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Probabilistic representation of a class of non conservative

nonlinear Partial Differential Equations

ANTHONY LE CAVIL *, NADIA OUDJANE " AND FRANCESCO RUSSO ?

December 9th 2015

Abstract

We introduce a new class of nonlinear Stochastic Differential Equations in the sense of McKean, related
to non conservative nonlinear Partial Differential equations (PDEs). We discuss existence and uniqueness

pathwise and in law under various assumptions.

Key words and phrases: Nonlinear Partial Differential Equations; Nonlinear McKean type Stochastic Dif-
ferential Equations; Probabilistic representation of PDEs; Wasserstein type distance.
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1 Introduction

Probabilistic representations of nonlinear Partial Differential Equations (PDEs) are interesting in several
aspects. From a theoretical point of view, such representations allow for probabilistic tools to study the
analytic properties of the equation (existence and/or uniqueness of a solution, regularity,...). They also
have their own interest typically when they provide a microscopic interpretation of physical phenomena
macroscopically drawn by a nonlinear PDE. Besides, from a numerical point of view, such representations
allow for new approximation schemes potentially less sensitive to the dimension of the state space thanks
to their probabilistic nature involving Monte Carlo based methods.

The paper focuses on a specific forward approach. The underlying idea of our paper consists in extend-
ing to fairly general PDEs the probabilistic representation of non-linear Fokker-Planck equations, which
are conservative. The probabilistic representation is based on a generalized nonlinear SDEs in the sense of
McKean [I5], whose coefficients do not depend only on the position of the solution Y, but also on the law of
the process Y. In the companion paper [14], we will investigate the associated interacting particle systems,
the propagation of chaos with related numerical aspects.

Let us consider d,p € N*. Let ® : [0, T] x RE xR — R¥P, g : [0,T] xR xR — R4, A : [0, T] xRYxR — R,

be Borel bounded functions and ¢, be a probability on R?. When it is absolutely continuous v will designate
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its density so that (o(dx) = vo(x)dx. The target of the present paper is a non-linear PDE (in the sense of the
distributions) of the form

d
v =12 Z 8%— ((2D"); (L, z,v)v) — div (g(t, z,v)v) + A(t,z,v)v, foranyte [0,T],
ij=1

v(0,dz) = Co(du),

(1.1)

where v :]0, 7] x R? — R is the unknown function and the second equation means that v(, z)dx converges
weakly to (o(dz) when ¢t — 0. In our spirit this should constitute the first step of investigation of a class of
PDEs where the coefficients ®, g, A may also depend on some space derivatives of u. When A = 0, PDEs of
the type (L.I) are non-linear generalizations of the Fokker-Planck equation. Their solutions are probability
measures dynamics which often describe the macroscopic distribution law of a microscopic particle which
behaves in a diffusive way. For that reason, those time evolution PDEs are conservative in the sense that
their solutions v(t, -) verify the property [., v(t,z)dz to be constant in ¢, generally equal to 1, which is the
mass of a probability measure. More precisely, often the solution v of (L)) is associated with a couple (Y, v),
where Y is a stochastic process and v a real valued function defined on [0, 7] x R? such that

(1.2)

Y= Yo+ fy @(s, Yo, v(s, Yo))JdWe + [g g(s, Y v(s,Ya))ds . with Yo ~ o
v(t, -) is the density of the law of Y} ,

and (W3)¢>0 is a p-dimensional Brownian motion on a filtered probability space (2, F, 7:,P). A major
technical difficulty arising when studying the existence and uniqueness for solutions of (I.2) is due to the
point dependence of the SDE coefficients w.r.t. the probability density v. In the literature (I.Z) was generally
faced by analytic methods. A lot of work was performed in the case of smooth Lipschitz coefficients with
regular initial condition, see for instance Proposition 1.3. of [12]. The authors also assumed to be in the
non-degenerate case, with ®®* being an invertible matrix and some parabolicity condition. An interesting
earlier work concerns the case ®(t,z,u) = u* (k > 1),g = 0 see [6]. In dimension d = 1 with ¢ = 0 and
P being bounded measurable, probabilistic representations of (L) via solutions of (I2) were obtained in
[O A]. [4] extends partially those results to the multidimensional case. Finally [5] treated the case of fast
diffusion. All those techniques were based on the resolution of the corresponding non-linear Fokker-Planck
equation.

In the present article, we are however especially interested in (L)), in the case where A does not vanish. In
that context, the natural generalization of (I.2) is given by

Yy =Yoo+ [y ®(s, Ve, v(s,Y:))dWs + [ (s, Ys, v0(s,Ys))ds ,  with Yo ~ G,

duy

v(t,-) := %t such that for any bounded continuous test function ¢ € C,(R?,R) (1.3)
vi(p) :=E {@(Yt) exp {fg A(s,Ys,v(s,Y;))dsH , foranyte[0,7].

The aim of the paper is precisely to extend the McKean probabilistic representation to a large class of
nonconservative PDEs. The first step in that direction was done by [2] where the Fokker-Planck equation
is a stochastic PDE with multiplicative noise. Even though that equation is pathwise not conservative, the
expectation of the mass was constant and equal to 1. Here again, these developments relied on analytic
tools.

To avoid the technical difficulty due to the pointwise dependence of the SDE coefficients w.r.t. the function

v, this paper focuses on the following regularized version of (L.3):

{ Y:f = Yb + fot @(S,YS,U(S,YS))CZWS + fotg(s7YSa u(‘%%))ds ) with YO ~ CO ) (1 4)

u(t,y) = E[K(y — Y;) exp {ng(s,}/;7u(s,§/;))ds}] , foranyte[0,7],
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where K : R? — R is a smooth mollifier in R?. One historical contribution on the subject in the conservative
case A = 0, based on probabilistic methods, was performed by [18], which concentrated on non-linearities
only on the drift coefficients.

When K = §y (L4) reduces, at least formally to (L3). An easy application of It6’s formula (see e.g. Propo-
sition [6.7) shows that if there is a solution (Y, u) of (L4), u is related to the solution (in the distributional
sense) of the following partial integro-differential equation (PIDE)

d
v =1 Z ij (29"); ;(t, @, K *0)v) — div (g9(t, x, K * 0)0) + A(t, , K * D)0 (1.5)
ij=1 .
0(0,2) = v ,

by the relation u = K % v := [, K(- — y)v(y)dy. Setting K*(x) = ;K (<) the generalized sequence K* is
weakly convergent to the Dirac measure at zero. Now, consider the couple (Y¢, u¥) solving ([L.4) replacing
K with K¢. Ideally, u¢ should converge to a solution of the limit partial differential equation (LI). In the
case A = 0, with smooth ®, g and initial condition with other technical conditions, that convergence was
established in Lemma 2.6 of [12]. In our extended setting, again, no mathematical argument is for the
moment available but this limiting behavior is explored empirically by numerical simulations in Section 3.
of [14].

The main contribution of this paper comes from a refined analysis of existence and/or uniqueness of
a solution to (I4) under a variety of regularity assumptions on the coefficients ®, g and A. The system
(T4), whose unknown is a couple (Y,u) where Y is a process and u is a function, is composed by two
equations. The first one is a stochastic differential equation whose coefficients depend on v and the second
equation links u to the law of Y in a non-anticipating way. In the classical McKean type equations, u(t, -)
was explicitely provided by the density of the (marginal) law of Y;,¢ > 0. This situation can be recovered
formally here when the function A = 0 and the mollifier K = ;. The second equation of (I.4), which
involves A as a weighting function, is indeed the central object of the analysis. (¢, -) is now implicitly related
to the the law mY of the whole path of process Y. That equation associates to a probability law m on
C4 = C([0,T],R%), a real-valued function u. A significant contribution of the paper consists in analyzing
the regularity properties of this relation.

In Section[3] one shows existence and uniqueness of strong solutions of (I.4) when @, g, A are Lipschitz.
This result is stated in Theorem B.9] The second equation of (I4) can be rewritten as

) = [ KG-wen] [ t Afssr s, ds () 16)

cd

where m = my is the law of Y on the canonical space C?. In particular, given a law m on C%, using an
original fixed point argument on stochastic processes Z of the type Z; = u(t, X;) where X is the canonical
process, in Theorem [B.1] we first study the existence of u = u™ being solution of (@6). Proposition fo-
cuses on the analysis of the functional (¢, z, m) +— u™ (¢, z): this associates to each Borel probability measure
m on C%, the solution of (BI), which is the second line of (L4). In particular that lemma describes carefully
the dependence on all variables. The study of the first equation in (L.4) is based on more standard argu-
ments following Sznitman [I8]. The rest of the paper is organized as follows. In Section @] we show strong
existence of (L4) when @, g are Lipschitz and A is only continuous, see Theorem Indeed, uniqueness,
however, does not hold if A is only continuous, see Example 1] In Section 5] Theorem B.1] states existence
in law in all cases when @, g, A are only continuous. Section [f] establishes the link between (L4) and the
integro partial-differential equation (L.5).



2 Notations and assumptions

Let us consider C? := C([0,7],R%) metrized by the supremum norm || - ||, equipped with its Borel o—
field B(C?) = o(X;,t > 0) (and B;(C?) := 0(X,,0 < u < t) the canonical filtration) and endowed with
the topology of uniform convergence. X will be the canonical process on C¢ and P, (C?) the set of Borel
probability measures on C¢ admitting a moment of order 7 > 0. For r = 0, P(C?) := Py(C?) is naturally the
Polish space (with respect to the weak convergence topology) of Borel probability measures on C¢ naturally
equipped with its Borel o-field B(P(C?)). When d = 1, we often omit it and we simply set C := C*.

We recall that the Wasserstein distance of order r and respectively the modified Wasserstein distance of order r
for 7 > 1, between m and m/’ in P,.(C?%), denoted by WZ.(m,m’) (and resp. W}(m, m’)) are such that

Wimm)y = inf { [ sw |Xs<w>—Xs<w’>|7‘du<w,w'>},te[o,T], @)
peIl(m,m’) [ Jedxcd 0<s<t

Wy =t L] s [X) - K@ A e | e 0T, @2)
pEI(m,m’) Cdxcd 0<s<t

where II(m,m’) (resp. II(m,m’)) denotes the set of Borel probability measures in P(C? x C?) with fixed
marginals m and m’ belonging to P,.(C%) (resp. P(C%) ). In this paper we will use very frequently the

Wasserstein distances of order 2. For that reason, we will simply use the convention W; := W} (resp.
Wt = WE).
Given N € N*, 1 € ¢4, 11,--- |IN € (4, a significant role in this paper will be played by the Borel measures

N
. 1
on C? given by §; and N > o

j=1
Remark 2.1. Given I*,--- IN,I',--- |IN € C?, by definition of the Wasserstein distance we have, for all t € [0, T

Ioh . 1 1 & R
W, (N Zan, ~ Zaﬁ) <5 Zoiigt 13— 1.
j=1 j=1 j=1058%

In this paper C,(C%) denotes the space of bounded, continuous real-valued functions on C?, for which
|| - [l denotes the supremum norm. R? is equipped with the scalar product - and |z| stands for the induced
Euclidean norm for z € R¢. Given two reals a, b (d = 1) we will convene in the sequel a A b := min(a, b) and
aVb:=max(a,b)

M (R?) is the space of finite, Borel measures on RY. S(R?) is the space of Schwartz fast decreasing test
functions and &’(R?) is its dual. C,(R?) is the space of bounded, continuous functions on R¢, C§°(R?) is the
space of smooth functions with compact support. Cg°(R¢) is the space of bounded and smooth functions.
Co(R?) represents the space of continuous functions with compact support in R%. W"?(R?) is the Sobolev
space of order r € Nin (LP(R%), || -||,), with 1 < p < co. (¢%),,>0 will denote an usual sequence of mollifiers

d(x) = L¢?(Z) where, ¢¢ is a non-negative function, belonging to the Schwartz space whose integral is

E;il €n

1 and (e,)n>0 a sequence of strictly positive reals verifying ¢, — 0. When d = 1, we will simply write
P = ¢y, = B
F(): f € SRY) — F(f) € S(RY) will be the Fourier transform on the classical Schwartz space S(R?) such

that for all £ € RY,
1

- V21 JRrd

We will indicate in the same manner the corresponding Fourier transform on &’(R) .

F()E) (2)e ¢ "dx .

A function F : [0, T] xR¢x R — R will be said continuous with respect to (y, z) € R% x R (the space variables)



uniformly with respect to ¢ € [0, 7] if for every € > 0, there is § > 0, such that V(y, 2), (v/,2') € R x R

ly—y+lz =2 <d= Vte[0,T], |[F(t,y,z) - F(t,y',2')| <e. (2.3)

For any Polish space E, B(E) will denote its Borel o-field. It is well-known that P(E) is also a Polish
space with respect to the weak convergence topology, whose Borel o-field will be denoted by B(P(E)) (resp.
B(M(E)). See Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [7] for the case of P(E) and
Theorem 8.3.2 and Theorem 8.9.4 in [10].

Let (€2, F) be a measured space. A map n : (Q,F) — (P(E), B(P(E))) will be called random probability
(or random probability kernel) if it is measurable. We will indicate by P*}(E) the space of random proba-
bilities. If P(E) is replaced by the set M(E) of signed finite non-negative measures, we will use the term

random measure instead of random probability.

Remark 2.2. Let n : (Q,F) — (M(E),B(M(E))). nis a random measure if and only if the two following
conditions hold:

e foreachw € Q, ny € M(E),
o for all Borel set A € B(M(E)), @ — ng(A) is F-measurable.
This was highlighted in Remark 3.20 in (see also Proposition 7.25 in [[7]) for the case of random probabilities.

This argument can be easily adapted in the general case.

N
1
Remark 2.3. Given R?-valued continuous processes Y, --- , Y™, the application N Z Oy is a random probability
=1
on P(C). In fact §y;,1 < j < N is a random probability by Remark 2.2}

In this article, the following assumptions will be used.

Assumption 1. 1. ®and g are Lipschitz functions defined on [0, T] x R% x R taking values respectively in R4*P
(space of d x p matrices) and R%: there exist finite positive reals Ly and Ly such that for any (t,y,y', z,2') €
[0,7] x R? x RY x R x R, we have

@(t,y",2") = @(ty, 2)| < La(lz' —z[+ |y —yl) and |g(t,y,2") = g(t,y,2)| < Ly(|2" — 2| + |y —y]) -

2. A is a Borel real valued function defined on [0,T] x R? x R Lipschitz w.r.t. the space variables: there exists a
finite positive real, L such that for any (t,y,y',z,2') € [0,T] x R x R? x R x R, we have

|A(t7yaz) - A(t7y/7zl)‘ < LA(‘y/ - y| + ‘Z/ - ZD .

3. ®, g and A are supposed to be uniformly bounded: there exist finite positive reals Me, My and My such that,
forany (t,y,z) € [0,T] x RY x R,

(a)
‘(I)(t7yaz)| SM‘P7 |g(t,y,2’)| SMQ’

(b)
[A(ty,2)] < My



4. K : R — R, will be a fixed regularization kernel such that [, K (x)dxz = 1. Moreover we will suppose that
it is bounded and Lipschitz: in particular we designate by My and L two positive reals such that for any
(y,9') € R? x RY

[K(y)l < Mg, |K(y) =Kyl < Lily' -yl

5. (o is a fixed Borel probability measure on R® admitting a second order moment.

Given a finite signed Borel measure v on R¢, K x~ will denote the convolution function z +— v(K (z —)).
In particular if v is absolutely continuous with density 4, then (K * v)(z) = [z, K(z — y)3(y)dy.

To simplify we introduce the following notations.

o V :[0,7T] x C? x C — R defined for any pair of functions y € C? and z € C, by
t
Vi(y, z) == exp (/ A(s,ys7zs)ds> forany ¢ € [0,77] . (2.4)
0

o The real valued process Z such that Z, = u(s, Y;), for any s € [0, T|, will often be denoted by u(Y").

With these new notations, the second equation in (L.4) can be rewritten as

vi(p) = E[(K * 0)(Y)Va(Y,u(Y))], forany ¢ € Cy(R,R), (2.5)

dug

where u(t,-) = F*.

Remark 2.4. Under Assumption[l} 3.(b), A is bounded. Consequently
0< Vi(y,2) <e™r | forany (t,y,z) € [0,T] x R* x R . (2.6)

Under Assumption [l 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, let y, y' € C¢ =
C([0,T),R%) and z, 2’ € C([0,T],R). Tuking a = fot A(s,ys, 25)ds and b = fot A(s, Y., 2.)ds in the equality

1
e —e® = (b- a)/ ebt(1=a o < S|y _g|  VY(a,b) € R?, (2.7)
0
we obtain

t
Vil ')~ Vily,2)| < etMa / A8, 50 21) — A(s, s 28)]| ds
0

IN

t
MLy [ (= el 12 - s, @8)
0
In Section @] Assumption[Il will be replaced by what follows.
Assumption 2. 1. All the items of Assumption[lare in force excepted 2. which is replaced by the following.

2. A is a real valued function defined on [0,T] x R? x R continuous w.r.t. the space variables uniformly with
respect to the time variable, see e.g. 2.3).

Remark 2.5. The second item in Assumption[2 is fulfilled if the function A is continuous with respect to (t,y, z) €
[0, 7] x RY x R.

In Section Bl we will treat the case when only weak solutions (in law) exist. In this case we will assume
the following.



Assumption 3. All the items of Assumption[I} are in force excepted 5. and the items 1. and 2. which are replaced
by the following. ® : [0,T] x R x R — R>P g :[0,T] x R x R — Réand A : [0,T] x RY x R — R are
continuous with respect to the space variables uniformly with respect to the time variable.

Definition 2.6. 1. We say that (L4) admits strong existence if for any filtered probability space (Q, F, F;,P)
equipped with an (Fy),>o-Brownian motion W, an Fy-random variable Yy distributed according to (o, there is
a couple (Y,w) where Y is an (Fy)y>o-adapted process and u : [0, T] x R? — R, verifies (L4).

2. We say that (I4) admits pathwise uniqueness if for any filtered probability space (Q, F, F;, P) equipped
with an (F,);>o-Brownian motion W, an Fy-random variable Y, distributed according to (o, the following
holds. Given two pairs (Y, u') and (Y2, u?) as in item 1., verifying (L) such that Y} = Y3 P-a.s. then

ul = u? and Y and Y? are indistinguishable.

Definition 2.7. 1. We say that (I4) admits existence in law (or weak existence) if there is a filtered probabil-
ity space (Q, F, Fy, P) equipped with an (F;),>o-Brownian motion W, a pair (Y, ), verifying (L4), where Y
is an (Fy)>o-adapted process and w is a real valued function defined on [0, T] x R<.

2. We say that (L4) admits uniqueness in law (or weak uniqueness), if the following holds. Let (Q2, F, F;,P)
(resp. (Q, F, F,P)) be a filtered probability space. Let (Y'',u') (resp. (Y2, 4?)) be a solution of (LA). Then

ul = @2 and Y and Y2 have the same law.

3 Existence and uniqueness of the problem in the Lipschitz case

In this section we will fix a probability space (€2, F, F;,P) equipped with an (F;)-Brownian motion (W).
We will proceed in two steps. We study first in the next section the second equation of (L4) defining w.
Then we will address the equation defining the process Y.

Later in this section, Assumption [ will be in force, in particular ¢, will be supposed to have a second

order moment.

3.1 Existence/uniqueness and regularity of a solution to the linking equation

This subsection relies only on items 2., 3.(b) and 4. of Assumption/[l]

Here, we focus on equation (L&) which links a probability measure m on the canonical space C? into a
function u defined on [0,7] x R%. When A = 0, i.e. in the conservative case, (L6) gives u(t,-) = K x my,
where m; is the marginal law of X; under m. Informally speaking, when K is the Delta Dirac measure, then
u(t, ) = my,

More precisely, for a given probability measure m € P(C%), let us consider the equation

u(t,y) = foua K(y — X)) Ve (X (w), (X (w)))dm(w) , forall te[0,T],y €R?, with
(3.1)
Vi(X (W), u(X (w))) = exp (fg A(s,Xs(w),u(s,XS(w)))ds) .

where we recall that X denotes the canonical process X : C¢ — C? defined by X;(w) = w(t), t > 0,w € C%.
Equation (&) will be called linking equation: it constitutes the second line of equation (T.4).



The aim of this section consists in discussing existence/uniqueness and regularity of the solution of
(B). This includes the study of the dependence with respect to m, towards two metrics on Py (C?).
We first state the result about well-posedness of (3.I), which will be established in Section [Z.1

Theorem 3.1. We assume the validity of items 2., 3.(b) and 4. of Assumption[]
For a given probability measure m € P(C?), equation B.1) admits a unique solution, u™.

Remark 3.2. 1. For (m,y) € P(CY) xR, t — u™(t,y) is continuous. This follows by an application of Lebesgue
dominated convergence theorem in (3.1)).

2. Since A is bounded, and K Lipschitz, it is clear that if u := u™ is a solution of B.J) then u is necessarily
bounded by a constant, only depending on My, My, T and it is Lipschitz with respect to the second argument
with Lipschitz constant only depending on L, Ma,T.

Proof of TheoremBl Let us introduce the linear space C; of real valued continuous processes Z on [0, T’
(defined on the canonical space C?%) such that

1Z)|co,1 :=E™ [sup|Zt|] ::/ sup |Zi(w)|dm(w) < oo .
t<T c

4 0<t<T

(C1,]*|loc,1) is a Banach space. For any M > 0, a well-known equivalent norm to || - ||oo,1 is given by || - |2 |,

where || Z||2] | = E™ [sup,<p e~ M| Z;]]. Let us define the operator 7™ : C; — C([0,T] x R, R) such that for
any Z € Cy,

T(2)00) 1= [ K= X)) V(X (). Z(e))dm(e). (32)

Then we introduce the operator 7 : f € C([0,T] x R%,R) + 7(f) € C1, where 7(f)i(w) = f(t,w;). We
observe that 7 o 7" is a map

Notice that equation (8.I) is equivalent to
u=(T" o7)(u). (3.3)

We first admit the existence and uniqueness of a fixed point Z € C; for the map 707" . In particular we
have Z = (7 o T™)(Z). We can now deduce the existence/uniqueness for the function u for problem (3.3).
Concerning existence, we choose v™ := T"™(Z). Since Z is a fixed-point of the map 707", by the definition
of v™ we have

Z=1(T™(2)), (3.4)

so that v™ is a solution of (3.3).

Concerning uniqueness of (3.3), we consider two solutions of 3.I) v, 9, i.e. such that v = (T™ o 7)(v),0 =
(T™ o 7)(2). We set Z := 7(7),Z := 7(v). Since © = T"(Z) we have Z = 7(v) = 7(T"(Z)). Similarly
7Z = 7(0) = 7(T™(Z)). Since Z and Z are fixed points of 7 o T, it follows that Z = Z dm a.e. Finally
v

=T"(Z) =T™(Z) = 0. It remains finally to prove that 7 o 7" admits a unique fixed point, Z.



The upper bound (Z.8) implies that for any pair (Z, Z') € C; x Cy, for any (t,y) € [0,T] x R¢,

[T™(Z") = T™(Z)I(ty) =

K(y - Xo()) (X (@), Z' () - Vi(X (@), Z(w))] dm<w>\

Cd
t
< MgeMar, / / 12! (@) — Z4(w)|ds dmi(w)
cd Jo
t
< Myge™rL\E U eMse=Ms| 70 Zs|ds}
0
t
< Mge™r,\E {/ eMssupe Mr|Z! — Zr|ds]
0 r<t
e]VIt -1
< Mge™ap, E {sup e Mr\z! — qu
M r<t
e]ﬂt -1
< Mget™ap, 1z - z||%, .

Then considering (7 o T™)(Z"), = T™((Z")(t, X,) and (1 0 T™)(Z), = T(Z)(t, X;), we obtain

supe™ M |(ro T™)(Z'), — (1o T™)(Z),| = supe M |T™(Z')(t, X)) — T™(Z)(t, X,)]
t<T t<T

1
< MKeTMALAMHZ’ -Z|¥, .

Taking the expectation yields |(7 0 T™)(Z"); — (1 o T™)(Z)¢ ||} | < Mge™La5;(12" — Z||3L ,. Hence, as
soon as M is sufficiently large, M > Mge? 2Ly, (1 o T™) is a contraction on (Cy, || - |2 }) and the proof

ends by a simple application of the Banach fixed point theorem. O

In the sequel, we will need a stability result on u™ solution of (3.I), w.r.t. the probability measure m,

which will be treated in the fundamental proposition below.

Proposition 3.3. We assume the validity of items 2., 3.(b) and 4. of Assumption I}
Let u be a solution of BJ). The following assertions hold.

1. For any couple of probabilities (m,m’) € P2(C%) x P2(CY), for all (t,y,y') € [0,T] x C x C?, we have
™ (ty) —u™ (6,9')[* < Cra(®) [ly = y'1” + [Wilm,m" )] (3.5)

where Cr a(t) := 2C} 5 (4)(t + 2)(1 + eXCra®) with Cy , (t) = 2e*Ma(L2 + 2MZL3t). In particular
the functions C'k p only depend on My, Ly, Mn, L and t and are increasing with t.

2. Forany (m,m’) € P(C%) x P(CY), forall (t,y,y’) € [0,T] x C? x C%, we have
[0 (t.9) =™ (05 < Cxal®) [ly— o/ + [Tl )] 66)
where Cr.A (t) = 2¢2tMa (maX(LK, QMK)Q + 2M12< max(Ly, 2MA)215).

3. The map (m,t,x) — u™(t, ) is continuous on P(C?) x [0, T] x R where P(C?) is endowed with the topology
of weak convergence.

4. Suppose that K € W12(R®). Then for any (m,m') € Po(C?) x Po(C?), t € [0,T]
[ (¢,-) = u™ (£, )13 < Croa(B)(1 + 2tCr a (6)[We(m, m')[? 3.7)

where O a (1) = 205 o (£)(t+2)(1 + €2 Ckn®) with Cye , (t) = 262 M (L3, + 2M% LXt) and Crc o (t) ==
2e2Ma QMg L3t(t + 1) + |[VK|3), || - ||2 being the standard L?(R?) or L?(R?, RY)-norms.
In particular the functions CK, A only depend on My, Ly, My, Lp and t and is increasing with t.



5. Suppose that F(K) € L'(R?). Then there exists a constant Cic 5 (t) > 0 (depending only ont, My, Ly, || F(K)|1)

such that for any random probability n : (Q, F) — (P(C%), B(P(C?))), for all (t,m) € [0, T] x P(C%)

Elllu"(t,) = u™ (1)) < Creat) sup Ellin—m. )] (3.8)
Aoy

We remark that the expectation in both sides of (3.8) is taken w.r.t. the randomness of the random probability .

Remark 3.4. a) By Corollary 6.13, Chapter 6 in [19], W is a metric compatible with the weak convergence on

P(CY.
b) The map dg sy, p) — sup E[|(v — u, ) |?] defines a (homogeneous) distance on PL(C?). That distance is
peCy(CY)
lellos <1

used in [14] in order to control the error induced by the interacting particle approximation scheme.

¢) Item 1. of Proposition[33is a consequence of item 2. For expository reasons, we have decided to start with the less
general case.

To conclude this part, we want to highlight some properties of the function ", which will be used
in Section 3 of [14]. In fact, the map (m,t,z) € Po(C?) x [0,7] x R? + u™(t,z) has an important non-
anticipating property. We begin by defining the notion of induced measure. For the rest of this section, we
fixt € [0,7T].

Definition 3.5. Given a non-negative Borel measure m on (C%, B(C?)). From now on, m; will denote the (unique)
induced measure on (CZ, B(C{)) (with C := C([0,t], R?)) defined by

Floymi(ao) = [ Foy,.,miao)

cf
where F : Cff — R is bounded and continuous.
Remark 3.6. Lett € [0,T],m = & ,& € C%. The induced measure, my, on C is §¢ jo<r<t)-
The same construction as the one carried on in Theorem [B.I]allows us to define the unique solution to
u™(s,y) = fc;? K(y — Xy(w)) exp ([ Alr, Xy (w),u™ (r, X, (w)))dr) my(dw) Vs € [0,1] . (3.9)
Proposition 3.7. Under the assumption of Theorem (3.} we have
Y(s,y) € [0,t] x RY, u™(s,y) = u™ (s,7).

Proof. By definition of m, it follows that u™ (s, ) ¢ xr« is a solution of (3.9). Invoking the uniqueness of
(3.9) ends the proof. O

Corollary 3.8. Let N € N, &1, .-+ €% -+ &N be (Gy)-adapted continuous processes, where G is a filtration (defined
on some probability space) fulfilling the usual conditions. Let m(dw) = + Zfil d¢i(dw). Then, (u™(t,y)) is a
(Gi)-adapted random field, i.e. for any (t,y) € [0, T] x R%, the process is (G;)-adapted.
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3.2 Existence and uniqueness of the solution to the McKean stochastic differential
equations

For a given m € P»(C 4), u™ is well-defined according to Theorem Bl Let Y; ~ (o. The well-posedness of
(T4) is equivalent to the one related to the following NSDE

{ Yo=Y+ fy ®(s, Yo, u™ (5, Y2))AWs + fy g5, Yo, u™ (5, Y:))ds (3.10)

m=L(Y).

The aim of the present section is to prove, following Sznitman [18], by a fixed point argument the following
result.

Theorem 3.9. Under Assumption[I} the McKean type SDE ([L4) admits the following properties.
1. Strong existence and pathwise uniqueness;
2. existence and uniqueness in law.

Proof of TheoremB9l We fix m € P5(C%). Thanks to Assumption [[land Proposition B3 implying the Lips-
chitz property of u” w.r.t. the space variable (uniformly in time), the first line of (3.10) admits a unique
strong solution Y, for which by classical arguments as Burkholder-Davies-Gundy (BDG) and Jensen’s in-
equality (as for example Theorem 2.9, Section 5.2, Chapter 5 in [13])) there exists a positive real Cy depending
on (T, Mg, M) such that E[sup,. [Y3]?] < Co (1 + E[[Yy|?]) . Consequently the law ©(m) := L(Y™) be-
longs to P5(C?). We consider now the application © : Py (C?) — Po(C?).

Let us consider two probability measures m and m’ in P2(C%). We are interested in proving that © is a
contraction for the Wasserstein metric. Let u := u™, v/ := u™ be solutions of (3.1) related to m and m’. Let
Y (resp. Y’) be the solution of the first line of (3.10) related to m (resp. m/).

By definition of the Wasserstein metric 2.1)
W (©(m), ©(m) < Elsup Y7 - Yif¥. (3.11)
t
Hence, we control |Y; — Y;| with the help of Lemma[Z]]

Using Lemmal[ZTlin the Appendix and Proposition[3.3] by applying successively inequalities and

(B3 gives
Efsup|Y/ - Yif’] < © [ / Esup [Y] — Y, [*)dt + / Wi (m, m’>|2dt} : (3.12)
t<a 0 0

s<t
for any a € [0, T], where C = Cg 4(T)Cx a(T).
Applying Gronwall’s lemma to (3.12) yields

Efsup|Y; — Y/|] < CeCT / W, (m, ' 2dss (3.13)
t<a 0
Then recalling 3.17), this finally gives
W (©(m),0(m))|> < CeCT/ |Ws(m,m")|?ds, a € [0,T). (3.14)
0

We end the proof of item 1. by classical fixed point argument, similarly to the one of Chapter 1, section 1 of
Sznitman [18].
Concerning item 2. it remains to show uniqueness in law for (L4). Let (Y'!,m!), (Y2, m?) be two solutions
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of (3.I0) on different probability spaces, Brownian motions and initial conditions distributed according to
Co- Given m € P»(C%), we indicate by ©(m) the law of Y, where Y is the (strong) solution of

t t
V=i [ s Veu (s VMW, + [ (s, Vau (5. V)ds. (3.15)
0 0

on the same probability space and same Brownian motion on which Y lives. Since u™ s fixed, Y2 is
solution of a classical SDE with Lipschitz coefficients for which pathwise uniqueness holds. By Yamada-
Watanabe theorem, Y2 and Y2 have the same distribution. Consequently, ©(m?) = £(Y2) = L(Y?) = m>.
It remains to show that Y! = Y2 in law, i.e. m! = m?. By the same arguments as for the proof of 1., we get
(B.I4), i.e. foralla € [0,77,

Wa(Lr ), L) = [Wa(@0mt), ()P < Ce™ | W m?)Pds.

Since ©(m!) = m! and ©(m?) = m?, by Gronwall’s lemma m! = m? and finally Y! = Y2 (in law). This
concludes the proof of Proposition[3.9] O

4 Strong Existence under weaker assumptions

Let us fix a filtered probability space (€2, F, (F¢)¢>0, P) equipped with a p dimensional (F;):>o-Brownian
motion (W;)¢>o.
In this section Assumption2will be in force. In particular, we suppose that ¢, is a Borel probability measure
having a second order moment.

Before proving the main result of this part, we remark that in this case, uniqueness fails for (L4). To
illustrate this, we consider the following counterexample, which is even valid for d = 1.

Example 4.1. Consider the case ® = g = 0, Xy = 0 so that (o = &o. This implies that X, = 0 is a strong solution
of the first line of (LA4). Since u(0,.) = (K * (o)(-), we have u(0,-) = K.
A solution u of the second line equation of (L4), will be of the form

ult,y) = K(y) exp ( /O " A0, u(r, O))dr) , @1)

for some suitable A fulfilling Assumption 2l 2. We will in fact consider A independent of the time and B(u) :=
A(0,0,w). Without restriction of generality we can suppose K (0) = 1. We will show that the second line equation
of @A) is not well-posed for some particular choice of j3.

Now @I)) becomes

u(t,y) = K(y)exp (/Ot B(u(r, 0))d7‘> . (4.2)

By setting y = 0, we get ¢(t) := u(t,0) and in particular, necessarily we have

o(t) = exp ( /0 t /3(¢(r))dr> . (43)

A solution u given in @2) is determined by setting u(t,y) = K (y)¢(t). Now, we choose the function 3 such that for
given constants a € (0,1) and C > 1,
[r—11* ,ifrel0,C]
Blr) = IC =1 ,ifr>C (4.4)
1 ,ifr <0.
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(3 is clearly a bounded, uniformly continuous function verifying 5(1) = 0 and 5(r) # O, for all r # 1.

We define F : R — R, by F(u) = [" #(T)dr. F ' is strictly positive on (1,+00), and it is a homeomorphism
from [1,+00) to Ry, since [, %dr = 0.

On the one hand, by setting ¢(t) := F~1(t), for t > 0, we observe that ¢ verifies ¢'(t) = ¢(t)B(¢(t)), t > 0 and
so ¢ is a solution of @3).

On the other hand, the function ¢ = 1 also satisfies @3), with the same choice of A, related to 3. This shows the

non-uniqueness for the second equation of ([L4).

The main theorem of this section states existence (even though non-uniqueness) for (L4), when only the
coefficients ® and g of the SDE are Lipschitz in (=, u). The idea of this section is to regularize the coefficient
Ainto A, := A x ¢2*1, to make use of results of Section[Bland then to control the limit.

Theorem 4.2. Under Assumption 2} (L4) admits strong existence.
The proof uses three main ingredients.

1. The tightness of processes (Y"),en corresponding to the solutions (Y;,, u,)nen related to A, see
Lemma[Z.11]in the Appendix.

2. Given a sequence (Y;,),en of processes converging in law to some Borel probability measure m on C¢,
we show the convergence of (u,,),en to some function u verifying the linking equation (3.J) related to
m, see Propositiond.3]

3. The strong convergence of (Y,,),en to some process Y, whose law is m, see Lemma in the Ap-
pendix.

Before proving the main result, we first establish proposition below, permitting us to prove the statement
2. above.

Proposition 4.3. Let (A,,),en be a sequence of Borel uniformly bounded functions defined on [0, T] x R? x R such
that for every n € N, A, (t,-,-) is continuous. Assume the existence of a Borel function A : [0,T] x R? x R — R
such that for almost all t € [0, T, [A(¢,-,-) — A(t, -, -)] P 0 uniformly on each compact of R? x R. Let (Y™) be
a sequence of R?—valued continuous processes, whose law is denoted by m™.

We set Z™ 1= u,, (., Y™) where for any (t,z) € [0,T] x R4,

Un (t, ) = [ou K(z — X;(w)) exp {fg Ay (7, X (w), wn (7, Xr(w)))dr} dm™(w). (4.5)

We suppose that (Y™, Z™) converges in law.

Then (uy,) converges uniformly on each compact to some continuous u : [0, T] x R? — R which fulfills

u(t,n) = K(n— X;(w))exp (/ Alr, X (w), u(r, Xr(w)))dr) dm(w), (4.6)
cd 0

where m is the limit of (M™),>0.

Proof. We draw the reader’s attention on the fact that all the technical results invoked in this proof are stated
and proved in subsection[7.3 of the Appendix.

v denotes the Borel probability measure on C? x C to which the law of (Y, Z") converge. Without loss of
generality, the proof below is written with d = 1. By Proposition [7.6] the left-hand side of {.3) converges
uniformly on each compact to the continuous function u defined by

u(t,r) = K(z — X;(w)) exp {/ Af(r, Xr(w),X;(w’))dr} dv(w,w'), (t,z)€[0,T] xR. 4.7)
CcixcC 0
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It remains to show that v fulfills @.6). For this we will take the limit of the right-hand side (r.h.s) of @&3)
and we will show that it gives the rh.s of (€6). Forn € N, (r,z) € [0,T] x R, we set

Ap(ryz) = Ap(r,z,u,(r,x)) (4.8)
A(ryz) == A(r,z,u(r,z)). 4.9)

We fix (t,n) € [0,7] x R. In view of applying Lemma[Z2] we define f,, f : C — R such that

fn(y)

K(n—y:) exp (/0 A (7, yr)dr)

f(y)

K(n - yt) eXp (/O A(Tv yr)dr> .

We also set P™ := m™. Since (Y, Z™) converges in law to v, m™ converges weakly to m. Moreover, since
|A,,| are uniformly bounded with upper bound My, (f,,) are also uniformly bounded.

The maps (f,,) are continuous by Lemmal[Z.5] and also the function f since, u is continuous on [0, 7] x R.
Taking into account Remark [7.3] we will show that f,, — f uniformly on each ball of C.

Let us fix M > 0 and set B1(O, M) := {y € C,||yl|lec := supye(o,r [ys| < M}. For any locally bounded
function ¢ : [0, 7] x R — R, we set |[@|[oo, a1 := SuDyeio,77,ce1— 1,017 [6(8, €) |- Lete > 0.
Since u,, — w uniformly on [0, T x [—M, M], there exists ng € N such that,

n>ng = ||un — ulloo,m < €. (4.10)

The sequence wy,|[o,7)x[— s, is uniformly bounded. Let I, be a compact interval including the subset
{un(s,2) | (s,z) € [0,T] x [-M, M]}.
Forall (s,z) € [0,T] x [-M, M],

Au(s,2) = As,2)| = [An(s, 2, un(s, @) — As, 2, u(s, 2))|
< |An(5,f£, un(svx)) - A(Sa I,Un(S,I))| + |A(s,x,un(s,x)) - A(vavu(&x))‘
= ILi(n,s,z)+ Ix(n,s,z) .

(4.11)
Concerning Iy, since for almost all s € [0,T], A,,(s,-,") — A(s, -, ) uniformly on [—M, M] x I, we
n oo
have for z € [-M, M],
0<Ii(n,s,x) < sup [An(s,2,8) — A(s,x,§)] —— 0 ds-a.e.,
z€[—M,M],E€Ipr n — 00

from which we deduce

sup  I1(n,s,x) —— 0 ds-a.e. (4.12)
z€[—M,M] n oo

Now, we treat the term I,. Taking into account (£.10), we get for n > ng (ny depending on ¢),

0< sup Iy(n,s,x) < sup |A(s, 2,&1) — As, 2, &) (4.13)
s€[0,T),x€[—M,M] s€[0,T),x€[—M,M],|&1—&2|<e

We take the lim sup on both sides of #13), which gives,

lim sup sup Ir(n,s,x) < S(e), (4.14)
n—roo se(0,7T],z€[—M,M]
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where S(€) 1= SUDc(0,7],ze[— M M), |61 -6 <e [A(S, 2, €1) — A(s, 2, &)|. Summing up @I2), @.14) and taking
into account (@11}, we get,

0 <limsup sup |A,(s,2) — A(s,2)| < S(e) ds-a.e. (4.15)
n—oo ze[—-M,M]

Since A satisfies Assumption[2] the uniform continuity of (z,§) € RxR — A(s, z, ) (uniformly with respect
to s) holds and lim.__,¢ S(¢) = 0.

Finally,
sup  |An(s,z) — A(s, z)] — 0 ds-a.e. (4.16)
z€[—M,M)] n =
Now, for n > ng we obtain
T ~ ~
SUPy e B, (0,M) |f7b(y) - f(y)‘ < Mg eXp(MAT) fo Supxe[—M,M] |A’VL(T7 Qf) - A(’/‘, $)|d7' (417)

Since (A,), A are uniformly bounded, taking into account (£.16) and Lebesgue’s dominated convergence
theorem, the right-hand side of @I7) goes to 0 when n — 0. This shows that f,, — f uniformly on
B (O, M).

We can now apply Lemma [Z2](with P, and f,, defined above) to obtain, for n — o,

[ = xe ([ Anlr 6ot e X i)
converges to
[ 5= xe ([ Aot X)) e,
which finally proves (&.6) and concludes the proof of Proposition &3 O
Now, we are able to prove the main result of this section.

Proof of Theoremd.2l Let Y, be a r.v. distributed according to (. We set

Ay (t2,8) €0,T] x REX R Ay (t,2,8) = / ¢ (x — 21)Pn (€ — E1)A(t, 21, &1)dardéy, (4.18)

R4 xR

where (¢,,),>0 is a usual mollifier sequence converging (weakly) to the Dirac measure. Thanks to the
classical properties of the convolution, we know that A being bounded implies that

v € N, |[Anlloo < 6221 1|¢nl|z1]|Alloe = ||A||lso- For fixed n € N, ¢,, are Lipschitz so that A,, defined in
(4.18) is also Lipschitz (and uniformly bounded). Then, for fixed n € N, according to Assumption[2 ®, g
are Lipschitz and uniformly bounded, we can apply the results of Section 3] (see Theorem [3.9) to obtain the
existence of a pair (Y, u,) such that

dY;" = O, V" un (8, Y)")dWe + g(8, /" un (2, Y;"))dt
Y& =Y, (4.19)
un(t, ) = E[K (z — Y exp ( [y A (r, Y, un (r, Y,))dr)].

Since A,, is uniformly bounded and {Y{'} are obviously tight, Lemma [Z11]in the Appendix gives the
existence of a subsequence (n;) such that (Y™, uy,, (-,Y."*)) converges in law to some Borel probability
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measure v on C? x C. By Assumption[] for all ¢ € [0, 7], A,(t,-, ) converges to A(t, -, -), uniformly on every
compact subset of R? x R.

In view of applying Proposition 3] we set Z"* := u,, (t,Y;"*) and m™ := L(Y™). We know that
(An,), A satisfy the hypotheses of Proposition On the other hand (Y™, Z"*) converges in law to v.
Now Proposition f.3]says that (u,, ) converges uniformly on each compact to some v which verifies (.6),
where m is the first marginal of v. In particular we emphasize that the sequence (Y"*) converges in law to
m.

We continue the proof of Theorem .2 concentrating on the first line of (L.4).

We set, for all (t,x) € [0,T] x R%, k € N,

ap(t,z) = @(t,x,up,(t,x))
bi(t,z) = g(t,m,uy, (t,)) (4.20)
a(t,x) = @t z,u(t,r))
bt,x) = g(t,z,ult,x)).

Here, the functions u,, being fixed, the first equation of (19) is a classical SDE, whose coefficients depend
on the (deterministic) continuous function u,,. By item 2. of Remark[3.2] the second argument and bounded.
This implies that the coefficients ay, by, are Lipschitz (with constant not depending on k) and uniformly
bounded.

Since (u,, ) converges pointwise to u, then (ax), (by) converges pointwise respectively to a,b where
a(t,x) = (t,x,u(t,x)),b(t,z) = g(t, z,u(t,z)).

Consequently, we can apply Lemma[Z9 with the sequence of classical SDEs

dY™ = ap(t,Y,"*)dW; + by (t, Y,  )dt
nt a(t, Y™ ) dWe + bi(t, Yi™) 4.21)
Yo't = Yo,
to obtain .
sup |Y;"* — Y| N 0,
t<T k — +o0
where Y is the (strong) solution to the classical SDE
dZt = a(t, Zt)th + b(t, Zt)dt
Zy =Y
070 (4.22)

a(t,z) = O(t, z,u(t,x))

b(t,x) = g(t,z,u(t,z)) .
We remark that Y verifies the first equation of (I4) and the corresponding v fulfills @6). To conclude the
proof of Theorem [.2]it remains to identify the law of ¥ with m. Since Y"* converges strongly, then the

laws m™* of Y™ converge to the law of Y, which by Proposition[£.3] coincides necessarily to m.
O

5 Weak Existence when the coefficients are continuous

In this section we consider again (I4) i.e. problem
Y, =Y, + fot O(r, Yy, u(r,Y,.))dW, + fot g(r, Y, u(r,Y,))dr , with Yy~ (o,
u(t, ) = [y dm(w) [K(x ~ X,(w)) exp{ng(T, X, (w), u(r, Xr(w)))drH , for (t,z)€[0,T) x R?

m=L(Y),
(5.23)
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but under weaker conditions on the coefficients ®, g, A and initial condition (y. In that case the existence or
the well-posedness will only be possible in the weak sense, i.e., not on a fixed (a priori) probability space.
The aim of this section is to show weak existence for problem (5.23), in the sense of Definition ZZlunder As-
sumption[3 The idea consists here in regularizing the functions ® and g and truncating the initial condition
(o to use existence result stated in Section[] i.e. Theorem 2]

Theorem 5.1. Under Assumption[3] the problem (L4) admits existence in law, i.e. there is a solution (Y, u) of (5.23)
on a suitable probability space equipped with some Brownian motion.

Proof. We consider the following mollifications (resp. truncations) of the coefficients (resp. the initial con-
dition).

Dy (6,2,8) €10, T] X REXR = [ou, g 08 (x — 1) pn(E — r)(E, 7/, r)dr’dr

g (6,2, €[0,T] X REX R [oy, g &% (2 — 1) pn(§ — r)g(t,r',r)dr'dr (5.24)

Vi € Co(RY), [pa G (d2)p(z) = [pa Co(dz)(—nV @(z)) A .
We fix a filtered probability space (€2, F,P) equipped with an (F;),;>¢-Brownian motion W. First of all, we
point out the fact that the function A satisfies the same assumptions as in Section@ On the one hand, by
(5.24), since ¢¢ belongs to S(R?), ®,, and g,, are uniformly bounded and Lipschitz with respect to (x, &)
uniformly w.r.t. ¢ for each n € N. Also ¢} admits a second moment and () weakly converges to &,. For
each n, let Y be a (square integrable) r.v. distributed according to ¢{'. On the other hand, by Theorem 4.2}
there is a pair (Y, u") fulfilling (L4) with @, g, (, replaced by ®,,, g, (. In particular we have

Y;:n = Yo" + f(f (I)n(rﬂ Y;nvun(ﬁ Y;n))dWT + f(f gn(rv an7un(7n7 an))dr ,  with Y(]n ~ C{)I )
Un(t,2) = [ dm™ () [K(;z: ~ X,(w)) exp { JEA(r, X (@), un (r, Xr(w)))drH , for (t,z)€[0,T] xR?,
m" = L(Y™)
(5.25)
Remark 5.2. (|uy|)n>0 is uniformly bounded by My exp(MaT).

Setting Z" := u,(-,Y™), in the sequel, we will indicate by v the Borel probability on C? x C defined
by L(Y™,Z™). Since (¢}')nen weakly converges to (, it is tight. By Remark [5.2] and Lemma there is
a subsequence {v"*} which weakly converges to some Borel probability v on C¢ x C. For simplicity we
replace in the sequel the subsequence (ny) by (n). Let (Y") be the sequence of processes solving (5.25). We
recall that (m") denotes the sequence of their law. The final result will be established once we will have

proved the following statements.

a) u™ converges to some (continuous) function  : [0, 7] xR? — R, uniformly on each compact of [0, 7] x R¢,

which verifies

V(t,xz) € [0,T] x R, w(t,z) = » K(z — X¢(w)) exp {/0 A(r, X, (w), u(r, Xr(w))))dr} dm(w),

where m is the limit of the laws of m™.

b) The processes Y" converge in law to Y, where Y is a solution, in law, of

{ Y= Yo+ fy O(r, Yo, ulr, Yi))AW, + [§ g(r, Yo, u(r, V,))dr (5.26)

Yo~ (o -
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Step a) is a consequence of Proposition 3 with foralln € N, A,, = A.

To prove the second step b), we will pass to the limit in the first equation of (525). To this end, let us
designate by C2(R?), the space of C?(R¢) functions with compact support. Without loss of generality, we
suppose d = 1. We will prove that m is a solution to the martingale problem (in the sense of Stroock and
Varadhan, see chapter 6 in [17]) associated with the first equation of (5.23). In fact we will show that

Vo € C2(R),t €[0,T], My := o(X;) — fo )dr, is a F{*-martingale, where (527)
(FX,t €[0,T)) is the canonical f11trat10n generated by X ) '
where we set (A,¢)(x) = %@2(7", x,u(r, )" (@) + g(ryz,u(r,z))e’ (z), r € [0,T],z € R.
Let0 < s <t <T fixed, F:C([0,s],R) — R continuous and bounded. Indeed, we will show
Vo € C2(R), E K (X,) — — fhA dr) F(X,,r < s)} —0 (5.28)

We recall that, for n € N, by definition, m" is the law of the strong solution Y™ of

t

t
Y=Y +/ D, (r, Y. un (1, Y,) AW, —|—/ In(r, Y, (r, Y,))dr
0 0

on a fixed underlying probability space (2, F,P) with related expectation E.
Then, by Itd’s formula, we easily deduce that Vn € N,

t
| (e0) — o12) = [ (GO TE unlr XN 00 + a0 ¥ Y (1)) ) PO < )] =0,

’ (5.29)
Transferring this to the canonical space C and to the probability m™ gives

£ [ (00— 000 = [ (F00 Kot X)) a0 ot X)) ) ) P 0 < 05 )] =0
’ (5.30)

From now on, we are going to pass to the limit when n — +o0 in to obtain (5.27). Thanks to the

weak convergence of the sequence m", for ¢ € CZ(R), we have immediately

E™ [(o(Xe) = 0(Xs)) F(Xu, 0 S u < s)] = E™[(@(X:) — 0(Xs)) F(Xy,0Su < s)] ——— 0. (5.31)

n — o0

It remains to show,

limmy, o0 B [H™ (X)F(X,,0 < u < 5)] = E™[H(X)F(X,,0 < u < s)],
with H™ () := f;(%@%(r, s Un (7 00)) 0" () + gn (1) ey up (1, )@ (), (5.32)
H(a) == [[(382(r,ar,u(r,ap))¢" (ar) + g(r aryulr, )@ (e )dr
In order to show that E™~[H"(X)F]| — E™[H(X)F] goes to zero, we will apply again Lemma[Z2l
As we have mentioned above, F' is continuous and bounded. Similarly as for Lemma [Z5] the proof of the
continuity of H (resp. H,,) makes use of the continuity of ®, g, ¢", ¢’ (resp. P, gn,¢”, ¢’) and Lebesgue
dominated convergence theorem.
Taking into account Remark it is enough to prove the uniform convergence of H" : C — R to
H : C — R on each ball of C. This relies on the uniform convergence of ®,,(t,-,-) (resp. gn(t,-,-) ) to
O(t,-,-) (resp. g(t,-,-) ) on every compact subset R x R, for fixed ¢t € [0,7]. Since the sequence (m™)
converges weakly, finally Lemma [Z2]allows to conclude (5.32).
O
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6 Link with nonlinear Partial Differential Equation

From now on, in all the sequel, to simplify notations, we will often use the notation f;(-) = f(¢,-) for
functions f : [0,T] x E — R, E being some metric space.

In the following, we suppose again the validity of Assumption[3
Here F(-) : f € S(RY) — F(f) € S(R?) denotes the Fourier transform on the classical Schwartz space
S(R4). We will indicate in the same manner the Fourier transform on &’(R9). In this section, we want to
link the nonlinear SDE (L4) to a partial integro-differential equation (PIDE) that we have to determine. We
start by considering problem (L.4) written under the form
Y, = Yo+ [g (s, Yo, ul (Va))dWs + [g g(s, Yo, ul' (Ya))ds, Yo~ G
u(z) = fcd K(z — X;(w)) exp {fot A(r, X, (w), u;”(Xr(w))))dr} dm(w) (6.1)
L(Y)=m.
Suppose that K is formally the Dirac measure at zero and consider a solution (Y, v) of (6.I). We can easily
show that v is a solution of (I.3) in the sense of distributions. Indeed let p € S(R?). Applying Itd formula
to p(Y;) we can easily show that the function v, which is the density of the measure v defined in (L.3), is
a solution in the sense of distributions of (LI). For K being a mollifier of the Dirac measure, applying the
same strategy, we cannot easily identify the deterministic problem (e.g. PDE or PIDE) solved by u™.
For that reason we begin by establishing a correspondence between (6.J) and another McKean type
stochastic differential equation, i.e.

Y= Yo+ fo ®(s, Yo, (K 7™) (s, Yo) )W, + fy g(s, Yo, (K +7™)(s,Yo))ds, Yo~ Go
4™ is the measure defined by, for all ¢ € Cy(R?)

W) = (" @) = Jea P(Xe(W))VA(X, (K 5 y™)(X))dm (w)
LY)=m,

(6.2)

where we recall the notations (K % 7)(s, ) := (K % 7)(-) and 7{"(¢) := [pa p(2)7{"(dx) .

Theorem 6.1. We suppose the validity of Assumption Bl The existence of the McKean type stochastic differential
equation (6.1)) is equivalent to the one of (€2). More precisely, given a solution (Y,~™) of €2), (Y,u™), with
u™ = K x~™, is a solution of 1) and if (Y, u™) is a solution €.1)), there exists a measure valued function v™ such
that (Y,~™) is solution of (6.2).

In addition, if the measurable set {¢ € RYF(K)(€) = 0} is Lebesgue negligible, (6.1) and (6.2) are equivalent, i.e.,
the measure v™ is uniquely determined by u"™ and conversely.

Proof. Let (Y,u™) be a solution of (6.I). Let us fix ¢t € [0, 7T].
Since K € L*(R?), the Fourier transform applied to the function u™(t, -) gives

e ([ Al X, @ (6 0) ) dm(o). 63)

0

Flum™)(t,€) = FUE)(E) /

cd
By Lebesgue dominated convergence theorem, one can show that the function

frigert o g9 | eiﬁ'Xt<w>exp( A(r,mw),u?(xr(w)») dm(w),

cd 0
is continuous. Since A is bounded, f™ is also bounded. Let (a)x=1,... ¢ be a sequence of complex numbers

and (xy)k=1... 4 € (R?)%. Remarking that for all £ € R?

d d d 4N\
ZZak@pe—if'(m—w) — (Z ake—iém) (Z apei§~a:p> _
k=1 p=1

k=1p=1

2

)

d
g ape €Tk
k=1
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which shows that f™ is non-negative definite. Then, by Bochner’s theorem (see Theorem 24.9 Chapter 1.24
in [[16]), there exists a finite non-negative Borel measure p; on R? such that for all ¢ € R?

m —z§0 m
m( v /R , (df) . (6.4)

We wish to show that vj™ := " fulfills the third line equation of (6.2).
Since p;" is a finite (non-negative) Borel measure, it is a Schwartz (tempered) distribution such that

= and v e SR, | [ vl (dn)| < ol R < o0
On the one hand, equalities (6.3) and (6.4) give
F™)(t,) = FE)F(pui") = u™(t,-) = K= p" . (6.5)

On the other hand, for all v € S(R),

G =
(L F )
[ 7w ([ e el [ A X ) @))im(e) ) de

( » fl(w)(f)eiE-Xt(w)a@) exp (/Ot A(r, XT-(w),uf.“(X,.(w)))) dm(w)

J.
/cd ( » f‘l(zp)(,g)e—iflxt(w)&) exp (/Ot A(r, X, (w), (K * MT)(XT(W)))) dm(w)
= Jo U @pe ( / A X ), (K ) (X, <w>)>) dm(w) (6.6)

where the fourth equality is justified by Fubini theorem and the fifth equality follows by (6.5). This allows
to conclude the necessary part of the first lemma statement.

Regarding the converse, let (Y,7™) be a solution of (6.2). We set u}*(z) := (K * v")(x), so that the
first equation in (6.J) is satisfied for (Y, u™). Since 41" is finite, the second equation follows directly setting

o= K(z —-)in ©2).

To establish the second statement of the theorem, it is enough to observe that from the r.h.s of (6.5) we have

Leb({¢ € RYF(K)(€) = 0}) = 0 = F(u") = H;‘__Ug) ae. ,tel0,T],

where Leb denotes the Lebesgue measure on R?%. This shows effectively that 4 (resp. u™) is uniquely
determined by u™ (resp. ™) and ends the proof. O

Now, by applying Itd’s formula , we can show that the associated measure v (second equation in (6.2))
satisfies a PIDE.

Theorem 6.2. The measure ], defined in the second equation of (6.2), satisfies the PIDE

ot = Z ((@2");;(t, 2, (K * ")) — div (g(t, @, K+ ") ") + 4" At 2, (K * ™))
1,7=1
Y0 (dz) = (o(dz),
(6.7)

in the sense of distributions.
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Proof. It is enough to use the definition of 7} and, as mentioned above, apply Itd’s formula to the process
oY) Vi(Y, (K * y™)(Y)), for ¢ € C°(RY) and Y (defined in the first equation of (6.2)). Indeed, for p €

Cs°(RY), 1to’s formula gives,
Elp(Y)Vi(Y, (K xy™)(Y))] = Elp(Yo)]
[ BN Yoo (3™ s YODVAY: (= 7) (V)] ds

" / ZE 1 (Y)gi(s, Yoo (K % 7™)(5, Yo)Va(Y, (K % 7™)(Y))] ds

= ZE@W B 5 i (€ 9™ (s, YVLLY. (I #5™)(¥))Jds.

(6.8)

By the definition of the measure ~;", for each ¢ € [0, T, in (6.2), we have
| enran = [ e

/ /Rd (K ™)(s, )" (da)ds

/ /R V() - g(s,@, (K x4™)(s,2))7{" (dx)ds

+ 21.7].2_1/0 /Rd 8%@(95)((I>(I>t)i,j(s,x, (K xy™)(s,2))y2" (dx)ds . (6.9)

This concludes the proof of Theorem 6.2} O

7 Appendix

In this appendix, we present the proof of some technical results used in previous sections.

7.1 Proofs of the technicalities related to Section [3.1]

In this section, we prove the fundamental properties of the map (m, t, ) — u™ (¢, ) announced in Proposi-

tion

Proof of Proposition We will prove successively the inequalities (3.5), 3.6), 3.7) and (3.3).
Let us consider (¢,y,y') € [0,T] x R x R%.

o Proof of B8) . Let (m,m’) € P2(C?) x Po(CY).
We have

Ju™ (8, y) — ™ (Y )P < 20 (b y) — () 20y - u™ ()] (7.1)

The first term on the rh.s. of the above equality is bounded using the Lipschitz property of u™
that derives straightforwardly from the Lipschitz property of the mollifier X and the boundedness

property of V; 2.6):
[ (ty") —u" ()| = /cd [K(y = Xi(w)) = K(y' = Xe(w))] Vi(X (w), u™ (X (w)))dm(w)

< Lge™y—y]|. (7.2)
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Now let us consider the second term on the r.h.s of (ZI)). By Jensen’s inequality we get

» K(y' = Xo(w))Ve (X (@), u™ (X (w))) dm(w)

‘um(t’ y/) - uml (t7 y/)|2

2

= [, KO = Xl VX, (X)) ()

/Cdxcd
’

- K - X DX, o (K@) (o), @3)

IN

K(y' = Xy(w))Ve (X (w), u™ (X (w)))

for any p € TI(m,m’). Let us consider four continuous functions z, 2’ € C([0,T],R¢) and 2,2’ €
C([0,T],R). We have

Ky —z)Vi(z,2) — K(y —ap)Vi(@', 2)]° < 2|K(Y —2) — Ky —a)]” [Vi(a, 2)|?
12|V, 2) = Vi@, 2 )P K (y —a))]? . (74)

Then, using the Lipschitz property of K and the upper bound @2.8) gives

K(y' — z)Vi(z,2) — K(y —2))Vi(a!, 2')°

IN

202 e*Mn |z — 2|2

¢
+ 4M]2(L?\62tMAt/ [lws — 2> + |25 — 2L[*] ds  (7.5)
0

IA

t
Clea(t) [(m) suple, — o + [ Iz Z;Fds] ,
0

s<t

where O  (t) = 2¢*M2 (L3, 4+ 2M 3 L3t). Injecting the latter inequality in (Z3) yields

W)~ )P < Cald) |

[(1 ) sup | X (@) — X (o)
cdxcd

[ ) = s XD P s ).

Injecting the above inequality in (ZI)) and using (Z2) yields

™ (t,y) —u™ ()P < 20K A(2) {Iy —yP+ 1+ t)/ sup | X (w) — X, (W) [*dpu(w, o)
CdxCd s<t

t
+ / / ™ (5, Xy (w)) — 0™ (5, Xo(o)]? ds dpa(w, w')} .76
cdxcd Jo
Replacing y (resp. y') with X;(w) (resp. X;(w")) in (Z8), we get for all w € C? (resp. w’ € C9),
™ (t, Xo(w) — u™ (£ Xo(@))]? < 205 (1) {lXt(W) — Xy(")?

(1 t) /C Sup| X () — X (') Pdpu(w, )

dxCd s<t

" /cc /ot ™ (5, Xs(w)) — u™ (5, X(w))[? ds dpu(w, w’ﬂ .
(7.7)

Let us introduce the notation

v(s) = / [u™ (s, Xs(w)) — u™ (s, Xo(w'))|? dpt(w, '), for any s € [0, 7).
cdxcd
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Integrating each side of inequality (Z7) w.r.t. the variables (w,w’) according to 11, implies
t
10 < 2055 0) [ (s + 2t +20Cka®) [ sup|Xae) = X)) Pdulio, ).
0 caxcd s<t

forall ¢ € [0, T]. In particular, observing that C' , (a) is increasing in a, we have for fixed ¢ €]0, 7] and
alla € [0,1]

v(a) < 20k A (1) /Oa V(s)ds +2(t + 2)0}<,A(t)/c sup | X (w) — X () Pdp(w,w’) .

dxcd s<t

Using Gronwall’s lemma yields
() = / [u™ (£, Xe(w)) —u™ (8, Xo ()] dpa(w, ')
cixcd

<2t +2)Cl p (1) ChA® / Sup [ X, () — X (') Ppa(w, o)

Cdxcd s<t
Injecting the above inequality in (Z.6) implies
)= () < 20D R0 [y =y P [ sup ) - X))
X s>

The above inequality holds for any p € II(m,m’), hence taking the infimum over p € II(m,m’) con-
cludes the proof of (3.5).

Proof of (3.6). Let (m,m’) € P(C%) x P(C?). The proof of B.6) follows at the beginning the same lines
as the one of (8.5), but the inequality (Z.5) is replaced by

K(y —a)Vilz,2) = K@ —a)Vi(@', 2 < 20Ky —2) — K(y — )] [Vi(a, 2)[?
12|V, 2) — Vi, 2') P |K (y — )2

< 2eMa max(Lg, 2Mg )2 (| — 24> A 1)
t
+4M§(62tMA max(Ly, ZMA)Qt/ (|x/‘g — xs|2 Al
0
+ |z — Z;|2)d8
t
< Cralt) [(1 +t)(sup |zs — zL|> A1) + / |zs — 24| ds] ;
s<t 0
(7.8)
which implies
[ (ty) = (Y S 2€ A+ 2)(1 4 XA |y — g
d [ suplXe(w) - X A Ldutow)] 7.9)
CidxCd s<t

where €x A (t) = 2e*Ma (max(Ly,2Mg)? + 2M 7% max(La, 2M4)?t). This gives the analogue of (Z.6)
and we conclude in the same way as for the previous item.

Proof of the continuity of (m,t,z) — u™ (¢, ).
P(C?) x [0, T] x R being a separable metric space, we characterize the continuity through converging
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sequences. We also recall that Wy is a distance compatible with the weak convergence on P(C?), see
Remark[34la).

By (B.5), the application is continuous with respect to (m, x) uniformly with respect to time. Conse-
quently it remains to show that the map ¢ — u™(t, z) is continuous for fixed (m,z) € P(C%) x R%.
Let us fix (m, tg,z) € P(C?) x [0, T] x R%. Let (t,,)nen be a sequence in [0, 7] converging to to.

We define F;, as the real-valued sequence of measurable functions on C @ such that for all w € C%,

Fo(w) i= K (2 — X (w)) exp < /0 A X () u™ Xr(w))dr) . (7.10)

Each w € C? being continuous, F,, converges pointwise to F : C* — R defined by

to

F(w):= K(z — X, (w)) exp ( Alr, Xy (w), u™ (r, Xr(w))dr> ) (7.11)

0

TMa

Since K and A are uniformly bounded, Mge is a uniform upper bound of the functions F,,. By

Lebesgue dominated convergence theorem, we conclude that

— 0.
n—-+o0o

| m(tmx)_u (th )|_

Fu@)im(e) = [ P()am(w)

This ends the proof.

Proof of B.7). Let (m,m’) € Po(C%) x P2(C?).
Since K € L?*(R%), by Jensen’s inequality, it follows easily that the functions z + u™(r,z) and z
u™ (r, z) belong to L(R?), for every r € [0, T]. Then, for any u € TI(m,m’),

lu™(t, ) = u™ (¢, )3 [u™ (t,y) —u™ (ty)Pdy

Xo(w) Vi(X (@), u™ (X (@) | dia(eo, )
/ / X)) Vi X () 0 (X ()~
Rd JCdxCd

X)) Vil X (w >um’<X<w’>>>\ dp(w, ) dy

/cdxcd /Rd (W) Va(X (w), u™(X (w))) —

Ky~ X)) V(X @), (X)) dyduwor), .12

/ [my_Xt<w>>vt<x<w>,um<x<w>>>—
cdxcd

2
dy

IN

where the third inequality follows by Jensen’s and the latter inequality is justified by Fubini theorem.
We integrate now both sides of (Z4), with respect to the state variable y over R?, for all (z,2') €
ClxC(z,7)eCxC,

Ky —z)Vi(w, 2) = K(y =2 Vi(a',2)[* dy < 2/d (K (y = x0) = K(y — 2})]*|Vi(x, 2)* dy
R R
2 | Vi, 2) = Vi@, 2)P| K (y — 2)* dy. (7.13)
Rd
We remark now that by classical properties of Fourier transform, since K € L?(R?), we have

¥ (2,6) € RY x R, F(K,)(€) = e F(K) () ,
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where in this case, the Fourier transform operator F acts from L?(R%) to L?(R?) and K, : j € R? —
K(y — z). Since K € L?(R?), Plancherel’s theorem gives, for all (3, z,2') € R? x C? x C¢,

[ V(G =)~ K5~ )y

/ K, (5) — Koy (5)dg
Rd

= e ST F(K)(E) — e ST F(K)(€))de

R4
RO e - e g

IN

| RO I¢- (=P

IA

2, — 2 ? / F)E)? ¢
Rd
= ool [ IR €6
Rd

— foe—ai [ IF(VE)©Pde
Rd
o0~ [ VEE 714

Injecting this bound into (Z.13), taking into account 2.8) yields

y (K (y —z)Vi(z,2) = K(y —a)Va(a', )P dy < 2| VK3 | — 2]” exp(2tMy)

+ 2Mg|Vi(z, 2) = Va(a', )2

< 2PMA VK3l — o)
¢
+4MKLf\e2tMAt/ [|zs — 2} |* + |25 — 2L[%] ds
0
< 2ePMAQM LA + |[VK]3) sup |z, — 2)|?
0<r<t
¢
+4MKLithMAt/ |zs — 2.|? ds
0
) ¢
< Cga(t) { sup |z, — |2 +/ |zs — Z;|2d8:| ,
0<r<t 0

(7.15)

forall (z,2") € C% x C% and (2, 2') € C x C, with Cg A (t) == 2e*"MA(2M LAt(t + 1) + | VEK]3).
Inserting (Z.I5) into (Z12), after substituting X (w) with 2, X (w’) with 2/, z with v (X (w)) and 2’ with
u™ (X (w')), for any p € TI(m, m’), we obtain the inequality

™ (t ) =™ ()5 < Crealt) {/C sup | X, (w) — X, ()] dp(w, o)

dxCd 0<r<t
¢
[ X)) — s X ) du(w,w'>} - (716)
Cixcd Jo
Since inequality (33) is verified for all y € R?, s € [0, T, we obtain for all w,w’ € C?

[u™ (s, Xs(w)) — u™ (5, Xs (W) ?

IN

Cra(s) [[Xs(w) = Xo (@) + [We(m, m)|?]

A

< Cga(s) [ sup | X, (w) — X, (W) * + |[We(m, m')|2} )

0<r<s
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Integrating each side of the above inequality with respect to the time variable s and the measure
w € II(m, m’) and observing that C'k (s) is increasing in s yields

t
I = / / [ (s, X(w)) — u™ (s, Xo(w)]? ds dp(w, ")
CixCd Jo
< Cga(t)t [/ sup | X, (w) — X, (w)|? dp(w,w’) + |[Wi(m,m") 2| . (7.17)
CidxCd 0<r<t

By injecting inequality (ZI7) in the right-hand side of inequality (Z16), we obtain
lu(t) =™ ()5 < Cralt)(L +tCk () / sup X (w) — Xr (') Pdp(w, w’)
CidxCd 0<r<t
+tCr A () O a (8)|Wi(m,m/)|? . (7.18)

By taking the infimum over u € II(m, m’) on the right-hand side, we obtain

™ (k) = w™ (6,13 < Creoa(8)(1+ 26Clre a (£) [ We(m, m )| (7.19)

Proof of (3.8).

By the hypothesis 4. in Assumption[l] K € L!'(R?). Given a function g : [0,7] x R — C, (s,z)
g(s,x) , its Fourier transform in the space variable x will be denoted by (s, &) — F(g)(s, &) instead of
Fg(s,-)(€). Then for (@, s,£) € Q x [0,T] x R?, the Fourier transform of the functions u" and u™ are

given by
Fu)(s,&) = F(K)(§) /cd e TN (@) exp (/OSA(T, Xr(w),u (r, Xr(w)))dr> dne(w) (7.20)
Fm)(s8 = FE)E) /C Je T Wexp ( /O A X ) Xr<w)))dr> dm(w) . (7.21)

To simplify notations in the sequel, we will often use the convention

V2 (y) = Vily,u”(y)) = exp </0 A(97ye,uV(9,yo))d9) :
where u” is defined in 3.1)), with m = v.
In this way, relations (Z20) and (Z.2I)) can be re-written as

Fu™)(s,6) = FE)E) /Cd6’“""5(%"@<X(w>>dn@<w>

(7.22)

Fu™)(s,6) = FK)(E) /CdE’ig'XS(“’)‘Qm(X(W))dm(w),

for (@,5,€) € Q x [0,7T] x R%
For a function f € L'(R?) such that 7(f) € L'(R?), the inversion formula of the Fourier transform is

valid and implies

1
N V2w JRra

f is obviously bounded and continuous taking into account Lebesgue dominated convergence theo-

f(z) F(f)(€)esede, x e RY. (7.23)

rem. Moreover )
[ flloo < —=IF(F)l1s (7.24)
2
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where we recall that || - [|; denotes the L' (R%)-norm. As F(K) belongs to L' (R?), from (Z24) applied
to the function f = u"*(s,-) — u™(s,-) with fixed @ € Q, s € [0, T], we get

1 n m 2
Z=BUIF (s ) = Flw) (s, )]

1 Mo s _ um s g
< @EK - [ F(u™)(s,8) = F(u™)( ,é)df) ] . (7.25)

Efl|u”(s,) — u™(s,)lI3]

IN

where we recall that E is taken w.r.t. to dP(®).

The terms intervening in the expression above are measurable. This can be justified by Fubini-Tonelli
theorem and the fact that (@, s,x) + u"@(s, ) is measurable from (2 x [0,7] x R4, F @ B([0,7T]) @
B(R%)) to (R, B(R)). We prove the latter point. By item 3. of this Lemma, we recall that the function
(m,t,z) = u™(t,x) is continuous on P(C%) x [0,T] x R? and so measurable from (P(C%) x [0,T] x
R4 B(P(CY)) @ B([0,T]) ® B(RY)) to (R, B(R)). The application (@,t,x) — (nz,t, z) being measurable
from (2 x [0,7] x R4, F @ B([0, 7] ® B(R?))) to (P(C%) ® B([0,T]) @ B(R?)), by composition the map
(@, s,x) — u"(s,x) is measurable. By Fubini-Tonelli theorem (i, s, ) — F(u"*)(s,£)) is measurable
from (Q x [0,7] x RY, F ® B([0,T]) @ B(RY) to (C,B(C)) and (s,&) — u™(s,£) is measurable from
([0,7] x R4, B([0, T] @ RY) to (R, B(R).

We are now ready to bound the right-hand side of (Z25). For all (@, s) € Q x [0, T, by (Z22)

[F(u™)(s,€) = F(u")(s,6)| < |F(E)(E)]

+IF(E) ()

which implies

IN

(/ FU© Al + [ 17 >||Bs,w<f>|ds>2

205, +12,) (7.27)

([, 1706, - Famis. de)

IA

where

2 (7.28)

{ 1L = (fpa IF ) O] As 0 (6)1dE)?
If,a; = (fRd ‘]:(K)(QHBS’@(S)WO s

and forallw € Q, s € [0, 7]

{ A () 1= Joa eTE XV (X (W) i (w) = [pu e EX V(X (w))dm(w) (7.29)

Bsw(6) = fcde_if'XS(“)Vs"@(X(w))dnw = Jea eTE XDV X (w))dis (w) -

We observe that (@, 5,&) — A 5(§) and (@, 5,&) — B, o (§) are measurable. Indeed, the map
(w,@,8,&) rr e X:(@ Ve (X (w)) is Borel. By Remark 2.2l we can easily show that for all N € N*,
(@,5,6) = 1ay(&)ns(w) is (still) a random (finite) measure when () is replaced by Q x [0,7] x R?
and Ay is the centered ball of R? with radius N. Proposition 3.3, Chapter 3. of [11] tells us that
(@,8,€) = Joa e XV (X (w))1a, (§)dns(w) is measurable, and letting N — 400, we observe
that (@, s, &) > [pu e XV (X (w))dne (w) is also measurable.

The measurability of A, B follows again by use of Fubini-Tonelli theorem.

27

/ e‘ig'X'“(“’)Vsm(X(w))dm(w)—/ €—i§~Xs(w)V'sm(X(w))d77 (w)‘
cd c

[ e e OV X @)dna) - [ e (X @) )
cd cd

)

(7.26)



Regarding A, 5, let o, ¢ denotes the function defined by y € C% — e~*¥=V™(y). Then, one can write
As o = Nz — m, ps.¢), where (-, -) denotes the pairing between measures and bounded, continuous
functionals. ¢ ¢ is clearly bounded by e**4; inequalities (2.8) and (3.5) imply the continuity of ¢ ¢
on (C4, || - ||oo), for fixed (s, &) € x[0,T] x R% By Cauchy-Schwarz inequality we obtain for all@ € €,
s€[0,T]

I

8,00

IN

17l ([ 1F0©1a.0P )

IN

170 ([ 1700 )P ) (7:30)

Since the right-hand side of (Z.30) is measurable, taking expectation w.r.t. dP(@) in both sides yields

B < 1R ([ IR Bl - mopn ) de)
< e EE) | [ FEE s Bl - m ) lde
e g
< @MFE)T sup E[[(n—m, )] (7.31)
sy

Concerning the second term Bj o, for all (s,¢) € [0,T] x RY,

2

BualOF = | [ e 0OV (X (w) - V(X @) dnee)
< [ V) - VX @) dnsl)
cd
< | ) = o X)) dna() by @

< SGQSJWAL?X
d

625MA L?\
cd
C

0
[ (1, X, () — ™ (r, X () dr dio ()
0
< seMap} / " (r, ) — w(r, |12 dr (7.32)
0

where we recall that 7, is a probability measure on C? for all @ and that functions (r,z,©) € [0,7] x
RY x Q + u" (r,z) and (r,z) € [0,T] x R? — u™(r, z) are uniformly bounded.
Taking into account (Z.32), the measurability of the function (@, 7) € Qx [0, 7] > ||u" (r,-)—u™(r,-)||%

and Fubini’s theorem imply

B[ < E [( L IFw@! s IBs,-(£)|d£> ]
< Elsup B, (O [FGOI
EERI
< s MMIRIFER [ Bl ) - ) ddr 733)

Taking the expectation of both sides in (Z.27), we inject (Z3I) and (Z33) in the expectation of the
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right-hand side of (Z27) so that (Z25) gives for all s € [0, T

E[Hun(s7 ) — um(s, )HZO] < CQ(S) /OS E[Hun(r, ) — um(r7 )”io]d’r‘

+Ci1(s) sup E[[(n—m,p)[*], (7.34)
pEC,(CT)
llelloo <1

where Cy(s) = \/%eSMAH}‘(K)H% and Cy(s) = \/%seQSMALf\H}"(K)H% On the one hand, since the
functions u" and u™ are uniformly bounded, E[||u"(s,-) — u™ (s, )les’] is finite. On the other hand,

observing that a — C4(a) and a — C3(a) are increasing, we have for all s €]0,77,a € [0, 5]

E[[lu"(a,) — u™(a,)[%] < Ca(s) /OGE[IIU”(ﬁ ) =™ (r )2 Jdr + Cu(s) sup Ef[(n —m, )] .

D
By Gronwall’s lemma, we finally obtain
Vs e[0,T), E[u"(s,-) —u™(s,)|%] < Ci(s)e*>®) sup E[l(n—m,)"].  (7.35)
P€ECH(C?)
llelloo <1

7.2 Technicalities about Section [3.2]

Lemma 7.1. Let r : [0,7] — [0,T] be a non-decreasing function such that r(s) < s for any s € [0,T]. Let
U: (t,y) €[0,T] x C* — R (respectively U’ : (t,y) € [0,T] x C* — R), be a given Borel function such that for all
t € [0,T), there is a Borel map U, : C([0,t],R?) — R (resp. U, : C([0,t],R?) — R) such that U(t,-) = Uy(-) (resp.
Uty =U-)).

Then the following two assertions hold.

1. Consider Y (resp. Y') a solution of the following SDE for v =U (resp. v =U"):

Y, =Yy + fot D(r(8), Yr(s), 0(1(5), Yirr(s)))dWs + fot g(r(8), Yy(s),0(r(s), Yorr(s)))ds ., foranyt € [0,T7],
(7.36)
where, we emphasize that for all 0 € [0,T), Z.ng := {Z4,,0 < u < 0} € C([0,0],R?) for any continuous
process Z. For any a € [0, T, we have

Blsup ¥/ = Vi < Co (D) | [ 00 Ynsi) - 000 V)Pt . 73)
sa 0

where Cg,4(T) = 12(4L% + TLg)euT(“LéJFTLi),

2. Suppose moreover that ® and g are globally Lipschitz w.r.t. the time and space variables i.e. there exist some
positive constants Le and Ly such that for any (t,t',y, y', z,2') € [0, T)? x R?? x R?

(7.38)

|©(t,y,2) = (', 2")| < Lo ([t = | + |y — /[ + |2 = 2'])
|g(t,y,2) - g(t/7y/7zl)| § Lg(|t 7t/| + |y 7y/‘ + |Z - Z/|) .

Let r1,72 : [0,T] — [0,T] being two non-decreasing functions verifying r1(s) < s and ro(s) < s for any
s €10,T). Let Y (resp. Y') be a solution of (Z36)) for v =U and r = ry (resp. v =U' and r = r3). Then for
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any a € [0, T, the following inequality holds:
Bbup (¥} < YiPl < Coo(D) (In = ralf + [ BV = Vi Plo

+E [ / UT1(E), Yopr (1)) — U (r2(2), Y,’Mz(t))|2dtD ; (7.39)
0
where || - ||z is the L?([0, T))-norm.

Proof. 1. Let us consider the first assertion of Lemma [Z1] Let Y (resp. Y’) is solution of (Z.36) with
associated function U (resp. U'). Let us fix a €]0,T]. We have

Yy — Yy =ag+ By, 0 €[0,a], (7.40)
where
(4
00 1= [ (B Vi U ). Yinr) = D).V U (9. Vo)) AV,
6
By = / (907 (5), Yooy UCr(5), Yonn(s))) = 9 (), ¥ U (1(5), Vi) ) s

By BDG inequality, we obtain

Esup|ag|> < 4E [/
0

0<a

(I)(T(s)’YT(S)vu(T(S)?Y/\T(S))) —(13(7“(8), rl(s)aul(r(s)v Al/\r(s)))rds]

B 009, Yo U (61, V) = R,V U 160, V)] |

IN

a 2 ¢
SLé/O E |:‘U(T‘(3),Y/\r(s)) —U'(r(s), Y/A’r‘(s))‘ } d5+8L§>/O E [|Yr(s) _Yr/(s)|2} ds
(7.41)

Concerning $ in (Z40), by Cauchy-Schwarz inequality, we get

Esup | < aB [/ 190($), Y U(r(5), Yopoge))) — (<>,Y,f<s),u’<<>Y’M<s>>>2ds]

IN

a
22 [/ UG (61 o) = U)o P + 2023 [ 8 (1 = 1 ]
(7.42)

Gathering (Z42) together with (Z41)) and using the fact that r(s) < s, implies

Elsup|Y] - oYl < 4(4L3 +TL2) ( / U((3), Ynn(ey) — U ((5), Vi ) ]
6<a
+/ HY - r(s )
< 4(4L3 +TL2) ( /|u 7(5), Yopr(s)) — U (1(5), Y] 00)) [P ds]

+ [ By - viPlas)
0 0<s
for any a € [0, t].
We conclude the proof by applying Gronwall’s lemma.
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2. Consider now the second assertion of Lemma[Zl Following the same lines as the proof of assertion
1. and using the Lipschitz property of ® and g w.r.t. to both the time and space variables (Z.38), we
obtain the inequality

Efsup [Y/ —Y,|?] < 12(4L3 +TL}) </ Py (t) = ro(t)]dt +/ E[Y ) = Yy 2)dt

0 0

t<a
a

+E| /O UL (1), Yorpy () = U (r2(t), Yo o) Pdt] + /O E[|Ym<t>—Y;1(t>|2]dt)

a
< 120415 +TLy) (IIm—r2||%+/0 E[IY ) = Vil
FEL U0, Yo 0) = U 120,V o)) + [ EsuplY. = VP ar)
0 0 S

Applying again Gronwall’s lemma concludes the proof.
O

7.3 Some technical proofs of the convergence of approximating sequences related to
Sectiond and Section

The results stated and established in this section are the main tools that will be used in Sectiondand Section
Blto prove the main theorems, i.e. Theorem £2]and Theorem 5.1}

Lemma 7.2. Let (P,,),>0 be a sequence of probability measures on C* converging in law to some probability P. Let
(fn)n>0 be a uniformly bounded sequence of real-valued, continuous functions defined on C%, converging uniformly

on every compact subset to some continuous f. Then / frn(w)dP, (w) — = / fw)dP(w) .
cd n — +00 cd

Remark 7.3. We will apply several times Lemma[Z2l We will verify its assumptions showing that the sequence ( f,,)
converges uniformly on each bounded ball of C?. This will be enough since every compact of C% is bounded.

We emphasize that the hypothesis of uniform convergence in Lemma[Z2lis crucial, see remark below,

Remark 7.4. Let define 0 = [0, 1] equipped with the Borel o-field, (Z,)n>0 a sequence of continuous, real-valued
functions s.th.

0 , T > %
ne , z€0,1] (7.43)
—nr+2 , xcli 2]

n’n

We consider a sequence of probability measures (my,)n>0 S.th. my(dz) = 01 (dz) and mo(dx) = do(dx).

1
n

On the one hand, we can observe the following.
o 7, —— 0, pointwise.
n — +oo
o foralln >0,|Z,| <1, surely.
® m, —— m, weakly.
n — +oo
On the other hand,fol Zndmy, = Zy (1) =1-»0.

The proof of Proposition .3 goes through several steps.

We first formulate below an useful elementary result, which follows by a simple application of Lebesgue

dominated convergence theorem. It will be often used in the sequel.
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Lemma 7.5. Let A : [0,7] x RY x R — R be a Borel bounded function such that for almost all t € [0,T]

A(t,-,-) is continuous. The function F : [0,T] x C¢ x C — R, 29 € R, defined by F(t,y,z) = K(xg —
¢ . )

Yt) €Xp (fo A7, Yy, zr)dr) is continuous.

The proposition below establishes an important result about the convergence of the sequence (uy, )nen.

Proposition 7.6. Let (A,,),en be a sequence of Borel uniformly bounded functions defined on [0, T] x R? x R, such
that for every n, Ay (t,-,-) is continuous. Assume the existence of a Borel function A : [0,T] x R x R — R such
that, for almost all t € [0,T, [An(¢,.,.) — A(¢, ., .)] —0 uniformly on each compact of R? x R.

n — oo

Let (Y™),en be a sequence of continuous processes. We consider a sequence (u,,) such that, for all (t,z) € [0,T] x R?

{ Un(t,2) = [0 K(z — X;(w)) exp {fg A (r, X (w), wn (7, Xr(w)))dr} dm™(w) (7.44)

m" = L(Y").

We set Z™ := u"(-,Y™) for all n € N. Suppose moreover that v := L(Y™,Z™) converges in law to some Borel
probability measures v on C* x C.
Then, (u.,) converges uniformly on each compact of [0, T] x R% to a function u : [0, T] x R — R such that

u(t,r) = e K(z — X;(w)) exp {/0 A(r, Xr(w),X;(w’))dr} dv(w,w’) , (7.45)

forall (t,x) € [0,T] x RZ In particular u is continuous.
Remark 7.7. (uy,),>0 is uniformly bounded by My exp(MaT), where My is a uniform upper bound for the A,,.
The proof of Proposition[Z.6is based on a technical lemma,

Lemma 7.8. Let (A,,), A be as stated in Proposition[Z.8 Let xq € R?, we designate by F,,, F : [0,T] x C* x C — R,
the maps

t t
Fulton )= Koo~ ) esp [ Auraz)) and F.2) = Koo = e ([ Arnz)).
0 0
Then for every M > 0, F,, converges to F' when n goes to infinity uniformly with respect to (t,y,z) € [0,T] x
Ba(0, M) x By(0, M), with By(0, M) = {y € C*, ||yllos = sup,.cjo.r) lyul < M} for k € N*.
Proof of LemmalZ.8l We want to evaluate || F), — F||co ar := sup |F(t,y,2) — F(t,y, 2))|.

(t,y,2)€[0,T]x Ba(O,M)x B1(0,M)
Since (A;,), >0 are uniformly bounded, there is a constant M, such that

Vr € [0,T], sup [Ny (ryyl, 2h) — A(ryyl, 20)| < 2My.
(y’',2")€EB4(O,M)xB1(O,M)

By use of .7), we obtain for all (¢,y, z) € [0,T] x Bq(O, M) x B1(0O, M),
¢
|Fo(t,y,z) — F(t,y,2)| < Mg eXp(MA)/ sup |An(r,yl, 2.) — A(r,y., z.)|dr,  (7.46)
0 (y',2')€B4(O,M)xB1(O,M)

which implies

T
|y, — Flloon < My exp(My) / sup [An(r,yy, 2) — A, gy, ;)| dr. (7.47)
0 (v,2')EB4(O,M)x By (O,M)
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By Lebesgue’s dominated convergence theorem, we have

T
/ sup |An (o4 2) = Ar g 2] drr — 0,
0 (y,2')eBq(O,M)xB1(O,M)

which concludes the proof of Lemmal[Z.8l O
Now, we proceed with the proof of Proposition [Z.6]

Proof of Proposition The first step consists in proving the pointwise convergence of (y,)nen.

Observe that u,(t,z) = [o., . K(z — X;(w)) exp {fot Ay (r, Xr(w),X;(w’))dr} dv™(w,w’). Let us fix t €
[0,T),z € R% Let us introduce the sequence of real valued functions (f,,)nen and f defined on cxC
such that

Fay,2) = K(z — ) exp {/Ot Ay, zr)dr} and  f(y,2) = K(z — u2) exp {/Ot A,y z,.)dr} .

By Lemmal[Z5 f,, and f are continuous.

By Lemma it follows that f, m f uniformly on each closed ball (and therefore also for each
compact subset) of C? x C. Then applying Lemma[Z2land Remark[Z.3] with C? x C, P = v, P" = v" allows
to conclude that (u,),en converges pointwise to u when n goes to co, with u defined by (Z.45).

We go on proving the uniform convergence of (u"), ey on each compact of [0, 7] x R

We fix a compact C of R%. The restrictions of u,, to [0,7] x C are uniformly bounded. Provided we prove
that the sequence (u,|jp,71x¢) is equicontinuous, Ascoli-Arzela theorem would imply that the set of restric-
tions of u,, to [0,7] x C is relatively compact with respect to uniform convergence norm topology.

To conclude, given a subsequence (u,, ) it is enough to extract a subsubsequence converging to u. Since
the set of restrictions of u,, to C is relatively compact, there is a function v : [0,7] x C' — R to which u,,
converges uniformly on [0,7] x C. Since (u,) converges pointwise to u, obviously v coincides with u« on
[0,T] x C.

It remains to show the equicontinuity of the sequence (u,,) on [0, 7] x C. We do this below.

Let ¢’ > 0. We need to prove that 36,7 > 0,V(¢,z), (t',2") € [0,T] x C,

[t—t'|<§, |z —2'|<n=VYneN, |up(t,z) —u,(t',2")| < €. (7.48)
We start decomposing as follows:
) — (¥, 0")] < () (8, 2)] (1) — (¥ 2] (749
As far as the first term in the right-hand side of (Z49) is concerned, we have

[tn (t, 2) — wn (L, 2")] fcd |K(x — Xi(w)) — K(2' — Xi(w))] exp(MAT)dm™ (w),

<
= (7.50)
< exp(MAT)Llx — |,
where the constant M, is an uniform upper bound of (|A,,|,n > 0).
We choose n = m to obtain that
EJ
|(un(t, @) = un(t,2))l < 3, (7.51)
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for z, 2’ € C such that |z — 2'| < npand ¢ € [0,T].
Regarding the second one we have

|un (t,2") — un(t',2")| < B1 + Ba, (7.52)
where
B i [for [ = X)) = K0~ X)) ex0 {J3 A1 0.0, )t} i ()
By = |[oaK(2' — Xy (w)) [exp {fot A (r, X (W), un (7, Xr(w)))dr} -

[
exp {fg, Ay (7, X (w), un (7, XT(w)))dr} ]dm"(w)‘ .
(7.53)
We first estimate B;. We fix e > 0. Let us introduce the continuous functional C* — C([0,7] x C,R)
given by
Fine ((t,x') € [0,T] x R? v K(z — m)) :

where we set C([0, 7] x C,R) the linear space of real valued continuous functions on [0, 7] x C, equipped
with the usual sup-norm topology. Since (Y"),,cn converges in law, the sequence of r.v.

(R, = F(Y")(t,2'),(t,2") € [0,T] x C)nen indexed on [0, T] x C, also converges in law. In particular, the
sequence of their corresponding laws are tight.

An easy adaptation of Theorem 7.3 page 82 in [8] (and the first part of its proof) to the case of random fields
shows the existence of §. > 0 such that

VneN, P(Q2s ) <e, (7.54)

where Q75 =@ € Q ’ sup |K(z - Y (@) — K(z' = Y{'(@))| > ¢
’ (t,t")€[0,T)2,|t—t"| <3
(z,2’)EC2,|z—a! <8

In the sequel of the proof, for simplicity we will simply write Q7 := Q ; . Suppose that [t —#'| < J..
Then, forall 2’ € C

B = ‘E[(K(m’ Y~ K(a — Y;ﬁ)) exp { /Ot A(r, Y u(r, Y,_"))H ‘
< exp(MAT)E[|K (2 = V") = K(a/ = v
= exp(MaT) (Ii(e,n) + Io(2, 1)) | (7.55)
where
Li(e,n) = E[\K(x’ Y - K(2 — Y| 195} (7.56)
Le,n) = E[\K(x’ Y - K2 — Y 1(9@6} . (7.57)
We have
Ii(e,n) < 2MgP(Q) < 2Mge (7.58)
and
In(e,n) < eP((Q)°) < e . (7.59)

At this point, we have shown that for [t — ¢/| < ., 2’ € C,

By < e(2Mg + 1) exp(MAT) . (7.60)
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We can now choose ¢ := exp(—MaT) so that B; < %

&
3(2MK+1)

Concerning the term By, using (2.7), we have

B, < de |K .T _Xt/ |‘ {fo TX (W), un (1, X (w)) dr} {fo T‘X (W) yum (1, X (w))) T m”(w)
< My oxp(My) [ dm”(@) | [ Ay (r, X, (@), tn (r, X,.(w)))dr‘
< Mg exp(Mpa)Mp|t — t/| .
(7.61)

3
and finally, taking into account (Z51) and (Z52), (Z48) is verified. This concludes the proof of Proposition

/.6 O

We choose § = min(5€, WM) For |t - t/‘ < 5, we have BQ S %’ By addltIVIty Bl —+ BQ S 2’

We end this section by recalling the following classical result on strong convergence of solutions of SDEs,

Lemma 7.9. Let Ry be a square integrable random variable on some filtered probability space, equipped with a p
dimensional Brownian motion W. Let a,, : [0,T] x R* — R¥>? and b,, : [0,T] x R* — R? Borel functions
verifying the following.

e 3L >0, forall (z,y) € RY x RY, sup,, 5 |an(t,2) — an(t, y)| + sup,sq b (t,2) — by (t,y)| < Lz —yl;
e Jc> 0, forall x € RY, sup, > (|an(t, z)| + |bn(t, 2)]) < e(1 4+ |z]);
e (ay), (b,) converge pointwise respectively to Borel functions a : [0, T] x RY — R¥>P and b : [0, T] x R? — R

Then there exists a unique strong solution of

{ dYy = a(t,Yy)dW; + b(t,Yy)dt (7.62)
= RO? .
Moreover, let for each n, let the strong solution X™ (which of course exists) of
AY; = an(t, Y;)dW; + b, (t, Y;*)dt (7.63)
Yy = Ry.

Then,

sup |Y* — Yz —> 0.
t<T — too

Proof. The existence and uniqueness of Y follows because «a, b are Lipschitz with linear growth.
The proof of the convergence is classical: it relies on BDG and Jensen inequalities together with Gronwall’s
lemma. O

7.4 Tightness of the approximating sequences of processes related to Sections 4 and

B

Before stating a tightness criterion for our family of approximating sequences we need to express the classi-
cal Theorem of Kolmogorov-Centsov, stated in Theorem 4.10, Chapter 2 in [13], taking into account Remark
4.13.

Proposition 7.10. Let r € N*. A sequence (IP,,),,>o of Borel probability measures on C” is tight if and only if
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lim sup P, ({w e C" | |wo| > A}) =0, (7.64)

A—>+00 peN

o V(e,s,t) € RY x [0,7] x [0,T],

lim sup P,({w €C" w —wg| >e})=0. 7.65
i 2 Pell €71 ol > <D (7.65)

The following tightness result will be used in the proofs of Theorems@.2land 511

Lemma 7.11. Let K : R? — R be bounded and Lipschitz. For each n € N, we consider Borel functions ®,,
[0, 7] x REx R — R¥P, g, : [0,T] x RE x R — R4, and A,, : [0, 7] x R? x R — R uniformly bounded in n.
We also consider a tight sequence (C}}) of probability measures on RY. Let (Y™, u,,) be solutions of

dY" = @, (8, Y un (6, Y) AW + gn (t, Y un (t,Y"))dt
U (t, ) == [o0 K(z — X (w)) exp {fot A (r, X (w), wn (1, Xr(w)))dr} dm™(w) (7.66)
”Ml:zﬁ( n%

where for all n € N, Y is a r.v. distributed according to (.
Then, the family (v = LY., un (-, Y™)), n > 0) is tight.

Proof. 1f we indicate by P, the law of (V,,, u" (-, Y")) we bound the Lh.s of (Z64) as follows:
P, ({w e C™ fwol > A}) = P({|(Yg",u"(0,Yg"))| > A})

PIYS' 4 [u™(0,Y5")[ > A})

PG > 5 1) + P({[u"(0,Y5")] > 5})

Glr R ol > SN+ B({l" 0.¥5) > 5D 067

IN

IN

IN

Let us fix e > 0. On the one hand, (¢}}) being tight there exists a compact set &. of R? such that sup ¢}/ (&S) < e.
neN

Then, there exists A. > 0 such that {z € R?| |z| > 4=} C & which implies
n d AE g n(ac
sup G5 ({ € Y ] > 55)) < sup GB(8S) < e
neN neN

On the other hand, since u" is uniformly bounded, for all A > 0, Chebyshev’s inequality implies

ny vyl < Ellu™(0,Yg")?] _ , (MxeTM)?
P({lu"(0,¥g")[ > 5}) <4 35 <4 (7.68)
Consequently for A > \., we get
M TMA 2
sup P, ({w € C Y Jwo| > A}) < 4% +e. (7.69)
neN

Taking the limit when A goes to infinity, we finally get inequality (Z.64) since € > 0 is arbitrary.

It remains to prove (Z.69).
We will make use of Garsia-Rodemich-Rumsey Theorem, see e.g. Theorem 2.1.3, Chapter 2 in [17] or [3].
We will show that, forall 0 < s < t < T, there exists a positive real constant C' > 0

E[Y" = Y2+ un (8, Y]") = un(s, Y] < Clt = 52, (7.70)
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where C' does not depend on n. Suppose for a moment that (Z.Z0) holds true.
Let ¢ > 0 fixed. Let § > 0. If P,, denotes again the law of (Y, u"(-,Y ™)), the quantity

P,({weC¥ |  sup |wi —ws| >e}) (7.71)

(s,)€[0,T72
[t—s|<6

intervening in (Z.69) is bounded, up to a constant, by

P( max {17 - Y7+ (L Y) — (s, YO} > o). 7.72)
(s,t)€[0,T]?
lt-s]<5
Let us fix v €]0, [. By Garsia-Rodemich-Rumsey theorem, there is a sequence of non-negative r.v. I'" such
that, a.s.

sup E[(T™)1] < oo

neN
V(S7t) € [O,T]Q, |Ytn - st‘ + |un(tvytn) - un(s7ysn>‘ < Fn|t - S"Y‘ (7-73)
If |t — s| < & (ZZ3) gives
Y — Y 4 |u (¢, YY) — (s, Y|} < T80 7.74
e (Y=Y () - (5,50} (774)
[t—s|<s

By (ZZ4) and Chebyshev’s inequality, for any n € N, the quantity (ZZ1) is bounded by

P(I"6" >e) = PI™>eb ")
54

)
64

<

for any n € N. Since § > 0 is arbitrary, (Z.69) follows. To conclude the proof of the lemma, it remains to
show (Z.Z0).

We recall that Mg, My, My, My denote the uniform upper bound of the sequences (|2,|), (|gn|), (|A,|) and
of the function K. Let 0 < s < t < T'. To show (Z.70), we have to evaluate

E[Y;" = YO + Ellun (8, Y,") — un(s, Y] - (7.75)
By classical computations (e.g. It6’s isometry, Cauchy-Schwarz inequality), we easily obtain
Vk € N*, VT > 0, 3C" := Clj 1 arg a0y > 0 B[V = Y] < Ot — 8|, (7.76)

where the constant C’ does not depend on n because ®,,, g,, are uniformly bounded, in particular w.r.t. n.
Regarding the second expectation in (Z.75), we get

Bl (07 = (s, YN = [ (0 X0(0) = (0, X, ) ()
(7.77)
< 8(IL +1o),
where
I = / (tt (£, X1 (w)) = tn (5, X1 (w)))  dm™ (w)
(7.78)

Iy = jc (un(SaXt(W)) - un(sts(w)))4dmn(w) !

d
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On the one hand, for all = € R¢,

tn (t, ) — tn(s, )| ’E [K(x —yyels An(T,Y,.",un(r,Y,TL))dr} R {K(m —ymyels An(r,Y,.",u“(r,Yf))dr]

IN

[ 1K= X0 = Ko = X ([ Aalr:Xevuar X)) " (0)
+ [ Ko=) fon (| A X 0). X)) dr

= oxp ([ Al X0, unlr X, (@) ) | i)
By @.7) and (with k£ = 1) together with Cauchy-Schwarz inequality, this is lower than

Ly exp(MAT) /cd | Xt (w) — Xs(w)|dm™(w)

i /St Ay (ry X (W), un (r, X, (w)))dr‘dmn(w)

< (L exp(MAT)VC' + My exp(Mp) MAVT) /|t — s,

T

which implies

L = fcd | (2, X (w)) — un(s,Xt(w))|4dm"(w) < (Lx eXP(MAT)\/@‘f‘ Mg eXP(MA)MA\/T)4|t — S|2 .

(7.79)
On the other hand, for all (z,y) € R? x R¢
) o) < EIIKCe = ¥2) = K=Y e (AW a1 an)]
< Liexp(MAT)|z —yl,
which implies
Iy = [oa lun(s, Xe(w)) — un(s, Xs(w))[*dm™(w) < L exp(MAT) Joa |Xe(w) — Xs(w)[*dm™ (w) 781)
< Liexp(MAT)C'|t — s]?, '

where the second inequality comes from (Z.76) with k = 2.
Coming back to (ZZ7), we have |I; + | < C”|t — s|?> with C” a constant value depending only on
T, Mg, My, Mp, Mg, Lk, T. This enable us to conclude the proof of (ZZ0) and finally the one of Lemma

711
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