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Abstract

A phenomenological mo del describing the time-frequency dep endence of the

p ower sp ectrum of thin plates vibrating in a wave turbulence regime, is in-

tro duced. The mo del equation contains as basic solutions the Rayleigh-Jeans

equipartition of energy, as well as the Kolmogorov-Zakharov sp ectrum of wave

turbulence. In the Wave Turbulence Theory framework, the mo del is used to

investigate the self-similar, non-stationary solutions of forced and free turbu-

lent vibrations. Frequency-dep endent damping laws can easily b e accounted for.

Their e�ects on the characteristics of the stationary sp ectra of turbulence are

then investigated. Thanks to this analysis, self-similar universal solutions are

given, relating the p ower sp ectrum to b oth the injected p ower and the damping

law.

1. Intro duction

The Wave (or Weak) Turbulence Theory (WTT) aims at describing the long-

term b ehaviour of weakly nonlinear systems where the nonlinearity controls the

exchanges b etween scales [1, 2, 3]. Under classical assumptions such as disp er-

sivity, weak nonlinearities and the existence of a transparency window in which

the dynamics is assumed to b e conservative, a kinetic equation can b e deduced

for the slow dynamics of the sp ectral amplitude. In addition to the Rayleigh-

Jeans sp ectrum that corresp onds to the equipartition of the conserved quantity,

here the energy, a broadband Kolmogorov-Zakharov (KZ) sp ectrum of constant

energy �ux is predicted, by analogy with hydro dynamic turbulence [1, 2]. Such

dynamics has b een �rstly studied for o cean (gravity) waves [4, 5, 6] and since

then in systems such as capillary waves [7, 8], nonlinear optics [9] or plasmas [10].
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A wave turbulence sp ectrum for elastic vibrating plates has b een deduced

theoretically and observed numerically in [11]. The theoretical analysis considers

the dynamics of a geometrically nonlinear thin vibrating plate in the framework

of the Föppl-von Kármán (FVK) equations. The WTT analysis leads to the

prediction of a direct cascade characterized by a KZ sp ectrum with constant

energy �ux. So on after, two indep endent exp eriments p erformed on thin elastic

plates [12, 13, 14] did not recover the theoretically predicted and numerically ob-

served sp ectra, questioning the validity of the underlying assumptions of WTT

in the case of vibrating plates. Recently, an exp erimental and numerical study

considering the e�ect of damping on the turbulent prop erties of thin vibrating

plates has clearly established that [15] :

� In exp eriments, damping acts at all scales such that the assumption of a

transparency window, a domain in the wave numb er space where dissipa-

tion and injection can b e neglected, is questionable.

� Mo difying the damping alters the shap e of the velo city p ower sp ectra so

that a direct comparison with the predicted sp ectra is out of reach in

exp erimental conditions.

� However, by including the exp erimentally measured damping laws in the

numerical simulations of the full dynamics (the FVK equations), a go o d

agreement with the exp eriments is retrieved. This suggests that the dis-

crepancies b etween the exp eriments and the WTT predictions are mainly

due to damping.

These conclusions have b een corrob orated by a numerical study where the damp-

ing was gradually mo di�ed, from the exp erimentally measured law to a vanishing

value in a given frequency band [16], showing also how the sp ectra are mo di�ed

by a small yet non-negligible values of damping found in real plates.

Accounting for dissipation within the WTT framework remains challenging

since the analytic calculations are based on the long time asymptotic evolution

of the weakly nonlinear Hamiltonian dynamics. The injection and dissipation in

this context can b e seen as b oundary conditions imp osed to the transparency

window in the wave numb er space and to the b est of our knowledge, we do

not know any analytical attempt to intro duce dissipation within the WTT. An-

other option would b e to �nd an alternative description of the dynamics of

the p ower sp ectrum, where adding dissipation app ears more straightforward.

The alternative can b e provided by using a phenomenological mo del describ-

ing the temp oral evolution of the p ower sp ectra, as �rst prop osed by Leith for

hydro dynamic isotropic turbulence [17]. These mo dels provide a natural frame-

work for investigating unsteady and self-similar dynamics in a variety of context

[17, 18, 19, 20, 21, 22]. They are generally derived from ad-ho c assumptions,

by constructing a mo del equation admitting as stationary solutions b oth the

Rayleigh-Jeans equipartition of energy and the KZ sp ectrum. This results in a

nonlinear di�usion equation in the wave numb er ( k -space) or the frequency ( ! -

space) domain, which mimics the energy transfer within the mo des. Thanks to

this approach, ideal situations can b e investigated, as for instance the injection

of a constant �ux of energy at small scales and its di�usion, or the evolution of
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an initial condition in absence of dissipation. Self-similar dynamics are generally

observed in these cases.

The goal of this pap er is thus to derive and investigate such a phenomeno-

logical mo del in the case of elastic vibrating plates. The mo del equation should

contain b oth Rayleigh-Jeans and KZ solutions. Injection and dissipation terms

are then intro duced in order to study more particularly the e�ects of the damp-

ing. Two main results are obtained. First, self-similar dynamics for forced and

isolated turbulence in the absence of dissipation are retrieved. In a second part,

the e�ect of the damping on the cascading turbulent sp ectrum is investigated,

exhibiting a self-similar solution relating the p ower sp ectrum to the injected

p ower and the damping law.

2. Mo del equation

The application of the wave turbulence theory to the Föppl-von Kármán thin

plate equations has b een p erformed in [11] (see App endix A for the dimensional

and non-dimensional forms of these equations. Note that for this section, all

values are dimensionless). Without recalling the details of the derivation and

the complex form of the kinetic equation, one only needs to remind that the

two stationary solutions of the kinetic equation, written here under the form of

a density of energy E ! , function of the frequency ! , are :

� The Rayleigh-Jeans equilibrium solution, where the energy E ! is equally

parted along all the available mo des. Consequently, the density of energy

E ! is a constant that is denoted as C :

E ! = C: (1)

� The Kolmogorov-Zakharov solution, for which an energy �ux " is trans-

ferred along the cascade until its dissipation near ! ?
, the cut-o� frequency

of the sp ectrum. Referring to [11], the energy sp ectrum in this case is such

that

E KZ
! = A"

1
3 log

1
3

�
! ?

!

�
; (2)

where A is a constant. The sp eci�c form of this solution, consisting in

a logarithmic correction of the Rayleigh-Jeans sp ectrum, comes from a

degeneracy of the equilibrium solution in a similar manner as for the non-

linear Schrö dinger equation [9]. In fact, this logarithmic correction is ob-

tained using a p erturbative expansion and is valid far from ! ?
. Therefore,

although Eq. (2) exhibits a steep cut-o� b ecause of the non-existence of

the mathematical solution ab ove ! ?
(negative energy), exp eriments and

numerical simulations do not show such a b ehaviour, and the sp ectrum

decreases more smo othly as ! increases in the vicinity of ! ?
[15, 24, 25].

The phenomenological mo del is directly deduced from these stationary solu-

tions of the energy sp ectrum. Let us consider the following di�usion-like equation
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in the ! -space for the energy sp ectrum E ! (!; t ) :

@t E ! = @! (!E 2
! @! E ! ); (3)

where @t and @! refer resp ectively for the partial derivatives with resp ect to

time and angular frequency. The energy �ux asso ciated to this equation reads

straightforwardly

" = � !E 2
! @! E ! : (4)

Thanks to the identi�cation of the energy �ux " , the prop ortionality constant A
of Eq. (2) is then uniquely de�ned as A = 3

1
3

. Hence, for the phenomenological

mo del the KZ solution �nally reads :

E KZ
! = (3 " )

1
3 log

1
3

�
! ?

!

�
: (5)

The mo del equation, Eq. (3), is constructed so that Eq. (1) and (2) are stationary

solutions ( @t E ! = 0 ). The Rayleigh-Jeans equilibrium is a trivial solution to

Eq. (3) in the stationary case since @! E ! = 0 . For the KZ sp ectrum, one has just

to verify, by deriving Eq. (2) with resp ect to ! , that !E 2
! @! E ! is constant with

resp ect to ! . Because this mo del equation has b een deduced in the dimensionless

framework, only a numerical prefactor, which could b e easily absorb ed by a

rescaling of the time, should b e present in the right-hand side of Eq. (3).

The phenomenological equation is nothing else than a nonlinear di�usion

equation in the frequency space, in the spirit of the Richardson cascade view of

turbulent pro cesses [23]. However, a direct derivation of this equation starting

from the kinetic equation cannot b e done formally, and only qualitative argu-

ments can b e deduced from a lo cal approach on the kinetic equation [1](Section

4.3). In fact, attempts to deduce such simpli�ed Fokker-Planck equation from

the weak turbulence equations go back to the pioneering works done for o cean

waves by Hasselmann [31, 32, 33], although additional approximations were

needed to deduce such lo cal mo dels in frequency.

Nonlinear di�usion equations can exhibit imp ortant di�erences as compared

to di�usion one. In particular, singularity can b e formed by the nonlinear dy-

namics and compact supp ort solutions can also b e present, by opp osition to the

the linear di�usion where disturbances propagate at in�nite sp eed [34]. Here,

while a singular cut-o� will b e observed for the sp ectra, the equation do es not

corresp ond a priori to the situation were compact supp ort solutions have b een

proved to exist [35]. Finally, it should b e said that other phenomenological mo d-

els exhibiting the same stationary solutions could b e deduced and the present

mo del can b e considered as one of the simplest among other ones.

Numerical simulations of this mo del equation will now b e conducted in var-

ious cases in order to investigate di�erent dynamical situations. We b egin with

the classical case where an energy �ux is imp osed at low frequency and for

which the classical KZ sp ectrum should b e observed when dissipation acts at

high frequency.
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3. Conservative dynamics of the sp ectrum in the inertial range

3.1. Forced turbulence

3.1.1. Non-stationary and stationary spectra

In order to simulate numerically Eq. (3) , a �nite volume metho d is used.

The �ux " is computed at each frequency increment and the value of E ! is

de�ned at the centre of the mesh element. A constant value " I over time for

the �ux at ! = 0 is applied and strong dissipation is included up on ! = 103
.

Remarkably, thanks to this mo del equation along with this numerical metho d,

simulations exactly corresp onding to the ideal con�guration of turbulence can

b e launched, with a �ux of energy imp osed at ! = 0 , and dissipation of energy

realized with a sink at high frequency. A typical run consists in 2048 p oints in

the ! direction, a time step equal to 10� 7
time unit and a total duration of

2 time units. When the dissipative scale is reached, the cascade front stops its

evolution and a stationary regime arises.

Fig. 1(a) displays the energy sp ectrum every 0:2 time unit in the consid-

ered framework. At the b eginning (for t < 1), the cascade grows toward high

frequencies suggesting a self-similar b ehaviour. More precisely, a characteristic

frequency may b e de�ned as

! c =

R1
0 E ! !d!
R1

0 E ! d!
; (6)

in order to obtain a more quantitative analysis. Fig. 1(b) shows the evolution of

! c versus time, exhibiting a clear linear b ehaviour in the transparency window.

When the cascade front reaches the dissipative scale �xed here arbitrarily at

! = 103
, the characteristic frequency do es not evolve anymore and is constant.

Let us �rst consider the non-stationary regime where the characteristic fre-

quency of the cascade evolves linearly with time for a constant �xed �ux.

Fig. 1(c) displays the non-stationary sp ectra of Fig. 1(a) taken b efore t < 1
as functions of the non-dimensional frequency !=! c . All the curves merge into

a unique function, con�rming the self-similar growth of the cascade. The shap e

of this function will b e discussed later but can already b e compared to the

Kolmogorov-Zakharov sp ectrum Eq. (5), the solution of the phenomenological

equation for the conservative case, displayed by a green dashed line in Fig. 1(c).

Although the two functions are quite close to each other, the self-similar func-

tion of the non-stationary regime is steep er near the cut-o�. This discrepancy

has already b een noted in [24], where the case of forced turbulence within the

framework of the Föppl-von Kármán equations (direct simulation) has b een

studied.

In the stationary regime, shown in Fig. 1(d), the phenomenological mo del

recover the Kolmogorov-Zakharov solution for thin plates, as awaited. The scal-

ing of the amplitude of the sp ectrum by "1=3
I , as theoretically predicted, is also

veri�ed by our data. The typical b ehaviour of energy sp ectra of vibrating plates

in the stationary regime is therefore correctly describ ed by the phenomenologi-

cal Eq. (3). Moreover, our mo del recovers the fact that the cascade grows with
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Figure 1: Forced turbulence. (a) Energy sp ectrum E ! as a function of the

frequency ! , for times increasing from the left to the right, and with " I = 1 .

(b) Characteristic frequency ! c de�ned by Eq. (6) as a function of time. Red

dashed line : ! c / t . (c) Energy sp ectrum E ! ( !
! c

) computed from the non-

stationary sp ectra (b efore t = 1 ) shown in (a), and compared to the stationary

Kolmogorov-Zakharov sp ectrum E KZ
! = (3 " I )

1
3 log

1
3 ( ! ?

! ) (green dashed line).

(d) Stationary regime. Energy sp ectrum E ! , divided by "1=3
I , plotted as a func-

tion of the rescaled frequency !=! c for several energy �uxes " I = 0 :5; 1; 2; 5 and

compared to the KZ theoretical sp ectrum E KZ
! (green dashed line).
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a steep er function of the frequency until its front reaches the dissipative scales,

where a stationary regime in agreement with the theoretical predictions arises.

3.1.2. Self-similar analysis

In order to recover the numerical b ehaviour of the non-stationary regime

observed in Fig. 1(a)(b)(c), the self-similar solutions of Eq. (3) are investigated.

The solutions are thus written under the form

E ! = t � g(
!
t � ); (7)

with � and � two real unknowns and g a function to b e determined. Inserting

Eq. (7) into Eq. (3), one �nds that � and � must ful�ll the relationship

2� = � � 1: (8)

If we assume further that when injecting with a constant �ux over time, the

total energy of the plate is growing linearly with time, the equality

Z + 1

0
E ! d! = Bt; (9)

where B is a constant, leads to a second relationship � + � = 1 . This yields

� = 0 and � = 1 so that �nally the self-similar solutions are necessarily under

the form

E ! = g(
!
t

): (10)

The previous observation that the characteristic frequency of the self-similar

solutions of Eq. (3) in case of forced turbulence grows linearly with time is

retrieved.

Inserting Eq. (10) into Eq. (3), the equation for the self-similar function

g� = g(!=t ) �nally reads

� �g 0
� = ( �g 2

� g0
� )0; (11)

where

0
stands for the derivative with resp ect to the self-similar variable � = !=t .

This equation is solved using Matlab algorithm ode45 which applies a fourth-

order Runge-Kutta scheme with a variable time step [26]. For this purp ose,

Eq. (11) is written at the �rst order :

Y 0 =

 
1 0

0 � 1
g2

�
� 1

� � 2
g0

�

g�

!

Y; with Y =
�
g�

g0
�

�
and Y 0 =

�
g0

�
g00

�

�
: (12)

The initial value problem consists in cho osing, for � 0 given and small (in the

simulations, � 0 = 0 :01 is selected), the values of g� and g0
� that determine the

desired initial �ux " I . Whereas the value of g� (� 0) is selected for comparison

with a given dataset, g0(� 0) is retrieved from Eq. (4). As the �ux " I is �xed, one

obtains g0
� (� 0) = � " I

� 0 g2
� ( � 0 ) .

Fig. 2(a) compares the self-similar solution deduced from the phenomeno-

logical mo del (and already displayed in Fig. 1(c)) with the self-similar solution
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provided by Eq. (11). A p erfect agreement is observed, exhibiting in particular

a cut-o� ab ove which the solution vanishes. As shown in [24], the self-similar

solution can b e obtained directly from the kinetic equation. However in this

case, the general shap e of the function is not provided by the theory. Thanks

to Eq. (11), the phenomenological mo del is able to predict the shap e of the

self-similar function.

Let us now compare this solution with direct numerical simulations. Fig. 2(b)

shows the obtained results, rescaled according to the self-similar relationship

prop osed in Eq. (11). Two di�erent numerical schemes have b een used for a

b etter comparison. On the one hand, a �nite-di�erence and energy-conserving

scheme simulates a p erfect rectangular plate with simply-supp orted out-of-plane

b oundary conditions and in-plane movable edges [24]. The plate has a surface

of 0.4 � 0.6 m

2
, the thickness is 1 mm, and the material parameters are that

of a metal, see [24] for more details. The other solution is obtained thanks

to the pseudo-sp ectral metho d used in previous works [11, 15], where such a

sp ectral approach leads to p erio dic b oundary conditions. The simulated plate

has also the material prop erties of a metal and corresp onds to a square of

0:4 � 0:4 m2
and its thickness is 1 mm [11]. In b oth numerics, the plate is

continuously excited at large scale, corresp onding roughly to a constant injection

of energy with time. For the �nite-di�erence simulation, this is realized with a

p ointwise forcing, the frequency of which is selected in the vicinity of the fourth

eigenfrequency. For the pseudo-sp ectral co de, this is realized in the Fourier space

directly through a random noise acting at small wave numb ers only. With the

two numerical schemes, a clear self-similar b ehaviour has b een observed. Hence

we are in p osition to compare the master curves of the self-similar pro cess for

the phenomenological mo del with those found in the numerical simulations. For

the detailed presentation of the self-similar pro cess found in direct numerical

simulations, the interested reader is referred to [24].

Fig. 2(b) shows that the two di�erent numerical metho ds exhibit similar

rescaled sp ectra. Comparing to Fig. 2(a), one can observe two discrepancies

b etween the two solutions :

� In the direct numerical simulations, the slop e in the turbulent cascading

regime is a bit steep er. This can b e assigned to the presence of the forcing

term in the very-low frequency part of the sp ectrum, which creates a

small prominence that has already b een observed and commented, see

e.g. [24, 28].

� Near the cut-o�, it app ears that numerical sp ectra of the full dynamics

decrease continuously and smo othly, whereas theoretical sp ectra display

a steep cut-o� b ecause of the non-existence of the mathematical solution.

This observation is similar to what has b een obtained for the KZ stationary

sp ectrum.

Despite these two di�erences, the general shap e of the self-similar solutions

in the case of non-stationary forced turbulence shows a very go o d agreement,

validating the results provided by the phenomenological mo del.
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Figure 2: Self-similar function g� in case of non-stationary forced turbulence.

(a) Blue p oints : numerical simulation of Eq. (3) with " I = 1 . Red dashed line :

solution of Eq. (11). (b) Direct simulations of the Föppl-von Kármán equations.

Black line : �nite-di�erence and energy-conserving scheme [24]. Green line :

pseudo-sp ectral metho d detailed in [11].

3.2. Free Turbulence

The case of free turbulence, i.e. the evolution of the cascade without external

forcing, for a given amount of energy as initial condition, is now considered.

As shown in [24] from the kinetic equation and con�rmed by direct numerical

simulation, the cascade front must evolve to high frequencies as t1=3
. The ability

of the phenomenological mo del to retrieve this dynamics is now investigated.

3.2.1. Self-similar analysis

Considering free turbulence leads to withdraw forcing and damping terms.

The system b eing conservative, the amount of initial energy K is conserved, so

that Eq. (9) is replaced by :

Z + 1

0
E ! d! = K: (13)

The second relationship that links the unknowns � and � now turns to b e

� = � � , leading to � = � 1=3 and � = 1 =3. The self-similar solution for the

energy sp ectrum E ! reads in this case

E ! = t � 1=3h(
!

t1=3
): (14)

In order to simulate numerically the framework of free turbulence, the dis-

sipation intro duced earlier at high frequency, is now removed. An energy �ux

" I is imp osed for a few time steps and then cancelled, thus �xing the origin

of time. Then, the simulation is run by imp osing a vanishing energy �ux at

! = 0 , ensuring free turbulence. Fig. 3(a) shows the evolution for an initial

amount of energy K (corresp onding to the sp ectrum in red) as a function of

time. Fig. 3(b)(c) describ e the evolution of the characteristic frequency ! c as

9



well as the evolution of the amplitude of the energy sp ectrum at the centre of

the �rst mesh element ( ! = 0 :5). Two b ehaviours resp ectively prop ortionals to

t1=3
and to t � 1=3

are displayed. These two observations are in agreement with

the self-similar solution given by Eq. (14).

In the same manner as for the forced case, the solution given by Eq. (14)

can b e inserted into Eq. (3) in order to obtain the evolution equation of the self-

similar function h� = h(!=t 1=3) . The analogue of Eq. (11) for the free turbulence

case then reads

�
1
3

�h 0
� = ( �h 2

� h0
� )0; (15)

where

0
stands here for the derivative with resp ect to the self-similar variable

� = !=t 1=3
. The numerical metho d used in order to solve Eq. (11) is now ap-

plied to Eq. (15). Fig. 4(a) displays the self-similar function built from the

sp ectra calculated by the phenomenological mo del at multiple times and scaled

as prescrib ed by Eq. (14). For comparison, the solution of the self-similar equa-

tion Eq. (15) is also represented. A go o d agreement is observed, con�rming the

self-similar evolution of the sp ectrum. Fig. 4(b) displays the numerical results

from the direct numerical simulations of the Föppl-von Kármán equations. Once

again, the two numerical schemes leads to functions that are very close from each

other. A much b etter agreement is observed b etween the solutions from direct

simulations and the one from the phenomenological mo del, in particular the

slop e in the cascade regime are really the same. This con�rms once again the

e�ect of the forcing which creates a small bump in the very low-frequency part

of the sp ectrum and alters the direct comparison b etween the di�erent solu-

tions. Here in the free turbulence case, a p erfect agreement is observed, the only

di�erence b eing the b ehaviour near the cut-o� frequency where the decrease of

the sp ectrum is much slower for the direct numerical simulations, as already

commented.

Two situations b elonging to the theoretical conservative framework of wave

turbulence in thin vibrating plates have b een investigated through numerical

simulations of the phenomenological equation. Self-similar b ehaviours p ertaining

to the phenomenology of the Föppl-von Kármán equations have b een success-

fully recovered. Note also that the b ehaviours E ! = g( !
t ) for forced turbulence

and E ! = t � 1=3h( !
t 1= 3 ) for free turbulence can b e derived by an analysis of the

kinetic equation, as shown in [24]. However, in this case the self-similar functions

g and h are left unknown. Thanks to the phenomenological mo del, two di�erent

ordinary di�erential equations have b een deduced, the solutions of which are

functions g and h . Hence, the mo del gives further informations which have b een

found to b e relevant by comparisons with the direct numerical simulations. All

these results show the ability of our simple equation to recover complex features

of the physics of the problem.
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Figure 3: (a) Energy sp ectrum E ! as a function of the frequency ! at (from

top to b ottom) t = 0 ; 1; 2; 3; 4 [nondim]. (b) Characteristic frequency ! c as a

function of time. Red dashed line : ! c / t1=3
. (c) E ! (! = 0 :5) as a function of

time. Red dashed line : E ! (! = 0 :5) / t � 1=3
.
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Figure 4: Self-similar function in case of free turbulence. (a) Points : sp ectra

of Fig. 3 rescaled by the self-similar law given by Eq. (14). Red dashed line :

solution of Eq. (15). (b) Results of the direct simulations of the Föppl-von Kár-

mán equations. Black line : �nite-di�erence and energy-conserving scheme [24].

Green line : pseudo-sp ectral metho d detailed in [11].
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4. Non conservative case : the e�ect of damping

4.1. Model equation

Physical dissipation can b e intro duced in the phenomenological mo del by

adding a linear dissipation term to Eq. (3) :

@t E ! = @! (!E 2
! @! E ! ) � 
̂E ! ; (16)

where 
̂ can b e chosen as a function of ! for the sake of generality. In thin

plates, the damping dep ends strongly on parameters such as the size of the

plate, its thickness, the b oundary conditions. Regarding these values and the

frequency range of interest, either thermo elastic, visco elastic, acoustical radia-

tion, or losses through the b oundary conditions, can dominate [36, 37, 38, 39].

In the framework of our exp erimental set-up, the imp ortance of most of these

contributions has b een estimated and related to theoretical predictions in [40].

As a starting p oint, let us consider the damping laws obtained from exp eri-

ments. As observed in [15] where exp erimental metho ds have b een used in order

to increase the amount of damping in the plate, the damping laws for four dif-

ferent con�gurations were found to follow the p ower-law 
̂ = �! 0:6
, with relative

values of � (with resp ect to the smallest one) ranging from 1 to 5. This damping

law with varying � is �rst used for investigating the solutions of Eq. (16). Ap-

p endix B gives the full corresp ondence b etween exp erimentally measured values

of � and their resp ective dimensionless counterparts used in the numerical sim-

ulations of Eq. (16). The same �nite volume metho d is used as in the previous

sections, and the �ux of energy " I is �xed at ! = 0 . After a certain numb er

of time steps (dep ending on the selected damping co e�cient � ), a stationary

regime is reached.

Fig. 5 exhibits the stationary energy sp ectrum obtained for each of the four

damping cases retrieved from [15], with an amount of damping co e�cient �
multiplied by 5 b etween the smallest and largest ones. The energy �ux at ! = 0 is

the same for each situation. For very low frequencies (say 0 < ! < 5), all sp ectra

shows roughly the same b ehaviour. For larger frequencies, the more damp ed the

system, the steep er the sp ectrum and the smaller its characteristic frequency are.

Moreover, it app ears that the dissipation a�ects the energy transfers b etween

scales, so that summing up the stationary sp ectra to p ower laws is not p ossible

anymore.

Fig. 6 shows the previous sp ectra as functions of the rescaled frequency

!=! c . The rescaling of the frequency axis makes all sp ectra collapse into a sin-

gle curve, which app ears to b e steep er than the Kolmogorov-Zakharov sp ectrum

(displayed by a green dashed line in Fig. 6). This result, obtained with the phe-

nomenological mo del, is similar to the conclusions already rep orted in [15] from

exp eriments only : damping plays an imp ortant role in the discrepancies b e-

tween theoretical and exp erimental sp ectra. However, this unique master curve

has never b een observed b efore and tends to provide a simple explanation on the

b ehaviour of the cascade in presence of damping. Indeed, it shows that the e�ect

of damping on the turbulent cascade can b e mainly attributed to the balance
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