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Particle system algorithm and chaos propagation related to
non-conservative McKean type stochastic differential

equations.

ANTHONY LE CAVIL % NADIA OUDJANE f AND FRANCESCO RUSSO #
December 9th 2015

Abstract

We discuss numerical aspects related to a new class of nonlinear Stochastic Differential Equations in
the sense of McKean, which are supposed to represent non conservative nonlinear Partial Differential
equations (PDEs). We propose an original interacting particle system for which we discuss the propagation
of chaos. We consider a time-discretized approximation of this particle system to which we associate a

random function which is proved to converge to a solution of a regularized version of a nonlinear PDE.

Key words and phrases: Chaos propagation; Nonlinear Partial Differential Equations; McKean type Non-
linear Stochastic Differential Equations; Particle systems; Probabilistic representation of PDEs.

2010 AMS-classification: 65C05; 65C35; 68U20; 60H10; 60H30; 60J60; 58]35

1 Introduction

Stochastic differential equations of various types are very useful to investigate nonlinear partial differential
equations (PDEs) at the theoretical and numerical level. From a theoretical point of view, they constitute
probabilistic tools to study the analytic properties of the equation. Moreover they provide a microscopic
interpretation of physical phenomena macroscopically drawn by a nonlinear PDE. From a numerical point
of view, such representations allow for extended Monte Carlo type methods, which are potentially less
sensitive to the dimension of the state space.

The present paper focuses on numerical aspects of a specific forward probabilistic representation ini-
tiated in [20], relying on nonlinear SDEs in the sense of McKean [2I]. Let us consider d,p € N*. Let
®:[0,T] x REXR — R>*P, g:[0,T] x RYx R — R A :[0,7] x RY x R — R, be Borel bounded functions,
K : R? — R be a smooth mollifier in R? and (; be a probability on R?. When it is absolutely continuous

*ENSTA-ParisTech, Université  Paris-Saclay. Unit¢é de  Mathématiques  Appliquées (UMA).  E-mail:

anthony.lecavil@ensta-paristech.fr
TEDF R&D, and FiME (Laboratoire de Finance des Marchés de 1'Energie (Dauphine, CREST, EDF R&D) www.fime-lab.org). E-

mail:nadia.oudjane@edf. fr
YENSTA-ParisTech, Université Paris-Saclay. Unité de Mathématiques Appliquées (UMA). E-

mail:francesco.russo@ensta-paristech.fr



vo will denote its density so that {y(dz) = vo(x)dz. In [20], we have introduced and studied a generalized
regularized McKean type nonlinear stochastic differential equation (NLSDE) of the form

{ Yy = Yo+ [3 ®(s, Ve, u(s, Vo) AW + [5 g(s, Ys,uls,Ys))ds, with Yo ~ (o, w

u(t,y) = E[K(y — Y;) exp {fg A(s, Ya, u(s, YS))ds}] , foranyte[0,T],

where the solution is the couple process-function (Y, u). The novelty with respect to classical McKean type
equations consists on the form of the second equation, where, for each ¢ > 0, in the classical case (A = 0)
u(t, ) was explicitely given by the marginal law of Y;. The present paper aims in proposing and imple-
menting a stochastic particle algorithm to approximate (LI) and investigating carefully its convergence
properties.

(L) is the probabilistic representation of the partial integro-differential equation (PIDE)

d
04 = % Z 81»23» ((<I><I>f’)i7j(t,x, K x 17)17) —div (g(t,z, K %« 0)0) + A(t, z, K x 0)0,
ij=1
@(07$) =,

(1.2)

in the sense that, given a solution (Y, u) of (L), there is a solution v of (I2) in the sense of distributions,
such thatu = K+0 := [, K(-—y)0(y)dy. This follows, for instance, by a simple application of Itd’s formula,
as explained in Theorems 6.1 and 6.2, Section 6 in [20].

In fact, in the literature appear several probabilistic representations, with the objective of simulating
numerically the corresponding PDE. One method which has been largely investigated for approximating
solutions of time evolutionary PDEs is the method of forward-backward SDEs (FBSDEs). FBSDEs were ini-
tially developed in [23]], see also [22] for a survey and [24] for a recent monograph on the subject. The idea is
to express the PDE solution v(¢, -) at time ¢ as the expectation of a functional of a so called forward diffusion
process X, starting at time ¢. Based on that idea, many judicious numerical schemes have been proposed
by [25, 9} [15]. However, all those rely on computing recursively conditional expectation functions which is
known to be a difficult task in high dimension. Besides, the FBSDE approach is blind in the sense that the
forward process X is not ensured to explore the most relevant space regions to approximate efficiently the
solution of the FBSDE of interest. On the theoretical side, the FBSDE representation of fully nonlinear PDEs
still requires complex developments and is the subject of active research (see for instance [10]). Branching
diffusion processes or in particular superprocesses (see e.g. [14]) provide alternative probabilistic represen-
tation of semi-linear PDEs, involving a specific form of non-linearity on the zero order term. This type of
approach has been recently extended in [16, 17] to a more general class of non-linearities on the zero order
term, with the so-called marked branching process. One of the main advantage of this approach compared
to FBSDEs is that it does not involve any regression computation to calculate conditional expectations. A
third class of numerical approximation schemes relies on McKean type representations. In this context,
Feynman-Kac formula and various types of related particle approximation schemes were extensively ana-
lyzed in the reference books of Del Moral [12] and [13] but without considering the specific case of a time
continuous system (L.I) coupled with a weighting function A which depends nonlinearly on u. The origi-
nality of the present paper is to combine together these two features to relate the probabilistic system (L.I)
to the nonlinear PIDE (L.2). In the time continuous framework, classical McKean representations are re-
stricted to the conservative case (A = 0). Relevant contributions at the algorithmic level are [7,[8}[6, 4], and
the survey paper [29]. In the case A = 0 with g = 0, but with ® possibly discontinuous, some empirical
implementations were conducted in [2,[3] in the one-dimensional and multi-dimensional case respectively,
in order to predict the large time qualitative behavior of the solution of the corresponding PDE.



The main motivation of the present paper is to extend this type of McKean based numerical schemes to
the case of non-conservative PDEs (A # 0). An interesting aspect of this approach is that it is potentially able
to represent fully nonlinear PDEs, by considering a more general class of functions A which may depend
non-linearly not only on u but on its space derivatives up to the second order. This more general setting
will be investigated in a future work.

By (82) we introduce an interacting particle system associated to (ILI). Indeed we replace one sin-
gle McKean type stochastic differential equation with unknown process Y, with a system of N ordinary
stochastic differential equations, whose solution consists in a system of particles £ = (¢9'Y), replacing the
law of the process Y by the empirical mean law S (¢).

The main contribution of this paper is Theorem where we prove the convergence of the time-
discretized particle system under Lipschitz type assumptions on the coefficients ®, g and A, obtaining an
explicit rate. The mentioned rate is based on the contribution of two effects. First, the particle approxima-
tion error between the solution u of (L) and the approximation u* " (©), solution of

N N . t . N .
u) <f><y>=]1v§jf<<y—5i“>exp{ / A(s, &N u® (f)(s,fé’N))dS} (13)
j=1 0

which is evaluated in Theorem Bl The second effect is the time discretization error, established in Proposi-
tion[4.]] The errors are evaluated in the L?, p = 2, +0c mean distance, in term of the number N of particles
and the time discretization step. One significant consequence of Theorem B.]is Corollary B2l which states
the chaos propagation of the interacting particle system.

We emphasize that the proof of Theorem Bl relies on Proposition[B.3] whose formula (312) allows to con-
trol the particle approximation error without use of exchangeability assumptions on the particle system,
see Remark[3.4]

The paper is organized as follows. After this introduction, we formulate the basic assumptions valid
along the paper and recall important results proved in [20] and used in the sequel. The evaluation of
the particle approximation error is discussed in Section Bl Section B focuses on the convergence of the
time-discretized particle system. Finally in Section [5] we provide numerical simulations illustrating the
performances of the interacting particle system in approximating the PDE (I.2), in a specific case where the
solution is explicitely known.

2 Notations and assumptions

Let us consider C? := C([0,7],R¢) metrized by the supremum norm || - ||, equipped with its Borel o—
field B(C?) = o(X;,t > 0) (and B(C?) := 0(X,,0 < u < t) the canonical filtration) and endowed with
the topology of uniform convergence. X will be the canonical process on C¢ and P,.(C?) the set of Borel
probability measures on C? admitting a moment of order r > 0. For r = 0, P(C%) := Py(C?) is naturally the
Polish space (with respect to the weak convergence topology) of Borel probability measures on C¢ naturally
equipped with its Borel o-field B(P(C%)). When d = 1, we often omit it and we simply set C := C*.

We recall that the Wasserstein distance of order r and respectively the modified Wasserstein distance of order r
for 7 > 1, between m and m/ in P,.(C?%), denoted by WZ.(m,m’) (and resp. W}(m, m’)) are such that

(W Gn,m )" = inf { [ s 1) - Xs(w’)|rdu(w,W’)} tef0,7], @)
uell(m,m’) (Jedxcd 0<s<t

(Wtr(m,m’))r = _inf {/ sup | Xs(w) — X" A1 du(w,w')} , t€[0,T7, (2.2)
pEI(m,m’) CdxCd 0<s<t



where II(m,m') (resp. II(m, m')) denotes the set of Borel probability measures in P(C? x C%) with fixed
marginals m and m’ belonging to P,(C?) (resp. P(C?) ). In this paper we will use very frequently the
Wasserstein distances of order 2. For that reason, we will simply set W; := W7 (resp. W; := W}2).

Given N € N*, 1 € ¢4, 11,--- |IN € (4, a significant role in this paper will be played by the Borel measures

N
. 1
on C? given by §; and N > .

j=1
Remark 2.1. Given I*,--- NIt ... 1IN ¢4, by definition of the Wasserstein distance we have, for all t € [0,T]
1 & 1 & 1 &
Wil =D 6ui,—= > 65| <= sup |19 —17)?.
t N ; l N J:Zl l N J:Zl Ogszt | ‘

In this paper C;,(C?) denotes the space of bounded, continuous real-valued functions on C%, for which the
supremum norm is denoted by || || . R? is equipped with the scalar product - and |z| stands for the induced
Euclidean norm for z € RY. Given two reals a, b (d = 1) we will denote in the sequel a A b := min(a, b) and
a Vb := max(a,b).

M (R?) is the space of finite, Borel measures on R%. S(R?) is the space of Schwartz fast decreasing test
functions and &’(R?) is its dual. C,(R?) is the space of bounded, continuous functions on R¢, C§°(R?) is the
space of smooth functions with compact support. Cg°(R9) is the space of bounded and smooth functions.
Co(R?) represents the space of continuous functions with compact support in R%. W"?(R?) is the Sobolev
space of order 7 € Nin (LP(R?),]| - ||,), with 1 < p < cc.

F(): f € S(RY) — F(f) € S(R?) will denote the Fourier transform on the classical Schwartz space S(R¢)

such that for all £ € R?,
1

N V2T JRrd

We will designate in the same manner the corresponding Fourier transform on S'(R%).

F()E) fla)e % dx .

For any Polish space E, we will designate by B(F) its Borel o-field. It is well-known that P(F) is also
a Polish space with respect to the weak convergence topology, whose Borel o-field will be denoted by
B(P(E)) (see Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [5]).
Let (2, F) be a measured space. A map 1 : (2, F) — (P(E),B(P(E))) will be called random probabil-
ity (or random probability kernel) if it is measurable. We will indicate by P}(E) the space of random
probabilities.

Remark 2.2. Let n : (Q,F) — (P(E),B(P(E))). n is a random probability if and only if the two following
conditions hold:

e foreachw € Q, ng € P(E),
o for all Borel set A € B(P(E)), @ — 1z (A) is F-measurable.

This was highlighted in Remark 3.20 in [11]] (see also Proposition 7.25 in [5]).

N
Remark 2.3. Given Re-valued continuous processes Y1, -, Y™, the application N E Oy is a random probability
j=1

on P(C). In fact §y;,1 < j < N is a random probability by Remark 2.2}

In this article, the following assumptions will be used.



Assumption 1. 1. ®and g are Lipschitz functions defined on [0, T] x R? x R taking values respectively in R*P
(space of d x p matrices) and R%: there exist finite positive reals Lg and Ly such that for any (t,y,y', z,2') €
[0,7] x R? x R? x R x R, we have

@(t,y",2") = @(ty, 2)| < La(|z' —z[+ |y —yl) and |g(t,y,2") = g(t,y,2)| < Le(|2" — 2 + |y —y]) -

2. A is a Borel real valued function defined on [0,T] x R? x R Lipschitz w.r.t. the space variables: there exists a
finite positive real, L such that for any (t,y,y’, z,2') € [0,T] x R? x R? x R x R, we have
|A(t7y’z) - A(tvylvzl)‘ < LA(‘y/ - y| + ‘Z/ - Zl) :
3. @, gand A are supposed to be uniformly bounded: there exist finite positive reals Ms, My and My such that,

forany (t,y,z) € [0,T] x RY x R

(a)
‘q)(t7yaz)| SM‘P7 |g(t,y,2’)| SM@’

(b)
‘A(t7yvz)| < My .

4. K : RY — R, is integrable, Lipschitz, bounded and whose integral is 1: there exist finite positive reals My
and L such that for any (y,y’) € R? x R4

|K(y)| < Mg, |K(y')—K(y)|<Lkly -yl and K(z)dz =1.
]Rd

5. (o is a fixed Borel probability measure on R? admitting a second order moment.

Given a finite signed Borel measure v on R¢, K %+ will denote the convolution function x + (K (z —)).
In particular if v is absolutely continuous with density 4, then (K * v)(x) = [,. K(z — y)3(y)dy.

To simplify we introduce the following notations.

o V :[0,7T] x C? x C — R defined for any pair of functions y € C? and z € C, by
t
Vi(y, z) := exp (/ A(s,ys,zs)ds> foranyt € [0,77] . (2.3)
0

o The real valued process Z such that Z, = u(s,Y;), for any s € [0, T], will often be denoted by «(Y").
With these new notations, the second equation in (L.T) can be rewritten as

ve(p) = E[(K % o) (Y)Vi(Y,u(Y))], forany ¢ € C,(R%,R), (24)

dvy

where u(t,-) = F*.

Remark 2.4. Under Assumption[l] 3.(b), A is bounded. Consequently

0 < Vi(y,2) <e™s | forany (t,y,2) €[0,T] x R xR . (2.5)



Under Assumption[Dl 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, observe that for any
(a,b) € R?,
1
el —et = (b— a)/ ebt=alagy < gsuwp(ab) | _ g . (2.6)
0

Then for any continuous functions y, y' € C? = C([0,T],R%), and z, 2’ € C([0,T],R), taking a = fot A(s,ys, z5)ds
and b = fg A(s,yl, 2%)ds in the above equality yields

|‘/t(y/a Z/) - V;f(yv Z)|

IN

t
M [ A2 = Al )| ds
0

IN

t
MLy / (14, — ys] + 17, — zl) ds . 2.7)
0

In Section @] Assumption[Ilwill be replaced by what follows.
Assumption 2. All items of Assumption[llare in force excepted 2. which is replaced by the following.
2. There exists a positive real L such that for any (t,t',y,y/,2,2") € [0, T)? x (R)? x (R*)?,
Ay, 2) = Ay 2 < La (E =]+ ly =y + |2 = 2) -
We end this section by recalling important results established in our companion paper [20], for which
Assumption[Ilis supposed to be satisfied. The lemma below was established in Proposition 3.3 of [20].

Proposition 2.5. We assume the validity of items 2., 3.(b) and 4. of Assumption I}
Let u be a solution of (LI). The following assertions hold.

1. For any couple of probabilities (m,m’) € P2(C%) x P2(C%), for all (t,y,y") € [0,T] x C x C?, we have
[u™ (t,y) — u™ (t,9)1° < Cra®) [ly — o/ * + Wilm,m") ] | (2.8)

where O A (t) := 207 A (£)(t +2)(1 + et Cra®)) with Cxoa(t) = 2e*Ma (L3 + 2ME L3t). In particular
the functions C'k 5 only depend on My, Lyic, Mn, L and t and is increasing with t.

2. Forany (m,m’) € P(C%) x P(CY), forall (t,y,y') € [0,T] x C* x C?, we have
™ (t,9) = (812 < Caeal®) ly — o'+ [Walm,m[Z] 29)
where € a(t) := 2e*Ma (max(Ly, 2M )? + 2M % max(Ly, 2My)>t).

3. The function (m,t,x) — u™(t, ) is continuous on P(C?) x [0,T] x R? where P(C?) is endowed with the

topology of weak convergence.
4. Suppose that K € W12(R®). Then for any (m,m’) € Po(C%) x Po(C), t € [0,T]
™ (2,) = u™ (£, )3 < Cra(t)(L+ 2 Cre(£)[We(m, ), (2.10)

where Cge (1) 1= 2C A (£) (¢ +2)(1+ €2 Crn®) with Ce () = 2e2M (L3, + 2M% L3 t) and Crc A (t) =
22 MM L3t(t + 1) + [VK|2), || - ||2 being the standard L*(R?) or L2(R?, RY)-norms.

In particular the functions — (t)CN’K A(t) only depend on My, Ly, My, Ly and are increasing with respect to
t.



5. Suppose that F(K) € L'(R?). Then there exists a constant Cic 5 (t) > 0 (depending only ont, My, Ly, || F(K)|1)

such that for any random probability n : (Q, F) — (P2(C?), B(P(CY))), for all (t,m) € [0,T] x P(C?)

E[flu"(t,) —u™(t,)|%] < Cralt) sup E[[{n—m, )], (2.11)
p€Cy(C?)
lelloo <1

where we recall that P (C?) is endowed with the topology of weak convergence. We remark that the expectation
in both sides of @11 is taken w.r.t. the randomness of the random probability 7.

pEC,(CT)
lelloo <1

Remark 2.6. The map d} : (v, 1) — \/ sup  E[|(v — u,)|?] defines a (homogeneous) distance on P**(C?).

The lemma below was proved in Lemma 7.1 in [20].

Lemma 2.7. Let r : [0,T] + [0,T] be a non-decreasing function such that r(s) < s forany s € [0,T] and Y, be a
random variable admitting (o as law.
LetU : (t,y) € [0,T] x C — R (respectively U’ : (t,y) € [0,T] x C* — R), be a given Borel function such that
forall t € [0,T), there is a Borel map U, : C([0,],R?) — R (resp. U, : C([0,t],RY) — R) such that U(t,-) = Uy(-)
(resp. U'(t,-) = U, ("))

Then the following two assertions hold.

1. ConsiderY (resp. Y') a solution of the following SDE for v =U (resp. v =U"):

Y, =Y, + fg D(1(5), Yi(s), v(1(5), Yoar(s)) )dWs + fot 9(r(8), Ye(s),v(r(8), Yirr(s)))ds ,  foranyt € [0,T7,

2.12)

where, we emphasize that for all 0 € [0,T), Z.no := {Z.,,0 < u < 0} € C([0,6],R?) for any continuous
process Z. For any a € [0, T, we have

Efsup Y} = Yif*] < Cay(7) [/ U (), Yorriy) — U (r(£), Y, )Pt (2.13)
t<a

where Co 4(T) = 12(4L% + TL2)e! 2T (La+TLy),
2. Suppose moreover that ® and g are globally Lipschitz w.r.t. the time and space variables i.e. there exist some

positive constants L and Ly such that for any (t,t',y,y', z,2") € [0, T]? x R?? x R?

D(t,y,2) — Oty ) < Lo(ft —t'|+ |y — /| + |2 — 2’
{I (t,y,2) = @ty 2)| < La(|t = | + |y —y'[ + |2 = &) (2.14)

l9(t,y,2) = g(t' 4" 2 < Ly([t = [ + [y = /[ + |z = 2']) -

Let ri,ro : [0,T] +— [0,T] being two non-decreasing functions verifying r1(s) < s and ra(s) < s for any
s €[0,T]. Let Y (resp. Y') be a solution of @I2) for v =U and r = ry (resp. v =U" and r = r3). Then for
any a € [0, T, the following inequality holds:

Bup (¥} - VPl < Co(r) (In - ralf + [ BV - VioPlar

+E UO u(rl(t),Y.Ml(t))u/(rQ(t),Y’m(t))|2dtD , (2.15)

where || - ||2 is the L*([0, T)-norm.

The theorem below was the object of Theorem 3.9 in [20].



Theorem 2.8. Under Assumption[I} the McKean type SDE (L) admits strong existence and pathwise uniqueness.

For a precise formulation of the notion of existence and uniqueness for the McKean type equation (L.I)
we refer to Definition 2.6 of [20].

We finally recall an important non-anticipating property of the map (m, ¢, z) — u™(t, x), stated in [20].

Definition 2.9. Let us fix t € [0, T]. Given a non-negative Borel measure m on (C%, B(C%)). From now on, m; will
denote the (unique) induced measure on (CL, B(C2)) (with C¢ := C([0, ], R?)) defined by

/Cg F(p)my(d¢) = /Cd F(y,.,)m(do),

where F : Cff — R is bounded and continuous.
Remark 2.10. Let t € [0,T],m = b¢ , & € C% The induced measure, my, on C{ is 8¢, jo<r<t)-

For each ¢ € [0, T, the same construction as the one carried on in Theorem 3.1 in allows us to define
the unique solution to

u™(s,y) fcd Xo(w)) exp (fy A(r, Xr(w), u™ (r, Xp(w)))dr) mi(dw) Vs € [0,t]. (2.16)
The proposition and corollary below were the object of Proposition 3.7 and Corollary 3.8 in [20].

Proposition 2.11. Under Assumption[I] we have

Y(s,y) € [0,t] x R, u(s,y) = u"(s,y).

Corollary 2.12. Let N € N, &4, - -+ €% -+ &N be (G,)-adapted continuous processes, where G is a filtration (defined
on some probability space) fulfilling the usual conditions. Let m(dw) = + Zfil d¢i (dw). Then, (u™(t,y)) is a (Gi)-
adapted random field, i.e. for any (t,y) € [0,T] x R?, the process is (G )-adapted.

3 Particle systems approximation and propagation of chaos

In this section, we introduce an interacting particle system ¢ = (¢%),_; ... y whose empirical law will be
shown to converge to the law of the solution Y of the McKean type equation (LI). A consequence of the
so called propagation of chaos which describes the asymptotic independence of the components of £ when
the size N of the particle system goes to co. That property was introduced in [2I] and further developed
and popularized by [28]]. The convergence of (¢%V),_; ... y induces a natural approximation of u, solution
of I).

We suppose here the validity of Assumption[Il For the simplicity of formulation we suppose that ®
and g only depend on the last variable z. Let (2, F,P) be a fixed probability space, and (W?);_; ... y be a
sequence of independent RP-valued Brownian motions. Let (Y{);—1 ... v be i.i.d. r.v. according to (y. We
consider Y := (Y?);—; ... y the sequence of processes such that (Y, u™") are solutions to

Y= Y5+ fy ol (V)AW! + [ g(ul (Y]))ds o
' (y) = E [K(y YVi(Y' ™ <YZ>>} . withm! == L(Y7), '
recalling that V; (Y, u™ (V7)) = exp ([ As (Y2, ul™ (V/))ds). The existence and uniqueness of the solution

of each equation is ensured by Theorem[2.8] We recall that the map (m, ¢, y) — u™ (¢, y) fulfills the regularity
properties given at the second and third item of Proposition[2.5].



Obviously the processes (Y*);—,... n are independent. They are also identically distributed since Theo-
rem[2.8lalso states uniqueness in law.

0 := m' the common distribution of the processes Y?,i = 1,--- , N, which is of course

So we can define m
the law of the process Y, such that (Y, u) is a solution of (L.I).
From now on, C* will denote (C%)Y, which is obviously isomorphic to C([0, T], R?"). We start observing
that, for every & € CV the function (t,z) — u} " ® (z) is obtained by composition of m + u}*(z) with
m = SN(E).

Now let us introduce the system of equations

. . N . . N .
§N =N + Jy o Q€N awi + [y gl O €iN))ds

i\N ;
=Y
G (62
. N .
0 = 3 K- @I )
with SV (¢) standing for the empirical measure associated to & := (£V);_; ... y i.e.
L
)=~ ;aw . (3.3)
L&
Similarly as in 3:3), we set SV (Y) := N Z Jy is the empirical measure for Y := (Y?),—1.... n, where we
i=1

recall that for each i € {1,--- , N}, Y is solution of (3.I). We observe that by Remark 23] SV (¢) and SV (Y)
are measurable maps from (€, F) to (P(C?), B(P(C?%))), and they are such that SV (¢), SN (Y) € Py(C?) P-
a.s. A solution ¢ := (¢%),_1 ... v of B2) is called interacting particle system.
The first line of (3.2) is in fact a path-dependent stochastic differential equation. We claim that its coefficients
are measurable. Indeed, the map (¢,€) — (SN (£),t,&L,) being continuous from ([0, 7] x C*N,B([0,T]) ®
B(CY)) to (P(CY) x [0,T] x RE, B(P(CY)) @ B([0,T]) ® BR?Y)) forall i € {1,---, N}, by composition with
the continuous map (m,t,y) ~— u™(t,y) (see Proposition 3.) we deduce the continuity of (,&) ~
(3" ©(&)),_,.... n, and so the measurability from ([0, ] x C*N, B([0,T]) ® B(CN)) to (R, B(R)).
In the sequel, for simplicity we set &<, := (£i_,)1<i<n. We remark that, by Proposition ZIT]and Remark
we have B
N(&) (g SN (&rzs) (7
(" O@),_, =) L (3.4)

i=1,N

for any s € [0,7], £ € C*N and so stochastic integrands of (3.2) are adapted (so progressively measurable
being continuous in time) and so the corresponding It6 integral makes sense. We discuss below its well-
posedness.
The fact that (3.2) has a unique (strong) solution (¢%V);_; ...y holds true because of the following arguments.
1. @ and g are Lipschitz. Moreover the map &<, ( " (£r<5)(§z)) N is Lipschitz.
Indeed, for given (&<, mr<s) € C* x CN, s € [0,T], by using succéssively inequality (2.8) of Propo-
sition@.5land Remark[21] for alli € {1,--- , N} we have

N

N
r<s) (¢ SN (r<s i i 1 j j
us” = gl =l < Ca(T) <|£s—ns|+NZ sup éi—nil)
j:10§r§s

24/Cra(T) max — sup |§£ —nZ| . (3.5)
J=1,- N o<r<s

IN



Finally the functions
N GG )
oo (9 Er=(@)
are uniformly Lipschitz and bounded.

2. A classical argument of well-posedness for systems of path-dependent stochastic differential equa-
tions with Lipschitz dependence on the sup-norm of the path, see Chapter V, Section 2.11, Theo-
rem 11.2 page 128 in [26].

After the preceding introductory considerations, we can state and prove the main theorem of the section.

Theorem 3.1. Let us suppose the validity of Assumption[ll Let N be a fixed positive integer. Let (Y*);—1,... n (resp.
((€9N);=1.... n) be the solution of BI) (resp. B2)), let m° as defined after B.I). The following assertions hold.

1. If F(K) € L*(RY), there is a constant C = C(®, g, A, K, T) such that, foralli = 1,--- N and t € [0,T),

C

Bl - " |2) < 5 (36)
N
, , C

E[ sup | -V < —, (3.7)
0<s<t N

where C' is a finite positive constant only depending on My, Mp, L, Ln,T.
2. If K belongs to WH2(R?), there is a constant C = C(®, g, A, K, T) such that, for all t € [0,T],

N o C

Ellu; © —uf 5] < . (3:8)

where C'is a finite positive constant only depending on My, Ma, Lx, L, T and ||VK]s.
Before proving Theorem 3.1} we remark that the propagation of chaos follows easily.
Corollary 3.2. Under Assumption[I) the propagation of chaos holds for the interacting particle system (£ );en.

Proof. We prove here that Theorem B.I]implies the propagation of chaos.
Indeed, for all k € N*, B.7) implies

L*(Q, F,P)
_—

LN _ vyl (2N _ 2 kN _ vk
s —-Y ) —Y“. ... ’ -Y
(§ 7€ Y 76 ) N — oo O I’
which implies in particular the convergence in law of the vector (¢1:N ¢2N ... ¢b:N) o (Y1 V2 ... [ YF).
Consequently, since (Y?);—; ... ; are i.i.d. according to m"
(BN 2N . BN converges in law to (m°)®F when N — +oc . (3.9)

O
The validity of (3.6) and (3.7) will be the consequence of the significant more general proposition below.

Proposition 3.3. Let us suppose the validity of Assumption[l} Let N be a fixed positive integer. Let (WN),_; .. n
be a family of p-dimensional standard Brownian motions (not necessarily independent). Let (Y{);—1 ... n be the family
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of i.i.d. r.v. initializing the system B.). We consider the processes (YN ),_1 ... v, such that foreachi € {1,--- ,N},
YN is the unique strong solution of

VPN =Yg [ (VN ) dwiN +f0 N(YENYYds,  forallt € [0,T) 5.10)
up M (y) = E [K(y = AN AV AR N))} . withm®N = LYN) '
recalling that V, (YN u™ ™ (YEN)) = exp ( [y Ag(VPN u™™ (VEN))ds).
Let us consider now the system of equations (3.2), where the processes W' are replaced by Wi, ie.
&V =&+ fy 2 O EMNAWIN + [Fg(us O (€M) ds
N _ YOZ
N (3.11)
N . N .
u O(y) = Z (y = &MWi(eN ST O ()

Then the following assertions hold.
1. Foranyi=1,---N, (Yf’N)te[&T] have the same law m>™

(Y%);=1.... N defined by the system @B.J).

=m0, where mQ is the common law of processes

2. Equation BII) admits a unique strong solution.

3. Suppose moreover that F(K) is in L'(R?). Then, there is a constant C = C(K,®, g, A, T) such that, for all

te0,7],
. _ . N 0 —
sup E[sup €N —VINPI 4 B[y @ — w2 < C osup E[(SN(Y) - m% )Y, (3.12)
i=1,...,.N 0<s<t p€EC,(C)
lelloo <1
with SN (Y Z(Sy, N.

Remark 3.4. 1. The rh.s. of B12) can be easily bounded if the processes (Y*N);_; ... n are i.id. Indeed, as in
the proof of the Strong Law of Large Numbers,

2
N
_ 1 _ .
sup E[(SY(Y)-m%¢)?] = sup E NZw(Y]’N)—E[w(Y”N)]
P€ECy(CY) peCy(C) j=1
lelloo <1 llelloc <1
e
= s Var(= Y o))
peCy(CY) N;
llolloo <1
1
= sup Var(—go(Yl’N))
peCy(C) N
llelloo <1
1
< = 3.13
< N (3.13)

2. The convergence of the numerical approximation uy O um’ only requires the convergence of d$(S™ (Y), m°)
to 0, where the distance d5 has been defined at Remark 2.0l By item 1. this holds if, for each N, YV i =
1,--- N are independent; however, this is only a sufficient condition.

This gives the opportunity to define new numerical schemes for which the convergence of the empirical measure
SN(Y) is verified without i.i.d. particles.

11



3. Proposition[3.3] can be used to show the convergence of the particle system and its related propagation of chaos
also for non exchangeable particles. Let us consider (Y*N),—1 ..x (resp. (€9N);_1....5) solutions of (BI0)

(resp. B.I1) where

N2 -1 1 . )
W' —W? and  fori>1, W =W,

whiV .=
N N

where we recall that (W?),—1.... n is a sequence of independent p-dimensional Brownian motions. In that situa-
tion, the particle system (¢4 ) is clearly not exchangeable. However, Proposition[B.3lapplies also in this context.
Indeed, let (Y'?) solutions of (B.1)) be the sequence of i.i.d processes (Y*) solutions of 31). PropositionB.3lyields

Elsup €0V = YJ[P) < 2E[sup | — YINP] + 2E[sup [V — Y]

s
s<t s<t s<t

(3.14)
< C sup E[(SY(Y)—m’ ¢)’] + Elsup [YN - Y]?].
s<t

pECH(CY)
llelloo <1

To bound the second term on the r.h.s. of the above inequality, observe that YN =Y fori > 1 and fori =1,
notice that simple computations, involving Burkholder-Davies-Gundy (BDG) inequality, imply

C
Efsup [Y,»V - Y] < —. 3.15
s [V~ V) < 315)
Concerning the first term on the r.h.s. of B.14), we first observe that the decomposition
L
<SN(Y) - m07 <)0> = N Z QO(Y%N) - <m0, §0>
i=1
1 N-1/ 1 &
_ (LN 1N - i, Ny _ (00
= < (e —Elp(7 ) + —— (57— > e ) = (m 0,
holds for all ¢ € Cp(C?). We recall that Y1V |- [ Y NN have the same law mP taking into account item 1. of
Proposition (3.3 It follows that
6 3(N—1)2 R
sup E|[(SY(Y) —m®¢))?| < 55+ 5 suwp El{(—= ) dyiv —m"¢)[*|. (3.16)
pecy(CH) [ N? N2 ceicd) [ N-1 ; o ]
lelloo <1 lelloo<1

Since the r.v. (Y2N ... [ YNNYareiid. according to m°, B18) and item 1. of RemarkB.4 give us

sup  E[[(SV(Y) —m®, ¢)] <
pECL(CT)

llelloo <1

=1

By use of B14) and (315), we obtain a similar inequality as B.7) in Theorem BT and finally also the propaga-
tion of chaos.

Proof of Proposition[383] Let us fix ¢ € [0,7]. In this proof, C' := C(®,g,A, K, T) is a real positive constant,
which may change from line to line.

Equation (3.10) has N blocks, numbered by 1 < i < N. Theorem[2.8 gives uniqueness in law for each block
equation, which implies that for any i = 1,--- N, m*" = m° and proves the first item.

Concerning item 2., i.e. the strong existence and pathwise uniqueness of (3.11), the same argument as for
the well-statement of (3.2) operates. The only difference consists in the fact that the Brownian motions may
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be correlated. A very close proof to the one of Theorem 11.2 page 128 in [26] works: the main argument is
the multidimensional BDG inequality, see e.g. Problem 3.29 of [19].

We discuss now item 3. proving inequality (3.12). On the one hand, since the map (¢,£) € [0,T] x
ciN s (u) T© (€8))i=1,... N is measurable and satisfies the non-anticipative property (3.4), the first as-
sertion of Lemma[.7lgives foralli € {1,--- , N}

t
. _ . N . 0 — .
E[ sup 607 YN < CE[/ Jul O EeN) — u (V)] ds]
0

0<s<t

t N : 0 : ¢ 0 - 0 .
< c / ElJus™ O (€1V) — um (€52 ds + / E[Ju™ (€6V) — u” (VioN)[2]ds

IN

¢ [ (11" O~ [+ B s 6V -V ) ds, by @,

0<r<s

(3.17)

which implies

sup E[sup [¢0N —YI NP <O / ( [Ju™© —u2] + sup E[ sup si’N—Y:’“}) ds. (3.18)

i=1,-,N 0<s<t i=1,-,N 0<r<s

We use inequalities (2.8) for m = SV (¢)(w) and m’ = SV (Y)(@)), where @ is a random realization in Q2 and
(2I1) (with the random probability = S¥ (Y) and m = m°) in Proposition 25 This yields

SN mO SN SN (Y SN m
Elllu; © —w”IZ] < 2B [l @ = u” L] + 2B ¥ — 2]
< 2CE[Wi(SN(€), SN (Y)A +2C sup  E[[(SV(Y) —m®, o)
PECH(CY)
lelloo <1
2C _
< ZJE sup [N —YINPI+C osup E[(SN(Y) —mP, ¢)|?]
i—1 0<s<t »eCp(C?)
[elloo <1
< 2C sup E[sup |§i’N7Y(j’N\2]
i=1,--,N 0<s<t
+C sup E[(SY(Y)—m? o), (3.19)
peCy(CT)
lelloo <1

where the third inequality follows from Remark 2]
Let us introduce the non-negative function G defined on [0, 7] by

SN
G(t) = Elu; @ —u”|2] + sup B[ sup [60Y — VNP
i=1,-,N <s<t

From inequalities (3.18) and (3.19) that are valid for all ¢ € [0, 7], we obtain

G(t) < (20+1) sup E[sup [&V —YINPI+C sup E[(SY(Y) —m’, ¢)f]

i=1,--,N 0<s<t SOGCb(Cd)
lelloo <1
t
< o (B - I+ s Blsup |6V - P ) ds
0 i=1,---,N 0<r<s
+C sup E[(SY(Y) —m, ¢) ]
pEC,(CY)
llelloo <1
: C/ s)ds+C sup E[(SV(Y)—m", @] . (3.20)
peCy(C?)
l[elloo <1
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By Gronwall’s lemma, for all ¢ € [0,T], we obtain

SN 0 . . —
Ellu; @ —w %]+ sup E[sup [€2 — VIV < Ce sup E[(SN(Y) -m0)?].  (3.21)
i=1,,N 0<s<t ©EC,(CT)
lelloo <1

This concludes the proof of Proposition[3.3l O
From now on, we prove Theorem[31]

Proof of Theorem[31] As we have mentioned above we will apply PropositionB.3]setting foralli € {1,--- , N},
WHN .= W, Pathwise uniqueness of systems (3.I) and (3.I0) implies Y*V = Y foralli € {1,--- , N}. Tak-
ing into account in Proposition[3.3] in order to establish inequalities (3.6) and (8.7), we need to bound
the quantity sup E[[(SV(Y) —m° )] . This is possible via item 1. of Remark B4 since (Y?);=;... x

p€EC,H(C)
lelloo <1

are i.i.d. according to m". This concludes the proof of item 1.
It remains now to prove (B.8) in item 2. First, the inequality

SN m° SN SNy SN(Y mO°
Elllu; @ =12 < 2B[Jluf @ — w13+ 2B [fluy Y — w13, (3.22)

holds for all ¢ € [0,7]. Using inequality (2I0) of Proposition 28] for all ¢ € [0,T], for m = SN (&), m' =
SN(Y), we get

SN SN (Y
Elllu; © —uf O3]

IN

CE[W:(S™(€), SV (Y))?]

N
1 : .
< O E[sup [N - V7P

N o osrst
C
< = 2

< < 6.23)

where the latter inequality is obtained through (87). The second term of the rh.s. in (322) needs more
computations. Let us fix ¢ € {1,--- , N}. First,
SN (Y m°

Elllug ™ — i |3] < 2 (B]I4:]3] + E(IB:3]) (3.24)

where, for all ¢ € [0, 7]

=
=
i
==
M=

<
I
-

K(z —Y)) [Vt (V7 uS" ) (v7)) - V;(Yj,um”(yj))}
(3.25)

0

2|~

Bi(z) := Kz — Y)WV, (Y7, um (V7)) - E{K(m —YHV (YL (Yl))} :

1

J

where we recall that m? is the common law of all the processes Yi1<i<N.

To simplify notations, we set P;(t,z) := K (x — Y/ )V, (Y7, 0™ (V7)) —E [K(z — YV (Y um (Yl))] for all
je{l,--- N}, x€R¥and t € [0,T].

We observe that for all z € R, ¢ € [0,T], (Pj(t,));=1,.. n arei.i.d. centered r.v. Hence,

0 2 AM e e2tMa
< K

E[B,(x)?) = yEIP(t )] < SEK (@ — YAV (7)) < R TR (e - )
By integrating each side of the inequality above w.r.t. z € R¢, we obtain
2t M A
B| [ 1Bi@)ad] = [ BB P < B 626)
R4 Rd N
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where we have used that | K||; = 1.
Concerning A, (z), we write

N
1 . . . . 12
M@ < oD K@= (Y w0 0) — (Y u (7))
j=1
1Y : , . . 2
= T K@ =YK =¥ V(1 () — (v u (1))
j=1
MKkT oy 72 al i [ SN (Y) (v i m® (v3(2
< N ¢ MR Y K=Y | e O () = (V) Pdr
j=1 0
MkT oiny 2 a i [ SN(Y) . omPy2
< Te ALAZK('/E_Y;) ||ur — U, Hoodrv
; 0

<
Il
—

(3.27)

where the third inequality comes from 2.7). Integrating w.r.t. 2 € R? and taking expectation on each side
of the above inequality gives us, for all t € [0, 77,

t
B[ )P < e} Bl - w ar
R4 0
< MgT?MALZC sup E[(SN(Y) —m® @)
peCy(C)
llelloo <1
M T2 2tMAL2
< Mae O (3.28)

where we have used (Z.I) of Proposition 2.5l for the second inequality above and (3.I3) for the latter one.

To conclude, it is enough to replace (38:26), 328) in (38:24), and inject (3:23), (3:24) into (3.22).
]

4 Particle algorithm

4.1 Time discretization of the particle system

In this section Assumption Qis in force. Let (Y{);—1,... n be iid. rv. distributed according to (. In the
sequel, we are interested in discretizing the interacting particle system B.2). (¢%V,1 < i < N) will denote
again the corresponding solution. Let us consider a regular time grid 0 =ty < --- < ¢}, = kdt < -+ <
t, = T, with 6t = T/n. We introduce the continuous R%"-valued process (ét)te[oyT] and the family of
nonnegative functions (i );[o,r) defined on R? such that

& =Y N _ . _ _ (4.1)
wu(y) = £ N Ky — 8 exp { LA (), 8, @@ ) ds} , forany ¢ €]0,T],
ug = K x (o

where r : s € [0,T] — 7(s) € {to,--t,} is the piecewise constant function such that r(s) = ¢, when s €
[tk, tk+1[- We can observe that (f”v )i=1,... .~ is an adapted and continuous process. The interacting particle
system (£€9N),_; ..y can be simulated perfectly at the discrete instants ()s—o.... ,, via independent standard
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and centered Gaussian random variables. We will show that this interacting particle system provides an

approximation to the solution (¢%V),_; ...y, of system (3.2), which converges at a rate of order /5t.

Proposition 4.1. The time discretized particle system @) converges to the original particle system (3.2). More
precisely, for all t € [0, T, the following estimates hold:

Efla— o %]+ sup B |sup e - NP | < ot 42)
=1, s<t
where C is a finite positive constant only depending on My, M, Ly, Ly, T.

If we assume moreover that K € W12(R%), then

Ell|a, — o @2 <oot, telo,T), 4.3)

where C'is a finite positive constant only depending on My, My, Lx, Lx,T and |V K ||2. The left-hand side of #3)
is generally known, as Mean Integrated Squared Error (MISE).

The result above permits us to establish the convergence of i, to u™ when 6t — 0 and N — +o0, with

an explicit rate of convergence.

Theorem 4.2. We indicate by m® the law of Y, where (Y, u) the solution of (LI). The time discretized particle
system @I) converges to the solution of (LI). More precisely, there exists a real constant C' > 0 such that for all
te 0,77,

o 1
Eflluy™ — @3] < Cot+ ) - (44)
Proof. We first observe that for all ¢t € [0, T,
m® m° SN sy ~
Bl —al%] < 2B[luf —up O]+ 2E]luy - a@]Z) . (4.5)

The first term in the rh.s. of @3) comes from the (strong) convergence of the particle system (£%V),—1 ... x
to (Yi)l-:L... .~ whose convergence is of order %, see Theorem 3.1] inequality (3.6).

The second term in the r.h.s of (5) comes from the time discretization whose expected squared error is of
order 6t, see Proposition &1} inequality #.2). O

The proof of Proposition Bl relies on similar techniques used to prove Theorem 3.1l The idea is first to
estimate through Lemma[.3]the perturbation error due to the time discretization scheme of the SDE and of
the integral appearing in the exponential weight in system @.I). Later the propagation of this error through
the dynamical system (8.2) will be controlled via Gronwall’s lemma. Lemma 3] below will be proved in
the Appendix.

Lemma 4.3. There exists a finite constant C' > 0 only depending on T, My, Lic, Mo, Lo, My, Ly and My, Ly such
that for any t € [0,T],

B0 — &N < Cot (4.6)
EHﬂr(t) - /Ilt”go < Cét (47)
||y —uy @|%] < Cét . (4.8)

Proof of Proposition All along this proof, C' will denote a positive constant that only depends on
T,Mg,Lg, Mo, Lo, My, Ly and M, Lx and that can change from line to line. Let us fix ¢ € [0, T.
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e We begin by considering inequality @2). We first fix 1 < i < N. By &7) and #8) in Lemma[@.3and
2.9) in Proposition 2.5 we obtain

Efli —uf Q2] < 2E[las —uf Q2]+ 2E[luf © —uf ©)2]
< A(E[lr — ] + Elling —uf - ©J2]) + 2E[luf © - ©)2]
< C8t+ CE[[W, (SN (€), SN (€)1
< Cot+C sup Efsup &N — 0N, (4.9)
i=1,- N s<t

where the function u5" (©) makes sense since ¢ has almost surely continuous trajectories and so S (€)
is a random probability in P(C?).
Besides, by the second assertion of Lemma [2.7] we get

t .
Elsup|e;™ — V] < CE U iy (€)= S (fZN)|2ds]+C/ & glN} ds + Cot* .
0

s<t

(4.10)

Concerning the first term in the r.h.s. of (£.10), we have for all s € [0, T]

—uST O LNy

IN

2|1~1’r( )( T(S ) S (5)( 1N)|2+2|US’ ({)(62]\[)) qu(g)(gi’N)F
2||t () — f ||2 JrQC\le g2, (4.11)

IN

where the second inequality above follows by @.8) in Proposition setting m = m’ = SN(¢).
Consequently, by @.10)

t ) )
Bl -7 < 0 {B[ [ —us O as] + [B[68 -] s o)
B t
cfs| / ||ar(s>—as||§ods}+ﬁ[ [ s Oz as
0

t
+E U |§r( - N2 ds] +E [/ |ELN — b2 ds] + 6t2} . (412
0
Using inequalities (4.6) and {.7) in Lemma forall ¢ € [0, T], we obtain

A

IN

t
sup E[sup |ELN — bN 2] < Cot? + C/ [IEH&S —uS @2 )+ SUp E[sup &N —eb NF]} ds.
i=1,--- ,N 0 1=1,---,N

(4.13)
Gathering the latter inequality together with @.9) yields

Elli —u)” @2+ sup EfsupléN — N2 < C5t+2C sup Elsup |0 — €N
i=1,-,N  s<t i=1,-,N  s<t
<
+c/ iy — uS™ @)% )]
+ sup E[sup|§ 1N|2} ds. (4.14)
i=1,-
Applying Gronwall’s lemma to the function
. N

te sup Efsup|&™ — NP+ Bl — w12 ]

i=1,---,N

ends the proof of @.2).
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e We focus now on (3). First we observe that
N
Bl - w ©13] < 2Bl1a — )" © 3] + 2Bl © - o Q. (4.15)

Using successively item 4. of Proposition Remark 7] and inequality @2), we can bound the
second term on the r.h.s. of (£.15) as follows:

B[l © — ¥ ©O2 < CE[w (SN (), SV (€)?)
< C sup E[supr &N 2]
i=1,--- ,N
< C6t. (4.16)

To simplify the notations, we introduce the real valued random variables
puty
Vti : efotA<S’52,N’u§N(£~)(£;,N))dS and ~ti : eféA(’“(3%53(1!)’ﬂr<s>(§i’<f)))ds 7 (4.17)

defined forany i = 1,--- N and ¢t € [0,T].
Concerning the first term on the r.h.s. of (£I5), inequality (6.2) of Lemma[6.T]in the Appendix gives
for all y € R?

N
. 3 M Fi,N\ ({7 _ 1
an(y) —u QW) < DKy — ENN - VI (4.18)
i=1
Integrating the inequality (£I8) with respect to y, yields

~ SN(€) 12 ~ )2 My <~
oo = wf™ 1 = [ laut) — " Oy < TSV

which, in turn, implies

N
~ SN (€ MK Cri 7

E [l - 93] < 55 ZE (Vi -vie] . (4.19)

Using successively item 1. of Lemmal6.dland inequality (£.6) of Lemma[d3] foralli € {1,--- , N}, we

obtain
t ) NoE o~
B[V —Vi["] < C(6t)+CE [ / ey g ds] + B [ i @) - 8" 0@ Pas
0
<

Cét + CE [ / iy (€)= uS™© (éfj(f))ﬁds}

+ cE| / s O — ™ OE ) Pas|

< cot+C / (Bl — ™ 2] + BIER — 6] ds

< Cot+ C’/OtIE[Har(S) —uS @2 ) ds, (4.20)

where the fourth inequality above follows from Proposition 2.5} see (Z.8). Consequently using (.20)
and inequality (£.8) of Lemma[.3] (&.19) becomes

t -
Efla — v @) < ZEM ViRl OBt+C [ Elln —uf Ol

<
\,./
E20
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Finally, injecting £.21)) and @.16) in yields
Ela - @2 < ost,

which ends the proof of Proposition .1l O

4.2 Algorithm description

In this section, we describe precisely the algorithm relying on the time-discretization (&) of the interacting
particle system (B.2). Let vy be the law density of Y, where Y is the solution of (II). In the sequel, we will
make use of the same notations as in previous section. In particular, 0 = to < --- <t = kit <--- <t, =T
is a regular time grid with §¢ = T'/n. For fixed h > 0, we define the real-valued function K" : R — R? as
mollification with bandwith parameter h.

Initialization for k£ = 0.
1. Generate (éig)N)i:
2.setGl:=1,i=1,---,N;
3. set iy, (+) = (K" % vg)(+);

1,..~ Lid.~ v (z)dz;

Iterations fork=0, ..., n-1.
e Independently for each particle QILN forj=1,---N,
SN SN - (N .
ftkﬂ = fik + @(tk,ﬁgk s Uty, (é‘gk ))\/Eﬁiﬂ s
where (€])j=1... N.k=1,...n is a sequence of i.i.d centered and standard Gaussian variables;

e setforj=1,---N,

Gy = Gl x exp (At 7, (€))t )
e set
N
utk+1 Z k+1 X Kh 5tk+1)
Remark 4.4. For a fixed k € {0,--- ,n — 1}, we observe that the simulation of the j-th particle éikjrl at time t41

involves the whole particle system through the evaluation of @y, (55;” ), which implies a complexity of the algorithm of
order nN2.

5 Numerical results

5.1 Preliminary considerations

One motivating issue of this section is how the interacting particle system ¢ := ¢V defined in (3.2) with
K = K¢, K*(x) := Z¢%(%) for some mollifier ¢¢, can be used to approach the solution v of the PDE

O = 5 Z <I><I> )i,j(t,z,v)v ) —div (g(t, z,v)v) + A(t,z,v)v
3,j=1
v(0,x) = v ,

(5.22)
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to which we can reasonably expect that (I.2) converges when K* 5 J.

Two significant parameters, i.e. ¢ — 0, N — +oo, intervene. We expect to approximate v by u*"", which
is the solution of the linking equation (L3), associated with the empirical measure m = S (¢). To this
purpose, we want to control empirically the Mean Integrated Squared Error (MISE) between the solution v
of (522) and the particle approximation u*", i.e. for ¢t € [0, 7,

E([lu;™ — vel|3) < 2E[lluf™ — wflI3] + 2E[uf — ve13], (5.23)

where u® = ™ with K = K € mY being the common law of processes Y? 1<i< Nin@]I). Even though
the second expectation in the r.h.s. of (5.23) does not explicitely involve the number of particles N, the first
expectation crucially depends on both parameters ¢, N. The behavior of the first expectation relies on the
propagation of chaos. This phenomenon has been observed in Corollary which is a consequence of
Theorem B} for a fixed ¢ > 0, when N — +o0. According to Theorem [3.] the first error term on the r.h.s.

of the above inequality can be bounded by CJ(\,E ),

Concerning the second error term, no result is available but we expect that it converges to zero when e — 0.
To control the MISE, it remains to determine a relation N — () such that

ge(N) —— 0 and Cle(V))
N—+o00 N N—+o00

0. (5.24)

When the coefficients ®, g and the initial condition are smooth with ® non-degenerate and A = 0 (i.e. in the
conservative case), Theorem 2.7 of gives a description of such a relation.

In our empirical analysis, we have concentrated on a test case, for which we have an explicit solution.

We first illustrate the chaos propagation for fixed ¢ > 0, i.e. the result of Theorem[B.I] On the other hand,

we give an empirical insight concerning the following:
e the asymptotic behavior of the second error term in inequality (5.23) for e — 0;
e the tradeoff N + ¢(NV) verifying (5.24)

Moreover, the simulations reveal two behaviors regarding the chaos propagation intensity.

5.2 The target PDE

We describe now the test case. For a given triple (m, u, A) €]1,00[xR% x R4 we consider the following
nonlinear PDE of the form (5.22):

d
O = ;”z_:l 97 (0(®D"); ;(t, x,v)) — div(vg(t, z,v)) + vAt, z,v), (5.25)
v(0,2) = Bpn(2,2)fya(x) forallz € R,
where the functions ®, g, A defined on [0, 7] x R? x R are such that
B(t,2,2) = f, 3 (2)2"F 1, (5.26)
I; denoting the identity matrix in R%*9,
g(t,z,2) = fi;m(m)szlAJrTAt(x —p), and A(t,z,z) = fi;{"’(a:)szlTr (AJ;At> . (5.27)
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Here f, 4 : R? — R is given by
1 1 -1
Jua(z) = Ce2(@mwA@=1) = normalized by C = [ B (2,z)e2(z=m)-Ale—n) (5.28)
Rd

and B,, is the d-dimensional Barenblatt-Pattle density associated to m > 1, i.e.
1 1
B, (t,x) = 5(D — kit 2P|z |) e, (5.29)

a
: _ d _ o« _ m-—1 _ _am2D(72y) 23;%
Wltha—m7B—E,K—TBaHdD—[2K/ 2w} ( ).

m—1

In the specific case where A is the zero matrix of R¥*¢, then f, 4 = 1; ¢ = 0 and A = 0. Hence, we

recover the conservative porous media equation, whose explicit solution is
v(t,x) = By (t+2,2), forall (t,z) € [0,T] x RY,
see [ For general values of A € R%*?, extended calculations produce the following explicit solution
v(0,") =vo(-) and wv(t,x) = By (t +2,2)f, a(z), forall (t,z) € [0,T] x R?, (5.30)

of (6.25), which is non conservative.

5.3 Details of the implementation

Once fixed the number N of particles, we have run M = 100i.i.d. particle systems producing (usN ’i)izl,... M,
which are M i.i.d. realizations of u*" introduced just after (522). The MISE is then approximated by the
Monte Carlo approximation

M Q
1 . . . .
E[f|us™ — v]|2] ~ 0 SO Jug ™) = v(XT) o710, X7), forallt € (0,77, (5.31)
i=1 j=1

where (X7);_1.... g=1000 are i.i.d R%-valued random variables with common density v(0, -). In our simula-
tion, we have chosen ' = 1, m = 3/2, p = 0Oand A = 21;. K° = 2 ¢%(2) with ¢? being the standard and
centered Gaussian density. We have run a discretized version of the interacting particle system with Euler
scheme mesh kT'/n with n = 10. Notice that this discretization error is neglected in the present analysis.

The initial condition v(0, -) is perfectly simulated using a rejection algorithm with a Gaussian instrumental
distribution.

5.4 Simulations analysis

Our simulations show that the approximation error presents two types of behavior depending on the num-
ber N of particles with respect to the regularization parameter e.

1. For large values of N, we visualize a chaos propagation behavior for which the error estimates are similar
to the ones provided by the density estimation theory [27] corresponding to the classical framework
of independent samples.

2. For small values of N appears a transient behavior for which the bias and variance errors cannot be
easily described.
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Observe that the Mean Integrated Squared Error MISE (e, N) := E[||us™ — v4]|2] can be decomposed as
the sum of the variance V;(e, N) and squared bias B} (e, V) as follows:

MISE,(¢,N) = V(e,N)+ B?(c,N)
E s - Bl V13| + E [IBR™] - vlf] - (5.32)

For N large enough, according to Corollary B.2] one expects that the propagation of chaos holds. Then the
particle system (£4V),_; ... y (solution of (32)) is close to an i.i.d. system with common law m". We observe
that, in the specific case where the weighting function A does not depend on the density u, for t € [0, 7], we
have

N

E[uN] = % Z (-—& exp{/ S s}
YOV (Y]

= . (5.33)

Il
&=

Therefore, under the chaos propagation behavior, the approximations below hold for the variance and the
squared bias:
Ve, N) ~E[up™ = uil] and  Bi(e,N) ~E [Juf — willf] - (5.34)

We recall that the relation u® = K¢ * v comes from Theorem 6.1 of [20], where v¢ is solution of (I.2) with
K = K°*.

On Figure[I] we have reported the estimated variance error V;(e, V) as a function of the particle number
N, (on the left graph) and as a function of the regularization parameter ¢, (on the right graph), fort =T =1
and d = 5. We have used for this a similar Monte Carlo approximation as (5.31).
That figure shows that, when the number of particles is large enough, the variance error behaves precisely
as in the classical case of density estimation encountered in [27], i.e., vanishing at a rate ﬁ' see relation
(4.10), Chapter 4., Section 4.3.1. This is in particular illustrated by the log-log graphs, showing almost linear
curve, when N is sufficiently large. In particular we observe the following.

e On the left graph, log(V;(e, N)) ~ a — alog N with slope a = 1;
o On the right graph, log V;(e, N) =~ b — floge with slope § =5 = d.

It seems that the threshold N after which appears the linear behavior (compatible with the propagation of
chaos situation corresponding to asymptotic-i.i.d. particles) decreases when ¢ grows. In other words, when
¢ is large, less particles IV are needed to give evidence to the chaotic behavior.

This phenomenon can be probably explained by analyzing the particle system dynamics. Indeed, at
each time step, the interaction between the particles is due to the empirical estimation of u* = K* xv° based
on the particle system. Intuitively, the more accurate the approximation u®" of u¢ is, the less strong the

interaction between particles will be. In the limiting case when u®"

Now observe that at time step 0, the particle system (£;") is i.i.d. according to vg(-), so that the esti-

= u®, the interaction disappears.

mation of (K¢ % v°)(0, -) provided by @J) reduces to the classical density estimation approach, see [27] as
mentioned above. In that classical framework, we emphasize that, for larger values of ¢, the number of
particles, needed to achieve a given density estimation accuracy, is smaller. Hence, one can imagine that for

larger values of ¢ less particles will be needed to obtain a quasi-i.i.d particle system at time step 1, (521]\[).
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We can then reasonably presume that this initial error propagates along the time steps.

On Figure 2] we have reported the estimated squared bias error, B?(e, N), as a function of the regular-
ization parameter, ¢, for different values of the particle number N, fort =7 = 1and d = 5.
One can observe that, similarly to the classical i.i.d. case, (see relation (4.9) in Chapter 4., Section 4.3.1
in [27]), for N large enough, the bias error does not depend on N and can be approximated by ae?, for
some constant a > 0. This is in fact coherent with the bias approximation (5.34), developed in the specific
case where the weighting function A does not depend on the density. Assuming the validity of approxi-
mation (5.34) and of the previous empirical observation implies that one can bound the error between the
solution, v¢, of the regularized PDE of the form (L2) (with K = K¢) associated to (5.25), and the solution,
v, of the limit (non regularized) PDE (5.25) as follows

Ellof —will3] < 2B[llvf - wl3] + 2B | uf - vull3]

A

2K |of — K=+ of 3] + 2 lluf - i3]
< 2(d' +a)et. (5.35)

Indeed, at least, the first term in the second line can be easily bounded, supposing that v; has a bounded
second derivative. This constitutes an empirical proof of the fact that v* converges to v.

As observed in the variance error graphs, the threshold N, above which the propagation of chaos behavior
is observed decreases with €. Indeed, for ¢ > 0.6 we observe a chaotic behavior of the bias error, starting
from N > 500, whereas for € € [0.4, 0.6], this chaotic behavior appears only for N' > 5000. Finally, for small
values of £ < 0.6, the bias highly depends on N for any N < 10%; moreover that dependence becomes less
relevant when N increases.

Taking into account both the bias and the variance error in the MISE (5.32), the choice of ¢ has to be
carefully optimized w.r.t. the number of particles: ¢ going to zero together with N going to infinity at a
judicious relative rate seem to ensure the convergence of the estimated MISE to zero. This kind of tradeoff
is standard in density estimation theory and was already investigated theoretically in the context of forward
interacting particle systems related to conservative regularized nonlinear PDE in [18]. Extending this type
of theoretical analysis to our non conservative framework is beyond the scope of the present paper.
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Figure 1: Variance error as a function of the number of particles, N, and the mollifier window width, ¢, for dimension

d =5 at the final time step 7" = 1.
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Figure 2: Bias error as a function of the mollifier window width, ¢, for dimension d = 5 at the final time step 7' = 1.

6 Appendix

In this appendix, we present the proof of Lemma[.3 We first proceed with the proof of some intermediary
inequalities.

Lemma 6.1. Let N € N*. Let (€"N),_; ... n be a solution of the interacting particle system @B2); let (€N ),=1... n
and @ as defined as in the discretized interacting particle system @.).

t i, N (&), z, ~ . ~t Fi,N =~ Si,
The random variables V;i := eJo A(s &M 0@ )ds g Vi = elo A(T(s)’gﬂf)’“r(s)(Er<f>))ds,for all t € [0,7T),
i€ {1,---, N} fulfill the following.
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1. Forallt € [0,7],i€{1,--- ,N}

E[|V; — V{[’] < C(5t)* + CE { / &y — &N ds} +CE { / iy (€)= uS ™ O EEN)2ds |, (6.1)
where C is a real positive constant depending only on My, Ly and T
2. Forall (t,y) € [0,T] x R4, i€ {1,--- N}

N
N . .
fany) TKZ (v—&™) Vi = Vi (6.2)

Proof of Lemmal1l Let us fix t € [0,T],i € {1,---,N}. To prove (6.), it is enough to recall that A being
uniformly Lipschitz w.r.t. the time and space variables, the inequality (2.6) yields

t . N~
Vi = Vi[? < 3e2Ma L} / [Ir(s) = s + 15 = &P o €0) —us" Q@M ds. (63)
0

and taking the expectation in both sides of (6.3) implies (6.1) with C' := 3e*TMa 2.
Let us fix y € RY. Concerning (6.2), by recalling the third line equation of (&I) and the linking equation
@3) (with m = SN (£)), we have

2|~
4M2

s
Il
_

K(y—&MV; ZKy &MV

2

==
4M2

y— ) (V= v7)

1

~

K2 (y = &MV = VP

IA
~
Mz

N
i1
M Si = i
< TKZK(y—SJN) Vi -V (64)
which concludes the proof of (6.2) and therefore of Lemma[6.1] O

From now on, we prove Lemma 4.3

Proof of Lemma[d.3l All along this proof, C' will denote a positive constant that only depends
T,Mg,Lg,Ms,Ls, Mgy, Ly and My, L, and that can change from line to line. Let us fix t € [0, T7.

e Inequality @.6) of Lemma 3] is simply a consequence of the fact that the coefficients ¢ and ¢ are
uniformly bounded. Indeed,

d

E[IEY — &N

t ~ t
/ 2 EL ). + /. A E)) ds ]

t t
< oE /(ﬂ@(am‘)(m DI2 ds| +2(t — (1) E /m| NG >>2ds]
< 2MZot + 2M;(6t)?
< (Cét, assoonas dte€]0,1].
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e Now, let us focus on the second inequality #7) of Lemma[3] Note that for any y € R¢, the following
inequality holds:

N
~ ~ 1 =i =i (®) r(s ,~i’N V(s ¢i, N s
o)~ e < 5 30 || K= E5) - Kly - &) i T ACOLE )
i=1

+ K(y—§&™) oI5 A i €0 ds _ Ji A(r(). 60 i (€10) ds

1

(6.5)

Using the Lipschitz property of A and the fact that K and A are bounded, one can apply (2.6) to bound

the second term of the sum on the r.h.s. of the above inequality as follows:

. r(t) Si,N - Fi, t X Fi,N o~ i,
K(y _ EZ,N) ‘efo A(T(S),ET(Z;]),H,,.(S) (g,‘({zf)))dg _ efo A(7 (S)ng(]:)7ur(s)(fr(];])))ds S MKe(tfr(t))MA (t _ T(t))MA
< Ot (6.6)

The first term of the sum on the r.h.s. of (6.5) is bounded using the Lipschitz property of K and the
fact that A is bounded.

. . r(t) .
K(y— fi’év)) — K(y—&m) oo A(r (), SN IR (S )))ds < LgetMa|ghN _ gol) (6.7)

Injecting (6.6) and (6.7) in (&.5), for all y € R?, we obtain

r(t)

My N

i, N
Z ‘gr(t) gt |a

=1

” ~ Lye
i1y (y) — ()| < Cot + =5

which finally implies that

”ar(t) - ﬁtHZ < cot? + Z ‘gr(f) fé N

We conclude by using inequality @.6) of Lemma .3 after taking the expectation of the rh.s. of the
above inequality.

e Finally, we deal with inequality @.8) of Lemma Observe that the error on the left-hand side can
be decomposed as

SN g - _ - SN &
e 2 ry — |2 + 2E[|[iie — uf ©||%]

Ot + 2E[||a, —uf " Q)2 (6.8)

IN

E[”ﬂr(t) — U

N

where we have used inequality @.7) of Lemma[4.3]
Let us consider the second term on the r.h.s. of the above inequality. To simplify the notations, we
introduce the real valued random variables

. ci, N(&y,zi, ~ . g, ~ &i,
Vi = ANt O@M)as ang iz S A G e @) (69)

defined forany ¢ =1,--- N and ¢ € [0, T].
Using successively inequalities (6.1) of Lemmal6.I] (.6) of LemmaM.3land ([2.8) of Proposition 2.5 we
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have foralli € {1,--- ,N},

E[IV; - Vi[’]

IN

IN

<

<

oot + CE | [ @) " OE s

C6t + CE { /O t (o) (E50) — uS™© (éi’(Z)IQdS]

v om [ [ 1O @) - o O @

Cdt +C / (Bl — S O + B — V) ds

t .
05t+0/ E[l|iy) —us 2] ds .
0

On the other hand, inequality (6.2) of Lemma[6.Jlimplies

B N (& M?2 N ~ . .
e =y Ol < SV
1=1

Taking the expectation in both sides of (6.11) and using (6.10) give

- N t
- SN M}, i i - N
Ellla —w” ©O)%) < SE SB[V - viP] < cot+C / By o) —uf" ©|%) ds
i=1

We end the proof by injecting this last inequality in (6.8) and by applying Gronwall’s lemma.

(6.10)

(6.11)

(6.12)

O
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