat rest.

Applying the resultsof the first sectionleadsto a third-orderapproximationof the invariant
manifold. Similar numericalsimulationsthanthe onesof Fig. 3 canbe obtainedin the caseof
the presentsystem.However, this third-orderapproximatiorof the manifoldsfails whenthe non-
linearity is raised.This problematicdfeaturehasalsobeenobseredin thefirst example.Here,we
shov quantitatvely in Fig. 4(b, c) the differencebetweenthe third-orderapproximationrandthe
positionof thetrueinvariantmanifoldin phasespace.

Solid linesrepresenthe third-orderapproximationandthe stars(’*’) correspondso the po-
sition of the true invariantmanifold. Thesepointshave beenfound numericallyby systematically
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investigatingdifferentinitial conditionsin phasespace.Theretainedpointsarethose,e.g. for the

first non-lineamode which give theminimumcontribution ontotheseconchon-linearmode.One
cannoticethatthethird-orderapproximatiorsometimeguickly diverge. This canberemediedby

usinganon-linearGalerkinmethodto fit theNNM. A recentstudyof Pesheletal. givesa promis-
ing accountfor this, which really exploits the full potentialof the invariantmanifold approach
[10].

CONCLUSION

Nonlinearnormalmodeshave beendefinedwith the help of normalform theory for conserative
systemslt generalizeshe asymptoticapproackproposedn [2, 3], sinceall NNMs arecomputed
in a singleoperation.Moreover, it hasbeenshavn thatthe dynamics for anassemblyof N non-
linear oscillators,is simply given by the normalform of the problemconsidered.This point is
importantsincethe normalform dependson the eigenspectrunof the linear evolution operator
only. Thus,ex-nihilo modelscanbe simply exhibited. The main dravbackof the method,which
reliesuponanasymptoticdevelopmenthasbeenunderlinedhroughthe examples.

However, thefull potentialof describinghedynamicswithin acurvedreferencesystenspanned
by the invariantmanifoldswill be expressedvhenconsideringreduced-ordemodelsof systems
having large numberof d.o.f. Multiple modesmotionsare effectively easyto defineandto com-
pute. Moreover, the caseof internalresonanceloesnot leadto tediouscalculationsandarealso
easilytakeninto account.Theresultspresentedhereareimportantin this sensesincenormalform
is the cornerston@f very generaresults.

Acknowledgment: The authorswould like to thank Bruno Cochelinfrom LMA-Marseille for
suggestinghe secondexample.
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