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Particle system algorithm and chaos propagation related to
non-conservative McKean type stochastic differential

equations.

ANTHONY LE CAVIL * NaADIA OUDJANE " AND FRANCEScO RUSSO ?
August 2nd 2016

Abstract

We discuss numerical aspects related to a new class of nonlinear Stochastic Differential Equations in
the sense of McKean, which are supposed to represent non conservative nonlinear Partial Differential
equations (PDEs). We propose an original interacting particle system for which we discuss the propagation
of chaos. We consider a time-discretized approximation of this particle system to which we associate a

random function which is proved to converge to a solution of a regularized version of a nonlinear PDE.

Key words and phrases: Chaos propagation; Nonlinear Partial Differential Equations; McKean type Non-
linear Stochastic Differential Equations; Particle systems; Probabilistic representation of PDEs.

2010 AMS-classification: 65C05; 65C35; 68U20; 60H10; 60H30; 60]J60; 58]35

1 Introduction

Stochastic differential equations of various types are very useful to investigate nonlinear partial differential
equations (PDEs) at the theoretical and numerical level. From a theoretical point of view, they constitute
probabilistic tools to study the analytic properties of the equation. Moreover they provide a microscopic
interpretation of physical phenomena macroscopically drawn by a nonlinear PDE. From a numerical point
of view, such representations allow for extended Monte Carlo type methods, which are potentially less
sensitive to the dimension of the state space.

Let us consider d,p € N*. Let @ : [0, 7] x REx R — R¥?, g: [0,T] x RE xR - R4, A:[0,T] x R x R — R,
be Borel bounded functions, K : RY — R be a smooth mollifier in R¢ and ¢, be a probability on R?. When
it is absolutely continuous vy will denote its density so that (y(dx) = vg(x)dz. The main motivation of this

work is the simulation of solutions to PDEs of the form

Opv = Z‘Zi L OL((@DY); 5 (t, z,v)v) — div(g(t,z,v)v) + At z,v)v
)= J > (11)
v(0,dz) = vo(dzx),
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through probabilistic numerical methods. Examples of nonlinear and nonconservative PDEs that are of
that form arise in hydrodynamics and biological modeling. For instance one model related to underground
water flows is known in the literature as the Richards equation

(1.2)

{ o = A(B(v)) + div(a(v)) + ¢(z)
v(0,-) = v,

where 8 : R — R, a : R — R?and ¢ : R? — R. Another example concerns biological mechanisms
as migration of biologial species or the evolution of a tumor growth. Such equations can be schematically

written as

{ Ov = AB(v) + f(v) (1.3)

v(0,-) = v ,

where 5 : R — R is bounded, monotone and f : R — R. This family of PDEs is sometimes called Porous
Media type Equation with proliferation, due to the presence of the term f that characterizes a proliferation
phenomena and the term Aj3(v) delineates a porous media effect. In particular, for (v) = v? and f(v) =
v(1 — v), this type of equation appears in the modeling of tumors.

The present paper focuses on numerical aspects of a specific forward probabilistic representation initiated
in [20], relying on nonlinear SDEs in the sense of McKean [21]]. In [20], we have introduced and studied a
generalized regularized McKean type nonlinear stochastic differential equation (NLSDE) of the form

{ Yi =Y+ fot (I)(Sv }/S,’LL(S, }/S))dWS + fotg(sv }/S,’LL(S, }/S))ds l with Yo ~ CO ) (1 4)

u(t,y) = E[K(y — ;) exp {fot A(s,Ys, u(s, Y;))ds}] , foranyte 0,77,

where the solution is the couple process-function (Y, u). The novelty with respect to classical McKean type
equations consists in the form of the second equation, where, for each ¢t > 0, in the classical case (A = 0)
u(t,-) was explicitely given by the marginal law of Y;. The present paper aims at proposing and imple-
menting a stochastic particle algorithm to approximate (1.4) and investigating carefully its convergence
properties.

(T4) is the probabilistic representation of the partial integro-differential equation (PIDE)

d
00 =3 0% ((2D'); (¢, 2, K+ 0)0) — div (g(t,x, K % 0)0) + Alt, 2, K % v)0,
i,5=1
0(0, ) = vy ,

(1.5)

in the sense that, given a solution (Y, u) of (L.4), there is a solution v of (L.5) in the sense of distributions,
such that u = K % 0 := [,, K(- — y)v(y)dy. This follows, for instance, by a simple application of Itd’s
formula, as explained in Theorems 6.1 and 6.2, Section 6 in [20]. Ideally our interest is devoted to (L.4)
when the smoothing kernel K reduces to a Dirac measure at zero. To reach that scope, one would need
to replace in previous equation K into K., where K. converges to the Dirac measure and to analyze the
convergence of the corresponding solutions. However, such a theoretical analysis is out of the scope of this
paper, but it will be investigated numerically via simulations reported at the end.

In fact, in the literature appear several probabilistic representations, with the objective of simulating
numerically the corresponding PDE. One method which has been largely investigated for approximating
solutions of time evolutionary PDEs is the method of forward-backward SDEs (FBSDEs). FBSDEs were ini-
tially developed in [23], see also [22] for a survey and [24] for a recent monograph on the subject. The idea is
to express the PDE solution v(t, -) at time ¢ as the expectation of a functional of a so called forward diffusion



process X, starting at time ¢. Based on that idea, many judicious numerical schemes have been proposed
by [9) [14]. However, all those rely on computing recursively conditional expectation functions which is
known to be a difficult task in high dimension. Besides, the FBSDE approach is blind in the sense that the
forward process X is not ensured to explore the most relevant space regions to approximate efficiently the
solution of the FBSDE of interest. On the theoretical side, the FBSDE representation of fully nonlinear PDEs
still requires complex developments and is the subject of active research (see for instance [10]). Branching
diffusion processes provide alternative probabilistic representation of semi-linear PDEs, involving a specific
form of non-linearity on the zero order term. This type of approach has been recently extended in
to a more general class of non-linearities on the zero order term, with the so-called marked branching process.
One of the main advantages of this approach compared to FBSDEs is that it does not involve any regression
computation to calculate conditional expectations. A third class of numerical approximation schemes relies
on McKean type representations. In the time continuous framework, classical McKean representations are
restricted to the conservative case (A = 0). Relevant contributions at the algorithmic level are [7, 8, [6, 4],
and the survey paper [28]. In the case A = 0 with g = 0, but with ® possibly discontinuous, some empirical
implementations were conducted in [2, 3] in the one-dimensional and multi-dimensional case respectively,
in order to predict the large time qualitative behavior of the solution of the corresponding PDE.

In the present paper we extend this type of McKean based numerical schemes to the case of non-
conservative PDEs (A # 0). An interesting aspect of this approach is that it is potentially able to represent
fully nonlinear PDEs, by considering a more general class of functions A which may depend non-linearly
not only on u but on its space derivatives up to the second order. This more general setting will be focused
in a future work. In the discrete-time framework, Feynman-Kac formula and various types of related parti-
cle approximation schemes were extensively analyzed in the reference books of Del Moral [12] and but
without considering the specific case of a time continuous system (L.4) coupled with a weighting function
A which depends nonlinearly on w.

By (83) we introduce an interacting particle system associated to (IL4). Indeed we replace one sin-
gle McKean type stochastic differential equation with unknown process Y, with a system of N ordinary
stochastic differential equations, whose solution consists in a system of particles ¢ = (¢/'V), replacing the

N
law of the process Y by the empirical mean law S% (¢) := Z Ogin.
j=1

In Theorem B.2l we prove the convergence of the time-discretized particle system under Lipschitz type
assumptions on the coefficients ®, g and A, obtaining an explicit rate. The mentioned rate is based on the
contribution of two effects. First, the particle approximation error between the solution u of (I.4) and the
approximation uS" ), solution of

N t
WSNO () = %ZK(?J — &MY exp {/0 A(s,gg-,N’USN(f)(57§g=N))ds} , (1.6)
j=1

which is evaluated in Theorem[BI] The second effect is the time discretization error, established in Proposi-
tion[d] The errors are evaluated in the L?, p = 2, +0c0 mean distance, in terms of the number N of particles
and the time discretization step. One significant consequence of Theorem B.T]is Corollary B.2l which states
the chaos propagation of the interacting particle system.
We emphasize that the proof of Theorem B.I] relies on Proposition 3.3 whose formula (8.12) allows to con-
trol the particle approximation error without use of exchangeability assumptions on the particle system,
see Remark[3.4

The paper is organized as follows. After this introduction, we formulate the basic assumptions valid



along the paper and recall important results proved in and used in the sequel. The evaluation of
the particle approximation error is discussed in Section Bl Section H focuses on the convergence of the
time-discretized particle system. Finally in Section 5] we provide numerical simulations illustrating the
performances of the interacting particle system in approximating the limit PDE (i.e. when the smoothing
kernel K reduces to a Dirac measure at zero), in a specific case where the solution is explicitely known.

2 Notations and assumptions

Let us consider C? := C([0,T],R?) metrized by the supremum norm || - ||o., equipped with its Borel o—
field B(C?) = o(Xy,t > 0) (and B¢(C?) := 0(X,,0 < u < t) the canonical filtration) and endowed with
the topology of uniform convergence. X will be the canonical process on C? and P, (C?) the set of Borel
probability measures on C? admitting a moment of order r > 0. For r = 0, P(C%) := Py (C?) is naturally the
Polish space (with respect to the weak convergence topology) of Borel probability measures on C¢ naturally
equipped with its Borel o-field B(P(C?)). When d = 1, we often omit it and we simply set C := C*.

We recall that the Wasserstein distance of order r and respectively the modified Wasserstein distance of order r
for 7 > 1, between m and m/’ in P,.(C?), denoted by W (m,m’) (and resp. Wq’i(m, m')) are such that

(W] (m,m"))" = inf {/ sup |Xs(w) — Xs(w')|Tdu(w,w’)} ,te0,71], 2.1)
pEI(m,m’) Ccdxcd 0<s<t

(W] (m,m'))" = inf {/ sup | Xs(w) — Xs(w')|" A1 du(w,w')} ,te0, 7], (2.2
pEIl(m,m’) CdxCd 0<s<t

where II(m,m’) (resp. II(m,m’)) denotes the set of Borel probability measures in P(C% x %) with fixed
marginals m and m’ belonging to P,(C%) (resp. P(C?) ). In this paper we will use very frequently the
Wasserstein distances of order 2. For that reason, we will simply set W; := W2 (resp. W; := W2).

Given N € N*, 1 € ¢4, 11,--- ,IN € C?, a significant role in this paper will be played by the Borel measures

N
. 1
on C? given by §; and ~ ; 8-
Remark 2.1. Given I*,--- ,IN,I',--- IN € C?, by definition of the Wasserstein distance we have, for all t € [0, T]

W, izN:(s- iZN:& < iZN: sup |14 — 7]
t Nj:1 “’szl v _szlogsgt oo

In this paper C;,(C?) denotes the space of bounded, continuous real-valued functions on C%, for which the
supremum norm is denoted by ||-||o. R? is equipped with the scalar product - and |z| stands for the induced
Euclidean norm for x € R?. Given two reals a, b (d = 1) we will denote in the sequel a A b := min(a, b) and
a Vb := max(a,b).
M(R?) is the space of finite, Borel measures on RY. S(R?) is the space of Schwartz fast decreasing test
functions and &’(R?) is its dual. C,(R?) is the space of bounded, continuous functions on R¢, C§°(R?) is the
space of smooth functions with compact support. C;°(R?) is the space of bounded and smooth functions.
Co(R?) represents the space of continuous functions with compact support in R%. W"?(R?) is the Sobolev
space of order r € Nin (LP(R?), || - ||,), with 1 < p < .
F(): f € S(RY) — F(f) € S(R?) will denote the Fourier transform on the classical Schwartz space S(R¢)

such that for all £ € R,
1

- —i&-x
= 75z o f(x)e dx .

F(HE)

4



We will designate in the same manner the corresponding Fourier transform on S'(R%).

For any Polish space E, we will designate by B(F) its Borel o-field. It is well-known that P(F) is also
a Polish space with respect to the weak convergence topology, whose Borel o-field will be denoted by
B(P(E)) (see Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [5]).
Let (©2, ) be a measured space. A map n: (2, F) — (P(E),B(P(E))) will be called random probabil-
ity (or random probability kernel) if it is measurable. We will indicate by P*(E) the space of random
probabilities.

Remark 2.2. Let n : (2, F) — (P(E),B(P(E))). n is a random probability if and only if the two following
conditions hold:

o foreachw € Q, ng € P(E),
e forall Borel set A € B(P(E)), @ — ng(A) is F-measurable.

This was highlighted in Remark 3.20 in [11] (see also Proposition 7.25 in [5]).

N

Remark 2.3. Given R%-valued continuous processes Y, --- | Y™, the application N E Oy is a random probability
Jj=1

on P(CY). In fact 6ys,1 < j < N is a random probability by Remark2.2)

In this article, the following assumptions will be used.

Assumption1. 1. ® and g Borel functions defined on [0, T] x R% x R taking values respectively in R4*P (space
of d x p matrices) and R? that are Lipschitz w.r.t. space variables: there exist finite positive reals Ly and L,
such that for any (t,y,y’,2,2') € [0,T] x R x R? x R x R, we have

[@(t,y',2") = @(ty,2)| < La(|z" —z[+ 1y —yl) and |g(t,y',2") —g(t,y,2)| < Ly(|2' — 2| + |y —y]) -

2. A is a Borel real valued function defined on [0,T] x R x R Lipschitz w.r.t. the space variables: there exists a
finite positive real, L such that for any (t,y,y’,2,2') € [0,T] x R x R? x R x R, we have

IA(t,y,2) = Aty 2")| < La(ly —yl + 12" —2]) .

3. A is supposed to be uniformly bounded: there exist a finite positive real Ma such that, for any (t,y,z) €
[0,7] x RY x R
|A(t7yuz)| < My .

4. K : RY — Ry is integrable, Lipschitz, bounded and whose integral is 1: there exist finite positive reals My
and L such that for any (y,y') € R? x R4

KW < M, IK() = K)| < Laly' =5 and [ K(a)da=1.

5. (o is a fixed Borel probability measure on R admitting a second order moment.

6. The functions s € [0,T] — ®(s,0,0) and s € [0,T] — g¢(s,0,0) are bounded. mg (resp. mq) will denote the
supremum supcpo. 71 |2(s,0,0)[ (resp. sup,¢(o 1y 9(s, 0,0)]).



Given a finite signed Borel measure v on R¢, K *~ will denote the convolution function x + (K (z —-)).
In particular if v is absolutely continuous with density 4, then (K « v)(x) = [o. K(z — y)3(y)dy.

To simplify we introduce the following notations.

e V :[0,7] x C? x C — R defined for any pair of functions y € C? and z € C, by
¢
Vi(y, z) :=exp (/ A(s,ys,zs)ds> foranyt € [0,77]. (2.3)
0

o The real valued process Z such that Z, = u(s, Y;), for any s € [0, T, will often be denoted by «(Y").
With these new notations, the second equation in (L4) can be rewritten as
vi(p) = E[(K * 9)(Y)Vi(Y,u(Y))], forany ¢ € C,(R",R), (2.4)
where u(t, ) = % and K (z) := K(—x).
Remark 2.4. Under Assumption[Il 3.(b), A is bounded. Consequently
0 < Vi(y,2) <e™r | forany (t,y,2) € [0,T] x R xR . (2.5)

Under Assumption[Dl 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, observe that for any
(a,b) € R?,

1
el —et = (b— a)/ ebt1=aa o < esup(@b)|p g | (2.6)
0

Then for any continuous functions y, y' € C* = C([0,T],R?), and z, 2’ € C([0,T],R), taking a = fot A(s,ys, zs)ds
and b = fot A(s, 9y, z.)ds in the above equality yields

t
Vi)~ Vi, )| < oM / A (5,50 21) — A(S, g, 20)] ds
0
t

IN

MLy [y =l + 124 = ) ds. @7)
0
In Section ] Assumption[Il will be replaced by what follows.
Assumption 2. All items of Assumption[l} are in force excepted 1. and 2. which are replaced by the following.
1. There exist positive reals Lg, Ly such that, for any (t,t',y,y', z,2') € [0,T]? x (R?)? x R?,
[B(t,9,2) = (5, )] < La (1t = 1'% + |y —y/| + |2 = ),
l9(t,9,2) = g(¢' 5/, ) < Ly (JE=¢% + |y = /| + |2 = 2]
2. There exists a positive real Ly such that, for any (t,t',y,vy', z,2") € [0,T]? x (R%)? x R?,
IA(t,y,z) — Ay, 2")| < La (Jt — t'lé +ly—vy+1]z = 2.

We end this section by recalling important results established in our companion paper [20], for which
Assumption [l is supposed to be satisfied. Let us first remark that the second equation of (L.4) can be
rewritten as

u™ = — wy) ex t 8, ws, u (8, ws m(w), (t,x , 4 .
) = [ K=o { [ Al pam). (60 € 0.7 <R 28)



with m = my being the law of the process Y on the canonical space C¢.

Indeed for every m € P(C?), Theorem 3.1 of [20] shows that equation (2.8) is well-posed and so it properly
defines a function u™. The lemma below, established in Proposition 3.3 of [20], states stability results on the
function (m, t,y) — u™(t,y).

Proposition 2.5. We assume the validity of items 2., 3 and 4. of Assumption [Tl
The following assertions hold.

1. For any couple of probabilities (m,m’) € P2(C?) x Po(CY), for all (t,y,y") € [0,T] x C¢ x C?, we have
™ (t,y) —u™ (Y[ < Croa®) [ly = y'[* + [Wi(m,m")P] (2.9)
where Ce a(t) = 2C% 5 (£)(t + 2)(1 + 2Cxa®) with C} , (t) = 2eMa (L3 + 2M % L3¢t). In particular
the functions C'x p only depend on My, Ly, Mn, L and t and is increasing with t.
2. For any (m,m’) € P(C?%) x P(C), forall (t,y,y') € [0,T] x C x C?, we have
™ (t,y) — u™ (,9) P < Cxal®) |ly— o/ P + IWt(m,m’)lz} : (2.10)
where € A (t) = 2e?"Ma (max(Lx, 2Mg)* + 2M 7 max(La, 2My)%t).

3. The function (m,t,z) — u™(t,x) is continuous on P(C?) x [0, T] x R%, where P(C?) is endowed with the
topology of weak convergence.

4. Suppose that K € W2(R). Then for any (m,m’) € Po(C?) x Po(C?), t € [0,T]
[l (&) = w™ (8, )13 < Crea(8)(1 4+ 26Cre a (8))[We(m, m) | (2.11)
where Cre,a(t) == 2C% 5 (8)(t+2) (1 + e*xa®) with Ce () = 2¢*Ma (L% + 2M % L3t) and C a (1) :=
202 My QMg L3t(t + 1) + [VK|2), || - ||2 being the standard L?(R?) or L?(RY, R%)-norms.

In particular the functions t — C}()A (t)and t — Cr a(t) only depend on My, Ly, Ma, L and are increasing
with respect to t.

5. Suppose that F(K) € L'(R®). Then there exists a constant C_x (t) > 0 (depending only ont, My, Ly, || F(K)||1)
such that for any random probability n : (Q, F) — (P2(C?), B(P(C%))), for all (t,m) € [0,T] x P(C?)
Eflu"(t,) —u™(t,)3] < Cralt) sup E[[{n—m,)*], (2.12)

B peC,(C?)
lelloo<1

where we recall that P(C?) is endowed with the topology of weak convergence. We remark that the expectation
in both sides of @.12) is taken w.r.t. the randomness of the random probability ).

p€eCy(C?)
llelloo <1

Remark 2.6. The map d3} : (v, j1) — \/ sup E[|(v — u, p)|?] defines a (homogeneous) distance on P*(C%).

The lemma below was proved in Lemma 7.1 in [20].

Lemma 2.7. Let r: [0,T] — [0,T] be a non-decreasing function such that r(s) < s forany s € [0,T] and Y, be a
random variable admitting o as law.
LetU : (t,y) € [0,T] x C¢ — R (respectively U’ : (t,y) € [0,T] x C* — R), be a given Borel function such that
forall t € [0, T), there is a Borel map U, : C([0,],R%) — R (resp. U, : C([0,t],RY) — R) such that U(t,-) = Uy (-)
(resp. U'(t,-) = U, ("))

Then the following two assertions hold.



1. Consider Y (resp. Y') a solution of the following SDE for v =U (resp. v =U"):

Y=Yy + fJ D(r(s), Yr(s), v(1(8), Yoar(s)))JdWs + fJQ(T(S)v Yi(5),0(1(8), Yar(s)))ds ,  foranyt € [0,T],
(2.13)
where, we emphasize that for all 0 € [0,T], Z.np := {Z4,0 < u < 0} € C([0,6],RY) for any continuous
process Z. For any a € [0, T, we have

E[igp |}/t/ - }/t| ] <Cs g |:/ |Z/{ Y/\r(t)) Z/{/(T(t), ;\r(t))|2dt ) (214)

where Cy 4(T) = 12(4L% + TL2)e! 2T ULa+TLY),
2. Suppose moreover that ® and g are 3-Holder w.r.t. the time and Lipschitz w.r.t. the space variables i.e. there

exist some positive constants Le and L, such that for any (t,t',y,'y', z,2') € [0,T]* x R?? x R?

{ |(I)(t,y, ) (t/ Y,z |)|<§ (|t - tl|2 + |y Y | + |Z -z |) (2.15)

19(t,9,2) = 9,5/, )| < Ly(lt = ¢1% + |y = o/ +12 = 2]).

Let 1,72 : [0,T] — [0,T) being two non-decreasing functions verifying r1(s) < s and ro(s) < s for any
s €[0,T]. Let Y (resp. Y') be a solution of @13) for v =U and r = ry (resp. v =U" and r = r3). Then for
any a € [0, T, the following inequality holds:

Efsup |Y, —Yi|?] < Co,4(T) <||7”1 =72z (0,17 +/0 ]EHYr/l(t) - }/r/g(t)|2]dt

t<a

+E [ /O ' U1 (), Yorr ) — U (r2(t), Y, t))|2dt]> : (2.16)

The theorem below was the object of Theorem 3.9 in [20].
Theorem 2.8. Under Assumption[I} the McKean type SDE ([L4) admits strong existence and pathwise uniqueness.
For a precise formulation of the notion of existence and uniqueness for the McKean type equation (L.4)
we refer to Definition 2.6 of [20].
We finally recall an important non-anticipating property of the map (m, ¢, z) — u™(t, z), stated in [20].

Definition 2.9. Let us fix t € [0, T]. Given a non-negative Borel measure m on (C%, B(C?)). From now on, my will
denote the (unique) induced measure on (C{, B(C3)) (with C§ := C([0,t], R?)) defined by

/Cg F(p)ymy(d¢) = /Cd F(y,.,)m(de),

where F : C{ — R is bounded and continuous.
Remark 2.10. Let t € [0,T],m = & ,& € C% The induced measure my, on Cfl, is 0(¢, jo<r<t)-

For each ¢ € [0, T], the same construction as the one carried on in Theorem 3.1 in allows us to define
the unique solution to

fcd (w))exp (fy Ar, Xr(w), u™ (r, Xp(w)))dr) mi(dw) Vs € [0,t]. (2.17)

The proposition and corollary below were the object of Proposition 3.7 and Corollary 3.8 in [20].



Proposition 2.11. Under Assumption[l] we have
V(s,y) € 0,4] x RY, u™(s,) = u™ (s, ).

Corollary 2.12. Let N € N, &4, &0+ &N be (Gy)-adapted continuous processes, where G is a filtration (defined
on some probability space) fulfilling the usual conditions. Let m(dw) = + vazl d¢i(dw). Then, (u™(t,y)) is a (Gt)-
adapted random field, i.e. for any (t,y) € [0,T] x R%, the process is (G )-adapted.

3 Particle systems approximation and propagation of chaos

In this section, we introduce an interacting particle system & = (b )i=1,-..,n whose empirical law will be
shown to converge to the law of the solution Y of the McKean type equation (I4). A consequence of the
so called propagation of chaos which describes the asymptotic independence of the components of £ when
the size N of the particle system goes to co. That property was introduced in [21] and further developed
and popularized by [27]. The convergence of (£%"V);_; ... x induces a natural approximation of u, solution
of (L4).

We suppose here the validity of Assumption[l Let (Q, F,P) be a fixed probability space, and (W%);—1....
be a sequence of independent RP-valued Brownian motions. Let (Y{)i—1,... nv be ii.d. r.v. according to (.
We consider Y := (Y),_, ... x the sequence of processes such that (Y, u™') are solutions to

{ Y =Yg+ [y @(s, Vi ul (Vi)AWE + [y (s, Y7, ul (Y0))ds (3.1)

' (y) = B [K(y = YOV (YL u™ (V)] withmt = £(v)
recalling that V; (Y, u™ (Y?)) = exp ( fg Ag(YE u™ (Y))ds). The existence and uniqueness of the solution
of each equation is ensured by Theorem[2.8] We recall that the map (m, ¢, y) — u™(t,y) fulfills the regularity
properties given at the second and third item of Proposition 2.5

Obviously the processes (Y*);—; ... y are independent. They are also identically distributed since Theo-
rem[2.8also states uniqueness in law.

0 := m! the common distribution of the processes Y,i = 1,--- , N, which is of course

So we can define m
the law of the process Y, such that (Y, u) is a solution of (1.4).
From now on, C*Y will denote (C%)", which is obviously isomorphic to C([0,T],R%). For every ¢ € C4N

we will denote N
- 1
SN(E) = v > g (3.2)
i=1
The function (¢, z) — uf " © (z) is obtained by composition of m — u}"(x) (defined in 2.8)) with m = SV (£).
Now let us introduce the system of equations

i i i SN(E) (¢, i i SN i
th :go,N ‘|’f(f q’(S,f;N,Us (O(gs'N))dWs +f0t g(S,fS’N,Us (E)(fs’N))ds
& =Y

N 1 N . N (33)
wp Q)= 5 YKy —NV(EN u D@,
j=1

N
Conformally with (8.2), we consider the empirical (random) measure SN(Y) = % Z 0y related to Y :=
i=1
(Y%)i=1,... n, where we recall that for eachi € {1,---, N}, Y7 is solution of (38.I). We observe that by Remark



SN (€) and SN (Y) are measurable maps from (€2, F) to (P(C?), B(P(C%))); moreover S¥(¢), SN(Y) €
Po(C%) P-a.s. A solution & := (¢97V),—1 ... n of (B3) is called interacting particle system.

The first line of (3.3) is in fact a path-dependent stochastic differential equation. We claim that its coeffi-
cients are measurable. Indeed, the map (¢,&) — (SN (€),t, &}, ) being continuous from ([0, 7] xCN, B([0, T])®
B(CN)) to (P(C?) x [0,T] x RY, B(P(CY) @ B([0,T]) @ B(RY)) foralli € {1,---, N}, by composition with
the continuous map (m,t,y) — u™(t,y) (see Proposition 3.) we deduce the continuity of (t,&) —
(utsN(é) (€8))i=1.... n, and so the measurability from ([0, T] x C*V, B([0,T]) ® B(C?)) to (R, B(R)).

In the sequel, for simplicity we set &<, := (£..,)1<i<n. We remark that, by Proposition Z1Tland Remark
we have
(w"O@) = (@) (3.4)

i=1,---N i=1,--N

for any s € [0,T], ¢ € C*N and so stochastic integrands of (3.3) are adapted (so progressively measurable
being continuous in time) and so the corresponding Itd integral makes sense. We discuss below the well-
posedness of (3.3).

The fact that (3:3) has a unique (strong) solution (£ H»N )i=1,...~ holds true because of the following arguments.

1. ® and g are Lipschitz. Moreover the map &, <, — ( S Eese) (51)) . is Lipschitz.

EARRE)

Indeed, for given (<5, nr<s) € CHV x C?N, s € [0, T, by using successively inequality (Z.9) of Propo-
sition25land Remark 2] for alli € {1,--- , N} we have

N
. . 1 . .
Cr (T Lenll 4 —= su I —nl
xA(T) (Ié 7| N;:loggslé 7 I)
< 21/CK)A(T) max - sup |§£ —n£| ) (3.5)
=1, ,No<r<s

SN (&r<s SN(nr<s) /i
us ©=)(ghy —ul = ()

IN

Finally the functions

Ercs (@(s, 7§,u5 (Err<s)( ;)))1:1 N

o

3 gi oSN (& r<s) gi
§r<s — (g(svgsuus ( S)))iZI N

S

are uniformly Lipschitz and bounded.

2. A classical argument of well-posedness for systems of path-dependent stochastic differential equa-
tions with Lipschitz dependence on the sup-norm of the path, see Chapter V, Section 2.11, Theo-
rem 11.2 page 128 in [25].

After the preceding introductory considerations, we can state and prove the main theorem of the section.

Theorem 3.1. Let us suppose the validity of Assumption[ll Let N be a fixed positive integer. Let (Y*);—1.... n (resp.
((€N)iz1,... n) be the solution of BI) (resp. B3)), let m° as defined after B.1). The following assertions hold.

1. If F(K) € L*(RY), there is a positive constant C only depending on L, Ly, My, Ma, Lic, Lx, T, || F(K)|1,
such that, foralli =1,--- N andt € [0,T],

0 C

Bl —u|Z] < % (3.6)
i, N i|2 c¢

E[ sup |60V -] < . (3.7)

0<s<t

10



2. If K belongs to W12(R®), there is a positive constant C only depending on L, Ly, My, Ma, Lx, Ln, T and
|V K]||2, such that, forall t € [0,T],

N 0 C
E S7(E) _am 2 < = .
™~y < 5 (38)
Before proving Theorem[3.I] we remark that the propagation of chaos follows easily.
Corollary 3.2. Under Assumption[l] the propagation of chaos holds for the interacting particle system (€4 );en

Proof. We prove here that Theorem B.I]implies the propagation of chaos.
Indeed, for all & € N*, 3.7) implies

L%(Q, F,P)

(gl,N_Y1,§2,N_Y2,“. 7§/€,N_Yk) [ O7
N — 400
which implies in particular the convergence in law of the vector (€1 ¢2N ... ¢bN)to (Y1 V2 ... [ YF).

Consequently, since (Y?);—;.... ; arei.i.d. according to m"
(e8N e2N PNy converges in law to (m°)®% when N — +o0 . (3.9)
|

The validity of (3:6) and (B.7) will be the consequence of the significant more general proposition below.

Proposition 3.3. Let us suppose the validity of Assumption[ll Let N be a fixed positive integer. Let (W"N),—1 .. n
be a family of p-dimensional standard Brownian motions (not necessarily independent). Let (Y¢)i—1.... n be the family
of i.i.d. r.v. initializing the system B.1). We consider the processes (Y N ),_1 ... v, such that for eachi € {1,--- ,N},
YN is the unique strong solution of

VN = X fy @(s, VIV, wr ™ (VEN)AWEN + [ g(s, VIV, ::* ”( “M))ds, - forall t € [0,T]
" (y) = E [K( - v >vt(WN,um“N<W>)} L with miN = LTV,
(3.10)
recalling that V, (YN um"" (YiN)) = exp (3 A(s, YN, u™ ™ (YENY)ds).
Let us consider now the system of equations (3.3), where the processes W* are replaced by W, i.e.
. . . N . . . N .
&N =&+ s &N, ud O E@NNAWIN + [[g(s, 60Nl O (€8N ds
N ;
’ Yl
S0 0 (3.11)
N . N .
S (ﬁ) ZK _577 (fJ’N,uS (E)(gavN)) )

Then the following assertions hold.

1. Foranyi=1,---N, (Y/"™),ci0.1) have the same law m*N = m®, where m® is the common law of processes

(Y%);=1.... N defined by the system @B.J).
2. Equation B.I1) admits a unique strong solution.

3. Suppose moreover that F (K ) is in L*(R%). Then there is a positive constant C only depending on L, Ly, My, Mo, Lic, Lp, T
and || F(K)||1 such that, for all t € [0,T],

_ . N 0 _
csup B[ sup €N — VIV 4 E[Juy @ — w2 < ¢ sup B[S (Y) —m® )], (312)
i=1,...N 0<s<t peCL(C)

lelloo <1

N
with again SN Z VN

11



Remark 3.4. The convergence of the numerical approximation uy YO g um’ only requires the convergence of
d$H(SN(Y), m°) to 0, where the distance dSt has been defined at Remark 2.6 This holds if, for each N, YN i =
1,--- N are independent; however, this is only a sufficient condition.

This gives the opportunity to define new numerical schemes for which the convergence of the empirical measure
SN(Y) is verified without i.i.d. particles. Let us consider (YN ),y .. (resp. (€N );—1...n) solutions of (B.10)
(resp. BI1). Observe that for any real valued test function in Cy(C?)

0'2 .
EUS () - m, )% = T2+ = 3 o).

1<

where 0, := \/Var(p(Y ') and p := E[s&(Yi‘N)sa(Yj‘N)];ﬂg[w(Yi’N)]E[sa(Yj’N)]'

In the specific case where (W*N);—, ...y are independent Brownian motions then pl) = 0 for any bounded ¢ €
Cy(C?) and

sup E[(SY(Y) —mP ¢))] < —
pecy(C?) N

lelloo <1

(3.13)

With our error bound one can naturally investigate antithetic variables approaches to improve the interacting particle
system convergence. Let us consider N = 2N’ and take (WN),_1 ...n+ as N’ iid Brownian motions, then for the
rest of the particles, for any j = N’ +1,N' 4 2,---2N', set WHN = —WI=N"N_[n this situation, we obtain

%

EUSY(Y) = m®, )] = 2201+ g,

. SN(E) 4o, m® o g
So, even in this case, the rate of convergence of u, tow™ is still of order 1/+/N.

If moreover one has ~ sup pi;”N " <0, the variance will also be reduced with respect to the case of independent
peCy(C?)
lelloo<1

Brownian motions, see (3.13).

Proof of Proposition[3.3] Let us fix ¢ € [0,7]. In this proof, C' := C(®,g,A, K, T) is a real positive constant,
which may change from line to line.

Equation (3.10) has N blocks, numbered by 1 < i < N. Theorem[2.8gives uniqueness in law for each block
equation, which implies that for any i = 1,--- N, m*" = m° and proves the first item.

Concerning item 2., i.e. the strong existence and pathwise uniqueness of (3.I1), the same argument as for
the well-statement of (3.3) operates. The only difference consists in the fact that the Brownian motions may
be correlated. A very close proof to the one of Theorem 11.2 page 128 in [25] works: the main argument is
the multidimensional BDG inequality, see e.g. Problem 3.29 of [18].

We discuss now item 3. proving inequality (3.12). On the one hand, since the map (¢,§) € [0,7] x

Ngy .
CiN s (up (&4))i=1,... .~ is measurable and satisfies the non-anticipative property (3.4), the first as-
sertion of Lemma[27lgives foralli € {1,--- , N}

t
. _ . N . 0o — .
E[ sup &N —=YPNP] < CE[[ [uf ©(EN) —ul (VN)Pds]
0<s<t 0

t

t
< 0 [ B OE) (€Y Pds + [ Bur (€Y) - " (7 P)ds
0 0

IN

t
C / (E[||u§N<ﬁ>—u?“|io]+E[ sup |5;‘7N—Y:7N|21) ds, by @9,
0 0<r<s

(3.14)

12



which implies
t
sup B[ sup [0V — VTP < C/ (E[IIUSSN(E) —ul"|%)+ sup E[ sup &N - YX’NIQ]) ds. (3.15)
i=1,---,N 0<s<t 0 i=1,---,N 0<r<s

We use inequalities (Z.9) for m = SV (¢)(w) and m’ = SV (Y)(@)), where @ is a random realization in 2 and
(212) (with the random probability n = SV (Y) and m = m°) in item 5. of Proposition 2.5 This yields

SN mO SN SN (Y
Elluy” @ —uI2] < 2B [y @ — o L) + 2B - w2
< 2CE[Wi(SV(), SN (D)) +20 sup B[S (Y) —m, )P
peCy(C?)
llelloo<1
2C i i
< ZE sup [0 —YINPI+C sup E[[(SV(Y) - m®, )]
0<s<t peC,(C)
lelloo <1
< 20 sup E[sup & — VI

i=1,-,N 0<s<t
+C sup E[(SY(Y)—m° )], (3.16)

PEC,H(C)
lelloo<1

where the third inequality follows from Remark 2.1]

Let us introduce the non-negative function G defined on [0, 7] by

SN mo 13 Vel
G(t) = E[luy © —u %)+ sup E[sup |¢N — VIV,
i=1,- N 0<s<t

From inequalities (3.15) and (3.16) that are valid for all ¢ € [0, 7], we obtain

G(t) < (2C+1) sup E[sup [&V =Y NP]+C sup E[(SY(Y) —mP ¢)[?]

i=1,--,N 0<s<t PECH(CY)
[[elloo<1
t
<of (Emuf”@ B+ s Bl sup [N - VP 1) s
0 i=1,--- ,N 0<r<s
+C sup E[(SV(Y)-m’ )]
peCy(C)
[[elloc<1
t
< C’/ G(s)ds +C sup E[(SN(Y)—-m° ¢)|?]. (3.17)
0 gaECb(Cd)
[elloo<1

By Gronwall’s lemma, for all ¢ € [0,T], we obtain

Elluy © —u|2] + sup B[ sup €N —VINPR] < 0 sup E[(SN(Y) —m® ). (3.18)

i=1, <s<t peCL(C)
lelloo <1
This concludes the proof of Proposition 3.3l O

From now on, we prove Theorem[31]

Proof of Theorem[3.1l As we have mentioned above we will apply Proposition[3.3setting foralli € {1,--- , N},
WHN .= W', Pathwise uniqueness of systems (3.I) and (3.10) implies YV = Y foralli € {1,---, N}. Tak-
ing into account (3.12) in Proposition 8.3} in order to establish inequalities (3.6) and (3.7), we need to bound
the quantity sup E[[(SY(Y) — m°, ¢)[?] . This is possible via (3.13) in Remark 3.4 since (Y?);—; ...  are

pECH(C)
llelloo <1

13



iid. according to m®. This concludes the proof of item 1.
It remains now to prove (B.8) in item 2. First, the inequality

SN m° SN SN(Y SNy m0
Ellluy © —u |13 < 2E[JJuy © —wf O3]+ 2B fuy ) — w2, (3.19)

holds for all ¢ € [0,T]. Using inequality (2.11) of Proposition for allt € [0,T], for m = SN(&),m’ =
SN(Y), we get

Efuf”© -5 ™M)2 < CE [Wt(SN(ﬁ) SN (Y))?
7, N 712
< xS E 6 -
C
< N (3.20)

where the latter inequality is obtained through (87). The second term of the rh.s. in (3.I9) needs more
computations. Let us fix i € {1,---, N'}. First,

Efluf ™ — " |3) < 2 (E(|A3) + ElIB:l13]) (3.21)
where, for all ¢ € [0, 7]
A7) = — ZN:K(x — YY) [Vt (V7 uS ) (v7)) = v, (V7 um“(w'))]
N 4

(3.22)

Jj=1
N
1 ) . )
Biw) i= 5 S K@= Y)WV, (V) — E[K(z - V)V, u (o))
j=1
where we recall that m" is the common law of all the processes Y*,1 < i < N.
To simplify notations, we set P;(t, z) := K (z — Y/ )V, (Y7, u™ (V7)) - E [K(:v ~YHV (Y um (Yl))} for all
je{l,---,N},z eR¢and t € [0,T].
We observe that for all z € R, ¢ € [0,77, (Pj(t,x))j=1,... n areii.d. centered r.v. Hence,

2 1 2 1 1 2 Iy 2 (vl mO 1 M Ma 1
E[Bi(2)7] = EIF (8, 2)] = NV(”“(Pl(taf)) < JEE (@ - Y)Y (Yhua™ (Y1) < — x5 ElK(z Yl

By integrating each side of the inequality above w.r.t. z € R?, we obtain

EURd |Bt(x)|2d:1:] = /Rd E[|B;(z)|*]dx < M%M : (3.23)

where we have used that || K||; = 1.

Concerning A, (z), we write

N

N . . . , 12
|At(x)|2 < %ZK@ _ Y;])?{v%(YJ,USN(Y)(Y])) _ V}(Yj,umo(yj))}
=1
1 & - - N : RSN
= Y K@= YK @ =¥ [Vi(y? w0 )) — Vi (v, wm (1)
j=1
< Mil oz ZKI—YJ / WS O (v7) — ur (i)
< MKT 2t]WAL2 ZK (E—YJ / ||USN(Y) m H2 dr,

Jj=1

(3.24)
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where the third inequality comes from 2.7). Integrating w.rt. € R? and taking expectation on each side
of the above inequality gives us, for all t € [0, 77,

B[ P < Mere i [ B0 - L
R4 0
< MgT?™MLC sup E[(SV(Y) —m )]
P€CH(CY)
lelloo <1
MKT2e2t]WA L?\C

< N : (3.25)

where we have used (Z12) of Proposition 2.5 for the second inequality above and (3.13) for the latter one.

To conclude, it is enough to replace 3:23), 3.25) in (3:21), and inject 3:20), 3:21) into 3.19).
O

4 Particle algorithm

4.1 Time discretization of the particle system

In this section Assumption2 is in force. Let (Y);=1,... n be i.i.d. r.v. distributed according to ¢y. In the
sequel, we are interested in discretizing the interacting particle system 33). (¢%"V,1 < i < N) will denote
again the corresponding solution. Let us consider a regular time grid 0 = ¢y < --- < & = kit < --- <
tn, = T, with 6t = T/n. We introduce the continuous R%V-valued process (&):c(or) and the family of
nonnegative functions (at)te[o_,T] defined on R constructively such that

+ fo 7‘ 5)7 r(s) (§T(S)))dWZ + f() 5:‘)(]:)7 ’ar(s) (é?(l;[)))ds
Y
- PN ~» (41)
Ut(y) =N Zj:l K(y— §t’ exp { fo T(S)aur(s) (gr(s) ds} for any ¢ €10, 7],
’(7,0 =K x <07

where r : s € [0,T] — 7(s) € {to,---t,} is the piecewise constant function such that r(s) = t; when s €
[tk, tk+1[- We can observe that (éi'fN )i=1,... .~ is an adapted and continuous process. The interacting particle
system (£7V);—; ...y can be simulated perfectly at the discrete instants (t,)x—o.... ,, via independent standard
and centered Gaussian random variables. We will show that this interacting particle system provides an
approximation to the solution (b )i=1,...n, of system (3.3), which converges at a rate bounded by Vot, up
to a multiplicative constant.

Proposition 4.1. Let us suppose the validity of Assumption[2l The time discretized particle system @&I) converges
to the original particle system B.3). More precisely, for all t € [0, T, the following estimates hold:

TOIL]+ swp E sup € — &2 | < oot (4.2)
i=1,--- ,N

E[l|a, — u)

where C' is a finite positive constant only depending on My, Mn, L, Ln, ma,mg,T.
If we assume moreover that K € W2(R?), then

Bl —ul @2 < cst, telo,T), (4.3)

where C'is a finite positive constant only depending on My, Ma, mae, mg, L, Lx, T and ||VK]||2.
The left-hand side of ([&.3)) is generally known, as Mean Integrated Squared Error (MISE).
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The result below states the convergence of @, to u@”o when 6t — 0 and N — 400, with an explicit rate of
convergence.

Theorem 4.2. We suppose Assumption[Zl We indicate by m° the law of Y, where (Y, ) is the solution of (L4). The
time discretized particle system @) converges to the solution of (L4). More precisely, we have the following. We
suppose F(K) € L' (resp. K € WY2(R9)). There exists a real constant C' > 0 such that for all t € [0,T),

o 1
Eflluy - wlls] < Ct+ ), (4.4)
(respectively
o 1
B[l —wll) < COt+ 5))- (4.5)

Remark 4.3. When A = 0 and ® and g are infinitely differentiable with all derivatives being bounded, Corollary 1.1
of [19] states that, for fixed smooth test function with polynomial growth ¢, one has

E(|(SN (&) —m?, ¢)]) < C¢(71N +0t), whereagain SN (&) : 26 iN (4.6)
1

This leads reasonnably to the conjecture that the rate in @34) is not optimal and it could be replaced by (6t)? + .
This intuition will be confirmed by numerical simulations in Section (5

Proof. We first observe that for all ¢t € [0, T, for p = o0, 2
m° ~ mO° SN SN ~
Elluf” —a?] < 2E[ju —u) )2 +2E[lu) © — a2 . (4.7)

The first term in the r.h.s. of @Z) is bounded by £ using Theorem[B1] inequality (3.6) (respectively (3.8)).
The second term of the same inequality is controlled by C4t, through Proposition d.1] inequality 4.2) (resp.

@.3)). O

The proof of Proposition E.I] relies on similar techniques used to prove Theorem[3.1] The idea is first to
estimate through Lemma.4lthe perturbation error due to the time discretization scheme of the SDE and of
the integral appearing in the exponential weight in system @.J). Later the propagation of this error through
the dynamical system (B.3) will be controlled via Gronwall’s lemma. Lemma f.4 below will be proved in
the Appendix.

Lemma 4.4. Let us suppose the validity of Assumption[2l There exists a finite constant C' > 0 only depending on
T, My, me, mg, L, Lo, Ly and My, L such that for any ¢t € [0, T,

EllE;5 — &) < Cot (4.8)
Elli, ) — 2] < Cdt 4.9)
Ellla ) —u;” @2) < Cot (4.10)

Proof of Proposition[4.1] All along this proof, C will denote a positive constant that only depends on
T, Mg, me, mg, L, Lo, Ly and Ma,La and that can change from line to line. Let us fix ¢ € [0, 7.
e We begin by considering inequality (.2). We first fix 1 <7 < N. By (£.9) and (£.10) in Lemma .4 and
2.9) in Proposition 2.5 we obtain

5 SN 5 B B SN (€ SN (€ SN 2
Ellla - Q%] < E[(I - drllo + Ny = 0 @lloe + 1™ =1 ©loc) ]
- . - SN sN
< 3Bl — e |12] + Bl —uf O 2] +Efu”© —uf"©)2])
< C6t+ CE[[W (SN (), SN (€))7
< Ct+C sup Efsup|ebN —¢bN)?], (4.11)
i=1,--- N s<t
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where the function u5" (©) makes sense since ¢ has almost surely continuous trajectories and so S (€)
is a random probability in P(C?).
Besides, by the second assertion of Lemma Q7] setting Y’ := €N, ri(s) = r(s) and Y := &0V,
ro(s) = s, we get
Efsup |&2V — ¢2N] < CE [ / iy (E10) — uS™ O (1) 2 ds} +C / [m NP | ds+ Cot

s<t 0

(4.12)

Concerning the first term in the r.h.s. of (.12), we have for all s € [0, T]

~ i N i z N i, N i, N i
@) (6 5) —us QEMIP < 20 (€ (N>>—u5 OEIE +2lu] ©ED) —ud OEM)P

< 2y —ul @5 +2C1E0 - &N (4.13)
where the second inequality above follows by [29) in Proposition 25, setting m = m/ = SM(¢).
Consequently, by 12)

t
E[Sup |52’N _ ;’,N|2] < C {E [/ ||ﬁr(s) - uf (@Hgo ds] / [|€r(s _ ;',N|2} ds + 5t}
s<t
< { [/ |ty (s) — s % ds] +E [/ s —ud™ @)% ds}

+E |:/ |€T(S) gzN 2d5:| +E|:/ |§1N §1N|2d5:| +5t} (414)
Using inequalities (4.8) and (.9) in Lemma[44] for all ¢ € [0, 7], we obtain

t .
op Blsup &~ P < Cor [ Bl - oS O+ s Bl 6 - | ds
=1 N s<t 0 i=1, N
(4.15)
Gathering the latter inequality together with @.I1) yields

N ~. . .
Elllan —u 3]+ sup Elsup|&N — NP < 08t 420 sup E[supw LN

i=1,- N s<t i=1, N
< Cot

w0 [ [ea - O

+ sup E[sup|§ §;’N|2] ds. (4.16)

=1,

Applying Gronwall’s lemma to the function

. N
t s fupNE[supW EN P Ell|ay -y )]

ends the proof of (.2).
We focus now on ([&.3). First we observe that
SN sN
Elfic —uy ©13) < 2E[|a, —uf 3]+ 2B © —uy” O3] (4.17)

Using successively item 4. of Proposition Remark 2] and inequality (4.2), we can bound the
second term on the r.h.s. of (£17) as follows:

Bl @ — o O2 < CE[WL(SN(E), SN (€)Y
< € sw EhupléY - 6N
i=1,--,N
< Cst. (4.18)



To simplify the notations, we introduce the real valued random variables
Vf — oo A(s,E;’N,u§N<5) (E;’N))ds and ‘;;z — ef(f A(r(S)fi’(f),ﬁr(s) (ff;‘(f)))ds 7 (4.19)

defined forany i =1,--- N and ¢t € [0, T].
Concerning the first term on the r.h.s. of @I7), inequality (6.2) of Lemma [6.T]in the Appendix gives
for all y € R?

N

~ NG M Fi, NN Y7 i

fiely) = )P < DK - EN -V (4.20)
i=1

Integrating the inequality (£20) with respect to y, yields
RGP ; SYE) ()12 Mic S~ i g
e =" O = [ )~ uf O dy < S ST -V
R i=1
which, in turn, implies
- sV@)2] « Mk i 12
E|la - 3] < S SB[ -V (4.21)

Using successively item 1. of Lemma[6.I]and inequality (£.8) of Lemmal44] foralli € {1,--- , N}, we

obtain
E[|Vi - V}|?] < Cdt+CE _/Ot 60 — &N ds} +CE [/Ot () (6105) — uS" O (EN) 12 s
< oo+ 0n | [ @) - u"OE
< Cot+CE| /0 t iy (E50) —uS™© (éi’&)lzds]

¢ 3 e N (& ~.
+ CE U |u§”<f>(§;=(fsv)) ST ;,N)|2d8]
0
t B B N
< Cdt+0/ [E[Hﬁr(s) _USSN(S)”;]+E“§:(ZS\,I) _ ;,N|2]} ds
0
t ~
< oot C [ Ellag - uS O ds, w2)
0

where the fourth inequality above follows from Proposition 2.5} see (2.9). Consequently using [#.22)
and inequality (£10) of Lemma 4.4 (£.2T) becomes

. N t
~ SN c i i ~ N
E[[1a - u) “)n%]sﬁgzanv; ~ViP) < ost+C / Ellldy —uf” @3] < ot (4.23)
=
Finally, injecting (£.23) and (4.18) in (&.17) yields

N
E[l|a: —up @3] < oot

which ends the proof of Proposition &1l O
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4.2 Algorithm description

In this section, we describe precisely the algorithm relying on the time-discretization (&) of the interacting
particle system (B3.3). Let vy be the law density of Y where Y is the solution of (L4). In the sequel, we will
make use of the same notations as in previous section. In particular, 0 = to < -+ <t =kot <--- <t, =T
is a regular time grid with 6t = T//n. We consider a real-valued function K : R? — R being a mollifier

depending on some bandwith parameter ¢.

Initialization for k = 0.

1. Generate (éf;}N)i:L”,N iid.~ vo(z)dz;
2.setGy:=1,i=1,---,N;
3. set Ty, () := (K *v0)(-);
Iterations fork =0, ..., n-1.
e Independently for each particle @;N forj=1,---N,
& =& + Ot G 1 (&) Vot + gt & (€70

where (efg) j=1,-- \N,k=1,---n 1S a sequence of i.i.d centered and standard Gaussian variables;

e setforj=1,---N,
Gy = G, x exp (A, Y i, (7))t

e set

N
~ 1 ) ~ N
Uty () = N Z GiJrl X K( - gg;+1)
j=1
Remark 4.5. For a fixed k € {0,---,n — 1}, we observe that the simulation of the j-th particle ég,jjl at time tj4q

involves the whole particle system through the evaluation of Gy, (€} )‘;N ), which implies a complexity of the algorithm of

order nN?2.

5 Numerical results

5.1 Preliminary considerations

One motivating issue of this section is how the interacting particle system ¢ := (£5V:) defined in (3.3) with
K = K¢, K*(z) := %¢%(Z) for some mollifier ¢¢, can be used to approach the solution v of the PDE

d
Qv =1 Z ij (29");,;(t, ,v)v) — div (g(t, z,v)v) + A(t, z,v)v
= (5.24)
U(Ov 'r) = %o,

to which we can reasonably expect that (L5) converges when K© — 0
E—
Two significant parameters, i.e. ¢ — 0, N — 400, intervene. We expect to approximate v by u*", which

is the solution of the linking equation (L.6), associated with the empirical measure m = S (¢). To this
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purpose, we want to control empirically the Mean Integrated Squared Error (MISE) between the solution v
of (5:24) and the particle approximation u*", i.e. for t € [0, T,

Ellus™ — vel3] < 2E[u;™ — uf|3] + 2[lug — vell3, (5.25)

where u¢ = v’ with K = K¢, m° being the common law of processes Y?, 1 < i < N in 3.). Even though
the second term in the r.h.s. of (5.25) does not explicitely involve the number of particles N, the first term
crucially depends on both parameters ¢, V. The behavior of the first term relies on the propagation of chaos.
This phenomenon has been observed in Corollary B.2] which is a consequence of Theorem B.]] for a fixed

e > 0, when N — 4o00. According to Theorem[3.1} the first error term on the r.h.s. of the above inequality
C(e)

St
Concerning the second error term, no result is available but we expect that it converges to zero when ¢ — 0.

can be bounded by

To control the MISE, it remains to determine a relation N — &(N) such that

((N) — 0 and ZEN)
N—+oco N N —+o00

0. (5.26)

When the coefficients ¢, g and the initial condition are smooth with ® non-degenerate and A = 0 (i.e. in the
conservative case), Theorem 2.7 of [17] gives a description of such a relation.

In our empirical analysis, we have concentrated on a test case, for which we have an explicit solution.

We first illustrate the chaos propagation for fixed ¢ > 0, i.e. the result of Theorem[3.]l On the other hand,
we give an empirical insight concerning the following:

e the asymptotic behavior of the second error term in inequality (5.25) for ¢ — 0;
e the tradeoff N — ¢(N) verifying (5.26).

Moreover, the simulations reveal two behaviors regarding the chaos propagation intensity.

5.2 The target PDE

We describe now the test case. For a given triple (m, u, A) €]1,00[xR?% x R?*? we consider the following
nonlinear PDE of the form (5.24):

d
O = %Uz_l 8&- (v((I)(I)t)l-_’j(t,:zr,v)) — div(vg(t,a:,v)) + vA(t, z,v) (5.27)
v(0,2) = Bp(2,2)fua(z) forallz € R,
where the functions @, g, A defined on [0, 7] x R? x R are such that
B(t,2,2) = f, 4 ()27 I, (5.28)
I, denoting the identity matrix in R?*¢,
t t
g(t,x, z) = ifAm(x)zmA#(x —pn), and A(t,z,2) = i_;m(x)zm_lTr (A—;A ) . (5.29)
Here f, 4 : R? — R is given by
1 1 -1
f‘qu(x) = 0675<I7#,A(I*#)> , normalized by C = |:/ Bm(27x)e§(x#)'z4(x#):| (530)
R4
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and B,, is the d-dimensional Barenblatt-Pattle density associated to m > 1, i.e.
1 —28 ﬁ —«
B,.(t,z) = §(D — Kt Plx)) e, (5.31)
. a m— _g 71'2 M(72y), 20-m)
Wlthazm,ﬁ:E,m:TlﬁandD [2 ﬁ]pﬂi(m .

In the specific case where A is the zero matrix of R¥*¢, then f, 4 = 1; ¢ = 0 and A = 0. Hence, we

recover the conservative porous media equation, whose explicit solution is
v(t,x) = By (t+2,2), forall (t,x) € [0,T] x R,
see [1. For general values of A € R%*?, extended calculations produce the following explicit solution
v(0,") =vo(-) and wv(t,x) = By (t +2,2)f, a(z), forall (t,z) € [0,T] x R?, (5.32)

of (5.27), which is non conservative.

5.3 Details of the implementation

Once fixed the number N of particles, we have run M = 100i.i.d. particle systems producing (u="™%);_; ...a1,

which are M i.i.d. realizations of u®" introduced just after (5.24). The MISE is then approximated by the
Monte Carlo approximation

E[fluf™ — v||3] Q ZZ| SNA(XT) — (X)) P70, X)), forallt € [0,T], (5.33)
i=1 j=1
where (X7);_1 ... g—1000 are i.i.d R%-valued random variables with common density v(0, -). In our simula-
tion, we have chosen T =1, m = 3/2, p = 0Oand A = 21;. K° = 4 ¢%(2) with ¢? being the standard and
centered Gaussian density.

In this subsection, we fix the dimension to d = 5. We have run a discretized version of the interacting
particle system with Euler scheme mesh £7'/n with n = 10. Notice that this discretization error is neglected
in the present analysis.

Our simulations show that the approximation error presents two types of behavior depending on the
number N of particles with respect to the regularization parameter .

1. For large values of IV, we visualize a chaos propagation behavior for which the error estimates are similar
to the ones provided by the density estimation theory corresponding to the classical framework
of independent samples.

2. For small values of N appears a transient behavior for which the bias and variance errors cannot be
easily described.

Observe that the Mean Integrated Squared Error MISE; (¢, N) := E[[|lu$"" — v;|3] can be decomposed as
the sum of the variance V; (e, N) and squared bias B (¢, N) as follows:

MISE;(s, N) = Vi(e,N)+ B%(e,N)
= E [Jup™ — B3] + 1B Y] - vl (5.34)

For N large enough, according to Corollary 3.2 one expects that the propagation of chaos holds. Then the
particle system (£4V),_; ... y (solution of (33)) is close to ani.i.d. system with common law m". We observe
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that, in the specific case where the weighting function A does not depend on the density «, for ¢ € [0, T], we
have

N

E Y K(-¢" exp{/ )dst

Jj=1

E[K°( =YV (Y")]

= . (5.35)

i
&
o
=
[

Therefore, under the chaos propagation behavior, the approximations below hold for the variance and the
squared bias:
Vi(e, N) ~E [[usN — |2 } and B2(e,N) ~ |[us — v||2 . (5.36)

We recall that the relation u® = K¢ * v comes from Theorem 6.1 of [20], where v¢ is solution of (I.5) with
K = K*.

On Figure[I] we have reported the estimated variance error V;(e, N) as a function of the particle number
N, (on the left graph) and as a function of the regularization parameter ¢, (on the right graph), fort =7 =1
and d = 5. We have used for this a similar Monte Carlo approximation as (5.33).
That figure shows that, when the number of particles is large enough, the variance error behaves precisely
as in the classical case of density estimation encountered in [26], i.e., vanishing at a rate NLsd, see relation
(4.10), Chapter 4., Section 4.3.1. This is in particular illustrated by the log-log graphs, showing almost linear
curve, when N is sufficiently large. In particular we observe the following.

e On the left graph, log(Vi(e, N)) = a — alog N with slope o = 1;
e On the right graph, log V; (¢, N) ~ b — $loge with slope § =5 = d.

It seems that the threshold N after which appears the linear behavior (compatible with the propagation of
chaos situation corresponding to asymptotic-i.i.d. particles) decreases when ¢ grows. In other words, when
¢ is large, less particles NV are needed to give evidence to the chaotic behavior.

This phenomenon can be probably explained by analyzing the particle system dynamics. Indeed, at
each time step, the interaction between the particles is due to the empirical estimation of u® = K¢ xv° based
on the particle system. Intuitively, the more accurate the approximation u=" of u¢ is, the less strong the

interaction between particles will be. In the limiting case when us v

= u®, the interaction disappears.

Now observe that at time step 0, the particle system (¢,) is i.i.d. according to v(-), so that the esti-
mation of (K¢ * v°)(0,-) provided by () reduces to the classical density estimation approach, see as
mentioned above. In that classical framework, we emphasize that, for larger values of ¢, the number of
particles, needed to achieve a given density estimation accuracy, is smaller. Hence, one can imagine that for
larger values of ¢ less particles will be needed to obtain a quasi-i.i.d particle system at time step 1, (§i;N).
We can then reasonably presume that this initial error propagates along the time steps.

On Figure 2] we have reported the estimated squared bias error, B (¢, N), as a function of the regular-
ization parameter, ¢, for different values of the particle number N, fort =7 = 1and d = 5.

One can observe that, similarly to the classical i.i.d. case, (see relation (4.9) in Chapter 4., Section 4.3.1
in [26])), for N large enough, the bias error does not depend on N and can be approximated by ae?, for
some constant @ > 0. This is in fact coherent with the bias approximation (5.36), developed in the specific
case where the weighting function A does not depend on the density. Assuming the validity of approxi-

mation (5.36) and of the previous empirical observation implies that one can bound the error between the
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solution, v#, of the regularized PDE of the form (L) (with K = K¢) associated to (5.27), and the solution,
v, of the limit (non regularized) PDE (5.27) as follows

lvf —wvellz < 20lvf — g3 + 2lluf — vl
2llo — K= #0713 + 2[luf — vell3

< 2(d +a)t (5.37)

IN

Indeed, at least, the first term in the second line can be easily bounded, supposing that v{ has a bounded
second derivative. This constitutes an empirical proof of the fact that v* converges to v.

As observed in the variance error graphs, the threshold N, above which the propagation of chaos behavior
is observed decreases with €. Indeed, for ¢ > 0.6 we observe a chaotic behavior of the bias error, starting
from N > 500, whereas for ¢ € [0.4,0.6], this chaotic behavior appears only for N > 5000.

For small values of ¢ < 0.6, the bias highly depends on N for any N < 10%; moreover that dependence
becomes less relevant when N increases. This is probably due to the combination of two effects: the lack
of chaos propagation phenomenon and the fact that the coefficient A depends on wu, so that (5.35) does not
hold in that context.

Taking into account both the bias and the variance error in the MISE (5.34), the choice of ¢ has to be
carefully optimized w.r.t. the number of particles: ¢ going to zero together with N going to infinity at a
judicious relative rate seem to ensure the convergence of the estimated MISE to zero. This kind of tradeoff
is standard in density estimation theory and was already investigated theoretically in the context of forward
interacting particle systems related to conservative regularized nonlinear PDE in [17]. Extending this type
of theoretical analysis to our non conservative framework is beyond the scope of the present paper.
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Figure 1: Variance error as a function of the number of particles, N, and the mollifier window width, ¢, for dimension

d =5 at the final time step 7" = 1.

5.3.1 Time discretization error

In this subsection, we are interested in analysing via numerical simulations the time discretization error
w.r.t. to 6t = T'//n. As announced in Remark[4.3] we suspect that the rate in (£.4) is not optimal and that the
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Figure 2: Bias error as a function of the mollifier window width, ¢, for dimension d = 5 at the final time step 7' = 1.

MISE error induced by the time discretization is of order 1/n? instead of 1/n.

Let 45" denote the particle approximation obtained by scheme @I) with a number of particles, N, a
regularization parameter, £, and a number of time steps, n. In order to focus on the time discretization error
apart from the particle approximation and the regularization error (related to N and €), we have considered
errors of the type E[||a5:"" — 5™ ||3] for different numbers of time steps n < ng where ng is supposed
to be a large number of time steps. More precisely, we have decomposed this error into a variance and a

squared bias term as

_e,Non _ &N, ~e,N, ~e,N, ~¢,N, ~¢,N,
Effaz™" —az™ "5 = E[laz™" - Elaz"Il5] +Eflaz™" - Elaz™"]]3]
Variance
(5.38)
+ |E@z"" - B3,
Bias?
if u3™™ and u3™N™ are independent.

On Figure 3] we have reported the Monte Carlo estimation (according to (5.33), with @ = 1000 runs)
of the above variance and squared bias terms in a log-log scale in order to diagnose the expected rate
of convergence 1/n? via a straight line with slope —2. All the parameters are similar to the simulations
performed in previous subsection excepted for the dimension d = 1, N = 5000 and ny is set to 1000 time
steps. One can observe that the variance term (in dashed lines) seems not to depend on the number of time
steps n whereas the squared bias term decreases as expected at a rate close to 1/n?.

6 Appendix

In this appendix, we present the proof of Lemma[.4l We first proceed with the proof of some intermediary
inequalities.

Lemma 6.1. We suppose Assumption[ll Let N € N*. Let (€%N);_; ... n be (a solution of) the interacting particle
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