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STATE-CONSTRAINED STOCHASTIC OPTIMAL CONTROL
PROBLEMS VIA REACHABILITY APPROACH*

OLIVIER BOKANOWSKI', ATHENA PICARELLI¥, AND HASNAA ZIDANIS
May 27, 2015

Abstract. This paper deals with a class of stochastic optimal control problems (SOCP) in
presence of state-constraints. It is well-known that for such problems the value function is, in
general, discontinuous and its characterization by a Hamilton-Jacobi equation requires additional
assumptions involving an interplay between the boundary of the set of constraints and the dynamics
of the controlled system. Here, we give a characterization of the epigraph of the value function
without assuming the usual controllability assumptions. For this end, the SOCP is first translated
into a state-constrained stochastic target problem. Then a level-set approach is used to describe the
backward reachable sets of the new target problem. It turns out that these backward-reachable sets
describe the value function. The main advantage of our approach is that it allows to handle easily
the state constraints by an exact penalization. However, the target problem involves a new state
variable and a new control variable that is unbounded.

Keywords: Hamilton-Jacobi equations, state-constraints, stochastic optimal control,
viscosity notion, stochastic target problems.

AMS subject classifications: 49120, 49125, 93E20, 35K55.

1. Introduction. Consider a filtered probability space (2, F,F;, P). Let B(:)
be a RP-Brownian motion, and U be a set of control processes. For any u € U
the following system of controlled stochastic differential equations (SDE) in R? is
considered

dX(s) =0b(s,X(s),u(s))ds + o(s, X (s),u(s))dB(s) set,T)

(1.1)

X(t) = .

Under standard assumptions on b and o, the SDE (|1.1)) admits a strong solution

t'(+) associated to the control u. Let K be a given non empty closed set of R?, and
consider the value function ¥ associated to the following optimal control problem

T
I, x) = JE{,{E Y(X{ L (T)) +/t U(s, X;',(s),u(s))ds| , such that
X' (s) € K, Vs € [t, T a.s.} (1.2)

where the functions ¢ and ¢ represent respectively the final and distributed costs (the
precise assumptions are given in Section 2).

In the unconstrained case (i.e. K = R%), the function ¥ can be characterized as the
unique viscosity solution of a second order Hamilton-Jacobi-Bellman (HJB) equation,
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see [38] B9] and the references therein. However in many practical applications, the
state variable is constrained to remain in a given closed set K C RY, where K takes
into account the presence of an obstacle or economical /physical constraints ... etc. In
this context, the characterization of the value function ¢ as a viscosity solution of a
HJB equation becomes more complicated and involves a delicate interplay between the
dynamics of state variable and the boundary of . Furthermore, the value function
can take infinite values in the regions where there is no viable trajectory that stays in
KC on the entire time interval [t,T]. A rich literature has been developed for dealing
with state constrained optimal control problems and the associated HJB equations. In
the deterministic setting, we refer to [34] [35] 19| 22| 14] 2T] where the HIB equation
for the value function is discussed and several conditions are investigated in order
to guarantee the characterization of 9. In the stochastic case, the problem has also
attracted a great attention, see for example [24] 26| 23], [10]. It is by now clear, that the
continuity of the value function and its characterization require additional properties
on the drift b and the diffusion ¢ at the boundary of the set K.

The aim of the present work is to provide an alternative way for characterizing, in
a very general setting, the value function associated with a state constrained optimal
control problem, without assuming the classical controllability assumptions. This goal
is achieved at the price of increasing the state variable by one additional component
and introducing a new control variable that lies in an wunbounded set. The main
feature of the approach presented in this paper is to bypass the regularity issues often
presented by the value function of a constrained control problem. By using the HJB
characterization in a continuous setting, it opens a way to compute the value function
by various existing numerical methods.

Our approach relies essentially on two ideas. First, we reformulate as a
state constrained stochastic target problem. Then, this auxiliary target problem is
described by a level set approach where the state constraints are handled by using
an exact penalization technique. More precisely, a straightforward adaption of some
arguments in [J] lead to the following statement:

9(t,z) =inf {z eR:3(u, ) eU x As.t. (1.3)

(z;f;jz(T) > (X (T)), Xi(s) € K, Vs € [t,T]) as. }

where A is the set of square-integrable predictable processes with values in RP and
Ztof ’;Z is a new state process whose existence is guaranteed by the Martingale repre-
sentation theorem and that satisfies:

0 )
fo;fz(e) =z — / (s, X{'.(5),u(s)) ds —|—/ aIB(s), 0>t
t t

From the above formulation of ¥, it appears that the epigraph of ¥(¢, -) is related
to a state constrained reachability set (here, the target set is the epigraph of the final
cost 9). This result is very well known in the deterministic setting, see [I5] 16, B3].
Its generalization to the stochastic setting is not very surprising, however it should
be noticed that in contrary to the deterministic case, the motion of the new state
component Z;", involves a new control variable that is unbounded (see [1] for the
deterministic case).

Stochastic target problems have been extensively studied, in the case when K =

R? | in [37] and [36]. In the present work, we propose to use a level-set approach to
2



describe the backward reachable sets. This approach has the great advantage to char-
acterize the backward-reachable sets by mean of an auxiliary control problem where
the state constraints are taken into account in a simple way. Furthermore, the value
function of the auxiliary control problem can be shown to be continuous (even when
9 is discontinuous), which is a good property in view of numerical approximations.
Let us recall that the level-set approach has been introduced by Osher and Sethian
in [30] to model some front propagation phenomena. Later, the idea has been used in
[18] to describe the reachable sets for a deterministic problem. The level-set appraoch
has been used in many application related to nonlinear controlled systems. Quite
recently, the level set approach has been extended to the case of state-constrained
controlled systems, see [28] [7, [ [2]. In all the above mentioned literature on level-set
approach, the control variables lie in a bounded set. The extension to the unbounded
control setting is not a trivial task and is also a contribution of the present paper.

The paper is organized as follows. The setting of the problem and the assump-
tions are introduced in Section Pl In Section [3] we establish the link between the state
constrained SOCP and a suitable stochastic target problem. Section focuses
on the reachability problem and the level set method. This will lead to a characteri-
zation of the reachable set by a generalized HJB equation in Section[d] A comparison
principle for the associated boundary value problem is proved in Section [5| Finally,
Appendix A presents an existence result of optimal controls (when the set of controls
is not compact).

Notation. In all the sequel, (2, F,P) denotes a probability space with a filtration
{F;}t>0, P-augmentation of the filtration generated by a p-dimensional Brownian
motion B(+) (p > 1). The notation L?(Q, Fr;R) denotes the set of the R-valued
Fr-measurable random variables 1 such that E[|n|?] < cc.

For any n > 1, 8™ denotes the space of n X n symmetric matrices.

As usual, the abbreviations “s.t.”, “a.e”, “a.s.”, “w.r.t.” stand respectively for
“such that”, “almost everywhere”, “almost surely”, “with respect to”.

2. Setting and main assumptions. Given T' > 0 and 0 < ¢ < T, consider the
following system of controlled SDE in R¢
dX(s) = b(s, X (s),u(s))ds + o(s,X(s),u(s))dB(s) se€[t,T)
X(t) =z (2.1)

where the control input u belongs to a set U of progressively measurable processes
with values in a compact set U C R™ (m > 1). The following classical assumption
will be considered on the coefficients b and o:
(H1) b: [0,T] xR x U — R? and o : [0,T] x R x U — R*P are continuous
functions. Moreover, there exist Ly, L, > 0 such that for every z,y € R% t €
[0,T),u € U:

[b(t, @, u) = bt y, w)| < Lole =yl [o(t,z,u) —o(t,y,u)| < Lolz —yl.

We recall some classical results on (2.1)) whose proof can be found in [38, Theorem
2.4].

PROPOSITION 2.1. Under assumption (H1) there exists a unique Fy-adapted pro-
cess, denoted by X', (-), strong solution of (2.1). Moreover there exists a constant
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Co > 0, such that for anyu €U, 0 <t <t' <T and z,z’ € R?

E| sup |X7(0) — X0 (0))| < C3la— o/ P2, (2.2a)
oc(t,t’] ]
u u 2
E| sup |X7.(0) = X{ . (0)]"| <Co(1+|z?) [t -1, (2.2b)
oc(t,t’] ]
E| sup | X2 (0) — | <C3A+[af?) [t -t (2.2¢)
oct,t']

Consider two functions ¢ and ¢, namely the terminal and running cost, such that:
(H2) (i) :R? =R, £:[0,7] x R? x U — R are continuous functions,
(1) 1, £ are non-negative functions:

P, £ >0,
(iii) there exist Ly, Ly > 0 such that for every xz,y € R, u € U,t € [0,T7:

() =) < Lyl —yl, [0 2,u) = €y, u)] < Lelz —yl.
REMARK 2.2. The assumption (H2)(ii) can be replaced by: ¥, £ > —M for some
M > 0.

Let K C R? be a given nonempty and closed set of state constraints. In this paper
we deal with optimal control problems where the cost is given by:

ﬂmauy—E[ /‘esxu ()m%, (2.3)

while the state X;!, is required to satisfy the condition:

X (s) €K, Vs € [t,T] as.

More precisely, the optimal control problem and its value function are defined as:

I, x) = in{{{J(Lx,u) XL (s) € K, Vs € [t,T] as. } (2.4)
u€ ’
(observe that by assumption (H2)(ii), J(t,2,u) > 0 for all (¢,z,u) € [0,T] x R% x U).
It is well known that in general ¥ is merely discontinuous and satifsfies the fol-
lowing constrained HJB equation:

F(t,z,0v, Dv, D*v) =0 t€[0,T), x € int(K)
F(t,z,0v, Dv, D*>v) > 0 te0,T), x € OK
T, z) = ¢(x) zek.

with
F(tu‘f?r»(LQ) =—-r+ sup { - <q7 b(t,x,u)) - %TT[UUT(taxvu)Q] - g(tvxvu)}
uelU

Moreover, a uniqueness result for the above HJB equation can be guaranteed under
some additional compatibility conditions. The first condition that has been introduced
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in the literature, in the context of deterministic control systems, is the so-called inward
pointing condition, originally stated by Soner in [34] and [35].

In the stochastic setting (i.e., when o # 0), state constrained problems were for
instance introduced in [26], where the diffusion is the identity matrix. In that case,
the presence of state constraints requires to consider unbounded controls so that the
trajectories with the action of the drift can still be maintained inside the desired
domain. This results in an HJB equation with singular boundary conditions. On
the contrary, in our framework, the set of possible controls is given. In this context,
the value function may take infinite values in the regions where there is no feasible
trajectories remaining in the set K. Actually, the question whether the set IC is viable
or not is by itself an important issue. This question has been addressed in many
papers. In [4], a condition for the viability of K is the following

Vo € 0K, Ju € U such that: %TT‘[JO’T(LL‘,U)DZd,C ()] + (b(z,u), Dd, (z)) <0,
and (Dd,(z))T oo™ (x,u)Dd, (x) =0,

where d,. denotes the signed distance function to 0K. However, the viability of K
is not sufficient for the characterization of the value function as the unique viscosity
solution of the constrained HJB equation, and stronger degeneracy assumptions may
be required, see [24] [5 23] and [12].

Our purpose in this paper is to provide an alternative way for dealing with state
constrained optimal control problems . Ongoing works concern the use of this
new formulation for the computation of the value function 9, even though ¥ can be
discontinuous, and no degeneracy condition is assumed.

3. Formulation as a target control problem and level set approach.

3.1. Target problem. The first result of this section concerns the link between
and a stochastic target control problem under state constraints (see the definition
given in [37]).

Let A = L%(0,T;RP) denotes the set of square-integrable RP-valued predictable
processes, and for a given control pair (u,a) € U x A, let Z;,".(-) be the one-
dimensional process defined by

Z;f;vofz() =2z —/ E(S,Xf)gj(s),u(s))ds—i—/ aZdB(s). (3.1)
t t
PROPOSITION 3.1. Let assumptions (H1) and (H2) be satisfied. Then
J(t,x) = inf {z >0:3(u,a) €U x A such that

(Zt'f;;fz(T) > (X, (T)) and X', (s) € K, Vs € [t,T]) a.s.}

Proof. The argument, that will be reported here for completeness, is an adaptation
of the one presented in [II] and [9]. It is straightforward to check that:
I(t,z) = inf {z >0:3Juelst.

T
E[w(X;fm(T))Jr/tﬂ(s,Xﬁz(s),u(s))ds <zand X;',(s) € K,Vs € [t,T] as.

5
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Therefore, it suffices to prove that, for any z > 0, the two following statements are
equivalent:

(1) Ju e U s.t. E[ /ﬂs Xi.(s),u(s))ds|< z
and Xy',(s) € K,Vs € [t,T] a.s.

(#) I(u, ) €U x A s.t. (Z;;:(TZ(T) > Y(X,(T)) and X{,(s) € K, Vs € [t,T]) a.s

where Z,"", is the process defined by (3.1)).

t,x,z
The implication (n) 2 (¢) follows by taking the expectation in (ii) and recalling
that if & € A then [, a”(s)dB(s) is a martingale.

Furthermore, under (H1)-(H2), we have:

/ (s, X' (s),u(s))ds € L*(Q,Fr; R)

for any u € U. By consequence, the Martingale representation theorem applies (see
[39, Theorem 5.7, Chapter I] for instance). Then there exists a process & € A such
that

2> J(twu) = / U, XY, (5), u(s))ds — /t " AT as(s)

Hence, by defining

0
Zyip(0) = z—/ (s, X', ( (s))ds+/ aTdB(s),
t

the implication (i) = (4¢) is proved and the statement of the proposition follows. O

Next, we give some useful properties of the process Zt“ ;:az defined in .
LEMMA 3.2. Assume that (H1)-(H2) are satisfied. Let (u,a) be in A X U.
(i) There exists C1 > 0 (depending only on Co,T, Ly, Ly) s.t. for any t € [0,T], for
any z, 2’ € R? and every z,2' € R,

t,a!,z!

E[!Z&%(T) ze <T>\]scl<|x—x'|+|z—z’> (3.2)

(i) For any t,z,z € [0,T] x R% x R, we have

st te t'x,z t,x,z
)

lim [OVT]IE[]Z““ (T) -z (T)\] =0, (3.3)

the limit being furthermore locally uniform w.r.t. the variables (x, z).

Proof. (i) is a consequence of the Lipschitz continuity of £ and the linear growth
estimate of X3', given in Proposition @ On other hand, for every h > 0, classical
estimates lead to

B\ 250, (T) = 250 (T )I] <OW+E|/ aldB(s)|.

6



Then, by using the fact that o € A, we get:

2 t+h 5 t+h hes0
<E|/ aldB(s ) g]E[y/ aldB(s)| } :/ ElaT?ds "= 0.
t t

Similar estimates can be obtained for & < 0, and hence ({3.3)) is proved. O

REMARK 3.3. It could be noticed that the new set of controls A that appears
in Proposition can be restricted to the set of squared integrable RP-valued process
satisfying a specific bound in the Li-norm. Indeed, for x € R?, consider the control
o € L% such that

T

Aq?ﬂxﬁd3s=¢%XﬁxGU)+l/ 0(s, X', (s),u(s))ds
—]E{ / (s, X ¢, (), uls))ds| .

By using the estimates in Proposition along with assumptions (H2), we get the
ezistence of a constant Cy > 0 (depending only on Co, T, Ly, L;) s.t. for anyt € [0,T)
and x € R? we have:

ez < Ca(1 + |z). (3.4)

Now, let the backward reachable set be defined as:
RE = {(:c,z) ERI xR :3I(u,a) €U x As.t. (3.5)
((Xt“,w(T)7 Zt”xay(T)) € &i(y) and X3!, (s) € K Vs € [t,T]) a.s.},

where &pi(1) := {(x,2) € R¥!: 2 > 4(x)} denotes the epigraph of the function .
By Proposition we get the following result.
LEMMA 3.4. Assume (H1)-(H2). Then, for every t € [0,T],x € R%:

I(t, z) = inf {z >0:(z,2) € Rf} (3.6)

The above Lemma establishes a clear connection between the value function and the
backward reachable sets of the augmented differential system. From now on, we will
focus on the characterization of the sets R.

3.2. Auxiliary control problem and level set approach. By the “level-
set approach” we aim at describing the backward reachable set as the zero-level set
of a suitable function. The idea was first introduced by Osher and Sethian [30] in
the context of front propagation, and then extended to reachability problems, see
[25] [18], 7, 2, [8] and the references therein.

Let us consider a function g, : R? — RT such that:

(H3) g, is a Lipschitz continuous function (with Lipschitz constant Lx) such that

g () =0z k. (3.7)
7



REMARK 3.5. Notice that if K is a nonempty and closed set, a function g,
satisfying (H3) always exists. It is for instance sufficient to consider

gr () = d ()

where dz denotes the Fuclidean distance function to K.
We consider the following unconstrained optimal control problem

T
w(t,z,2) = inf E| max((X{%,(T)) — Z1570.(T),0) + / g,c<xzfx(s>>ds} (3.8)

The following assumption will be also considered:
(H4) For any (t,,z) € [0,T] x R? x R, the problem (3.8) admits an optimal pair
of controls (a,a) € U x A.

REMARK 3.6. When the set of control values U is compact, and if the set
(b,a0T 0)(t,z,U) is convex for every (t,z) € [0,T] x R?, then a problem of the form
admits an optimal control (see [3Y, Theorem 5.3, Chapter II] for instance). In
the context of unbounded control problems, the existence of optimal control laws holds
whenever the cost function satisfies some coercivity conditions w.r.t. the control vari-
able, see [27)] and [20)].

In this paper, the question of existence of optimal controls will not be fully in-
vestigated. However, we give in Appendiz A an existence result in the case when b, ¢
and o are linear functions w.r.t. the space and the control variables and under some
convezity assumptions on g, and .

THEOREM 3.1. Assume that (H1)-(H4) are satisfied. Then

(i) For every t € [0,T], we have RY = {(m,z) e RML w(t,z, 2) = 0}

(ii) For every t € [0,T] and every x € RY, 9(t,x) =inf {2 >0:w(t,z,2) = O}.

Proof. Statement (ii) clearly follows by (i) and by (3.6). Therefore, we need just
to check the claim (i). If (z,2) € R, by definition of the backward reachable set,
there exists a pair (4,a) € U x A such that

(max(zp(X;fz(T)) —Z;_fffz(T), 0)=0 and g (X;,(s) =0, Vse [t,T}) a.s.,

which means that w(t, z,z) = 0. Therefore the “C” inclusion is proved.
Let us now assume that w(¢, z,z) = 0. Thanks to assumption (H4), there exists
(a,@) € U x A such that

B[ max (4O - 2000+ [ g (KE)as] =0

Since g, is a positive function, it follows that:
_ I T _
max((X(T) - ZE(D). 00+ [ g (X (9)ds =0 as
t

Hence, ((X,}‘x(T) Z3E(T)) € &i(y)  and Xi.(s) € K, Vs € [t,T]> a.s.,

» Ht.x,z
which concludes that (z,z) belongs to RY, and the proof is completed. O
8



In Proposition it will be shown that, under the hypotheses (H1)-(H3), the
function w is continuous. If one further assumes (H4), so the equality (i) of The-
orem implies that set RY is closed. We believe that assumption (H4) may be
replaced by an assumption on the closeness of R. This claim will be investigated in
ongoing work while in the next sections we will focus on the characterization of the
function w.

3.3. Properties of the auxiliary value function w.
PROPOSITION 3.7. Assume that (H1), (H2) and (H3) are satisfied. Then
(i) w is continuous w.r.t. the variable t and Lipschitz continuous w.r.t. the variables

(z,2).

(ii) Moreover, w satisfies the following growth condition on [0,T] x RY x [0, 4+00):
0 <w(t,z,z) <C+ |z,

for some constant C > 0.
Proof. (i) First, we prove the Lipschitz continuity w.r.t. the space variables x
and z. By straightforward calculations, we get:

|w(t7 Zz, Z) - ’LU(t, 'T/a Z/)|

< s Bl m) - o )] + 20 - 258 (0]

(u,0)EUX A
s [ e (X0 (5) — o, (Xt olas| |

<C sup {E
(u,a)EUX.A

+E[ /t " e (s) Xﬁx,(s)|ds] }

where the constant C' > 0 depends on Ly, and Lx. By using the estimates of Propo-
sition 2.1 and those of Lemma we finaly obtain

| X7 (T) = X{ 0 (D) + | 250 (T) — 255 (T)| +

t,x,z t,x’,z’

lw(t,z,z) —w(t,a',2")] <Oz — 2’| + |z — 2|),

for some constant C' > 0 that depends on Cy, C1,T, Ly, Li.
Let us now prove the continuity in time. Let 0 < ¢ < t+ h < T. By the standard
argument |inf, A, — inf, B,| < sup,, |A, — By, it follows that:

|U}(t + hvxa Z) - w(t,l’, Z)|

< sw [iw o (T)) = (X (T))] + 225 (T) — Z20(T)
(u,)eUX.A

T T
o [ aelXa (s~ / g,c<Xzfx<s>>ds|}

< sup CE[|X3+h,x<T>—ng<T>|+|Z“ (T) - 22°,(T)|

(u,a)EUX A tth.e,z bz
t+h T
[ A e+ [P - Xﬁm(s)dsl]
t t+h
<C(Wh+ sup [|Z;‘+‘;m Zt’f;ffz(T)@), (3.9)
(u,)eUX.A



where the constant C' depends on Cy, Cy, T, Li), L. Taking into account Remark [3.3]
the supremum term in (3.9)) can be restricted to controls « satisfying the bound (3.4)).
Then for any € > 0, we can find (u., a¢) € U x A such that

lw(t + h,z,z) — w(t,z,2)] < CVh+ CE | Ze (T) = ZE55(T)|| + e

t+h,z,z t,x,z

To conclude, using the result of Lemma (m), we get

limsup |w(t + h,z, z) — w(t, z, 2)| <e.
h—0

Since this € > 0 is arbitrary, the desired result is obtained. (Furthermore, notice that
by the same arguments, the continuity in ¢ is locally uniform in (z, z).)
(i4) By definition of w, we have

w(t,z,z) <

t,x,z

- e (X (o

wlt.2.2) < (X2 / s, XL (5, 0(5) + e (X (9|

: u 0,u
(u’a)lenzfx{o}E[max (W(X(T)) = Zy (T),0) (3.10)

If z > 0, the positivity of ¢ and ¢ leads to

and the desired result is obtained by using also the linear growth of ¢, ¢ and g, and
classical estimates for the process X', (-) (see Proposition [2.1]). O

Another information that will be useful later on concerns the value of w for z < 0.
Let us consider the following optimal control problem free of state constraints:

o) = B[O D) + [ 005,09, 060) 0 (6 010

LEMMA 3.8. Under assumptions (H1)-(HS3), for anyt € [0,T], € R? and z € R,

2<0 = w(tzz)=w(tz)— =z

Proof. By definition of the function w, for any (¢,z,2) € [0,7] x R% x R

T
wlts) = inf B max (D) - ZED)0) + [ g (Xt

T
>  inf  E|g(X* (T)) — T($)dBs
>t Bl ) - et

T
+f f(s,sz<s>,u<s>>+g,c<Xzfx<s>>ds]
=wo(t,z) — 2,

using that ft T(s)dBs is a martingale. Hence the “>" inequality is satisfied for any
z € R. On the other hand, thanks to the positivity of £ and 1, for z <0,

max ((X{(1) = Z,5.(1),0) = ¥(X{'4(T)) — 2+ /t U(s, X {0 (5), u(s)).
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Therefore, by inequality (3.10)) we have w(t, x, z) < wo(¢t,x) — z, whenever z < 0. O

We conclude this section by giving a dynamic programming principle associated
to the value function w (see [38]).

LEMMA 3.9. Assume (H1), (H2), (HS). For every 0 <t < T, (z,z) € R4 and
any [t, T)-valued stopping time 0, we have:

tow,z) = inf  E[w(0, X, (0), Z".(0)].
’UJ( ,.’L’,Z) (u,a%IéUXA [w( ) t,z( )7 t,z,z( )]

4. The HJB equation. In order to simplify the notations, we shall use in the
sequel the functions b : [0, T x R¢x U — R4 and 7 : [0, T] x R x U x RP — R(&+1)xp
defined by:

B(s,z,u) = ( b(s’x’“)) ) and  &(s, 2, u,a) = < a(s,2,u) )

—Ll(s,z,u o

In this section we aim to characterize the auxiliary value function w as the unique
solution, in the viscosity sense, of a suitable partial differential equation. As we will
see, the main difficulties come from the unboundedness of the control a. Formally,
the HJB equation associated to the extended optimal control problem is:

—Oww(t,x, 2) + H(t,z, Dw(t,z, 2), D*w(t,z,2)) = 0,

where the notations Dw(t, x, 2), D?>w(t, r, z) stand respectively for the gradient and
the Hessian of w w.r.t. the variables (x, z), and where the Hamiltonian H is defined
from [0, 7] x R? x R+ x S+ into R U {400} by:

. 1

Hta0.Q = sw {0 - G767 (0 0,0)0l| - g (o)
(u,a) €U xRP 2

Recalling the definition of &, we have

ool (t,z,u) ot,z,u)a )

&6l (t,z,u, ) = ( aTo™ (¢, 2, ) ol o

Denoting @ = (g; g;z

Q12 = QF, € R and Q22 € R), the Hamiltonian H can be re-written as:

> the blocks of the symmetric matrix @ (with Q1; € R4*4,

H(taxaan) = Ssup { - <B7 q> - %TT[UJTQll] - aTUTQ12 - ;'a”zQZQ} - g)(: ($)

(u,a)
€U xRP

Hence the following algebraic reformulation, for any r € R:
7T+H(t>xvan) = (41)

- 1 1
sup { —r—(b,q) — *TT[UUTQH] —ge(z) — OZTUTle - ||Oé|2Q22}-
(u.) 2 2
€U xRP
Because of the unbounded control «, the Hamiltonian function H can take +oo
values. Therefore, to give a precise meaning to the HJB equation satisfied by w, we

11



will use an approach based on some ideas presented in [13] and exploited also in [6].
We point out that similar ideas have been introduced in [32, B3] for deterministic
control systems and in [29] for stochastic problems where the unbounded control acts
only on the drift.

Let us first introduce some useful notations. For any t € (0,7),z € R g €
R r e R and Q € S, define a,c € R and B € RP as follows:

~ 1
a:=—r—(b(t,z,u),q) — §T7‘[0'O'T(t,$,u)c211] — g, (2),
1 1
B := —§UT(t,x,u)Q12, and c¢:= —§Q22.

Let us furthermore denote by B = (Bj,...,B,)T the components of the vector B.
Let £* € SPT! be the matrix defined as follows:

a Bl B2 Bp

Bl C 0 0

u BT . . .
p . . . .

: : o0

B, 0 ... 0 c

Finally, let AT(A) be the largest eigenvalue of a given matrix A.
LEMMA 4.1. For any t € (0,T),(z,2) € R g € R r € R and Q € ST,
The following assertion holds:

—r+H(t,2,¢,Q) <0 <« supAT(L%tz,7,q,Q)) <O0.

uelU

Proof of Lemma[4.1 Straightforward calculations yield to:

—r+H(t,z,q,Q) <0 & sup {a—|—2<a, B) +c||a|2} <0

(u,a) €U xXRP
" Bt B

& sup a+2 E B;= +c§ d
{ i=1 LB = A

<0
('u,B)EUXRP+1, }
B1#0

p P
& sup {af)’f 19 B+ cz@al} <0
=1 =1

(u,B) €U xRPFL,

lBll=1
uelU 5€Rp+1
lIBll=1
& sup AT(L(t,2,7m,¢,Q)) <0
uelU

which proves the desired result. [
REMARK 4.2. Notice also that, with the notations of equation (4.2,

AT(LH(ta,rq,Q) =0 ¢ max(a, ¢ ||BIP —ac) = 0. (4.3)

Indeed, straightforward calculations give that max,egr(a + 2(a, B) + c|a|]?) =
max||q | acre (@ + 2| B||[|ef| + ¢[|ee]|?), from which we deduce (4.3).

12



For convenience of the reader we report below the explicit definition of L%, for
te[0,T],z € R r€R, q=(qu,q.) € R and Q € S+

Cu(tvxvrv%Q)
= <_T - <b(t7$7u)a qa:> + E(t7xau)q.z - %TT[JUT(tv‘rau)Qll] — 9k (SU) —%(JT(t,:L'7u)Q12)T )
_%O—T(taxau)Q12 _%Q221p '

THEOREM 4.1. Assume that (H1),(H2) and (H3) hold. Then, w is a continuous
viscosity solution of the following equation:

sup AT (L"(t, x, O;w, Dw, D*w)) = 0 in [0,T) x R x (0, +00)  (4.4a)
uelU

w(t,z,0) = wo(t, ) in [0,T) x R, (4.4b)

w(T, z,z) = max(y(x) — z,0) in R x [0, 4+00). (4.4c)

Proof. The boundary condition (4.4b)) and (4.4c|) are satisfied thanks to the
definition of w and Lemma Let ¢ € CL2([0,T] x R*1) and let (¢,7,2) € [0,T) x
R? x (0, +00) be such that

—p)(t,z,2) = —)(t .
(w—p)(t, 7, 2) [07T)X$85§07+00)(w @)t z,2)

By using the dynamic programming principle, we obtain that w(t, z,2z) < w(t +
h, X{,(t+h), Z;(t + h)) for any constant controls u(-) =u € U and a(-) = o € RP.
This leads easily to

(6.2, = (ile-+ b X (04 1), 2220 41) ) <0
and therefore, for any (u,«) € U x RP, by using It6’s calculus,

- 1 1
~0ip — (b,9) = 5Trlo0" Digl — g (x) —a”o"Diyp — Z]lal*Dire <0

?
(u, ) this implies in particular the following

(where (D7) denotes the block of the matrix D?p). By taking the supremum on

—0vp(t, %, 2) + H(, &, Dp, D*p) < 0.
Also, by Lemma [£.1] it holds

sup A*(LY(1,, 8y, Dip, D*p)) <0
uelU
and the sub-solution property is proved.
To prove the super-solution property, consider the test function ¢ € C2([0,T] x
R and (¢,7,2) € [0,T) x R? x (0, +00) s.t.:
w—)t,%,2) = min w—)(t,x,z).
w-pEez) = mn (- p)tr.2)
Without loss of generality, we can consider that (f,Z, z) is a strict minimizer. Define
the set

M(p) = {(t,x,Z) €[0,T) x R x (0, +00), sup AT(LY(t,x,0up, Dip, D*p)) < 0},
uelU
13



and assume that (¢, 7,2) € M(y). Since M(¢p) is an open set in [0,T) x R? x (0, 00),
there exists n > 0 such that S, (¢,z,2) == [0V (¢t —n),t +n] x B((z,2),n) C M(p).
Applying the same techniques exploited in [3I, Lemma 3.1], it is possible to prove
that

min w — = min (w—
8P(Sn({75"72))( 80) Sn(fvaf)( SO)

where 9p(S,(t,7,2)) == ([0V T —n,t+n] x 0B((z,2),n)) U ({t + 1} x B((z,2),n))
is the forward parabolic boundary of S,,. But since (,z, z) is a strict minimizer, for
7 small enough the contradiction is obtamed since (t,z, z) ¢ 0,(S,(t,7,2)). We can
conclude that (¢,Z, z) ¢ M(p) and w is a viscosity super-solution of [@4). o

REMARK 4.3. We point out that problem (4.4)) is equivalent to
sup {§T£“(t,x,8tw,Dw,D2w)§} =0 [0,7)x R? x (0,+00),
u€U,EERPH!
li=1 (4.5)
w(t,z,0) = wo(t, 7) 0,7) x RY,
w(T,x,z) = max(¢(x) — 2,0) R? x [0, +00).

REMARK 4.4. We notice that, for any n > 0,
T T
+( a B + a nB
N I G D
Hence, for any given continuous function A : (0,+00) — (0,400), defining the opera-
tor LY by:
—r — (b, qz) +Lq. — 3Tr[caTQ11] — g, () —1)\(2)(JTQ12)T)
Eu t’ ) ) ) = ’ 2 r© 2
(0. = ~IE)0" —1V()Qal,

(where the dependence of the function £,b,0 on (t,x,u) is omitted for clarity of pre-
sentation), the equation (4.4)) is equivalent to:

sup (AT (LY(t, 2, 0w, Dw, D*w))) = 0 in [0,T) x R x (0, +00), (4.7a)
uelU

w(t,z,0) = wo(t, z) in [0,T) x RY, (4.7b)
w(T, z, z) = max(¢(z) — z,0) in RY x [0, +00), (4.7¢)

THEOREM 4.2. Assume that (H1), (H2) and (H3) are satisfied. Letw € USC(]0,T)x}}
R? x [0, +00)) and w € LSC([0,T] x R x [0, +00)) be respectively a viscosity sub- and
super-solution of (4.4al). Assume that W and w satisfy the following growth condition
w(t,z,z) < C(1+|z|) w(t,x,z) > C(1+ |z|)
and the inequalities
w(T,z,z) < max(y(x) —

2,0) <w(T,x,z) (4.8)
w(t,z,0) < wy(t,z) < w(t,x

,0). (4.9)
Then
w(t,z,2) <w(t, z,z), for all (t,z,2) € [0,T] x R x [0, +00).

The proof of this theorem is given in the next section.
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Comments and conclusion. Theorems [4.1] and lead to the characterization
of the auxiliary function w as the unique continuous viscosity solution of the HJB
equation (or equivalently ) This result is obtained under the assumptions
(H1), (H2) and (H3).

On the other hand, under the additional assumption (H4), Theorem charac-
terizes the original value function ¢ by the region where the continuous function w
vanishes. Here, no particular degeneracy assumption is needed and the function o
may take infinite values.

5. Proof of the comparison Principle. This section is devoted to the proof of
the comparison principle between upper semi-continuous (USC) viscosity sub-solution
and lower semi-continuous (LSC) super-solution of equation (4.4)).

The proof will follow the main lines of the proof presented in [13] where an optimal
control problem with a one-dimensional unbounded control o appeared. We will have
furthermore to deal with some technical difficulties coming here from the extention
of the result to higher dimensions for the unbounded control c.

Proof. In the proof we shall in particular consider the following non-negative,
Lipschitz continuous function

A(z) :=max(1,z), z>0, (5.1)

and use the fact that the HIB equation (4.4) is equivalent to (4.7) by Remark
(Other non negative and Lipschitz continuous functions could be used).
We start by proving that there exists a strict viscosity sub-solution of (4.7a)). Let
us introduce the function ¢ defined by
C(t,z):=—(T —t)—In(1+ 2).

One has that ¢ € C*°([0,T] x [0, 400)) for all (¢,2) € [0,T] x [0, +00),

¢(t,z) <0
and, by elementary computations using block matrix notations,
—1 =0t 2z, u) 0
Lu(tax7647D<aD24): ( 1= 1 1 )
A t O 7§A2 (Z)mlp

Using the positivity assumption of the function ¢, it follows that —1 — £(¢, z,u)/(1 +
z) < —1. Moreover using the fact that

1 max(1,2%) 1
I I\ )
4~ (1422 —2
we can conclude that
1
sup AT(LY(t, x,2,0,¢, D¢, D*C)) < —=. (5.2)
uelU 4

Next, let w,, be defined by
w,(t, @, 2) == w(t,z,2) +n((t, 2).

We are going to prove that for any n > 0, w, is a strict viscosity sub-solution of
(4.7a) in [0,T] x R x [0, +00) with a controlled gap, in the following sense:

sup AT (LY(t, z, dw,, Dw,, D?w,)) < —,
uelU 4
15
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in the viscosity sense. Indeed, the boundary conditions are satisfied for w,, thanks
to the non positivity of {, and we have

w, (T, z,2) <P(x) — 2, w, (t,z,0) < wo(t, ).
Furthermore, let us consider a test function ¢ € C12([0, T] x R x [0, +00)) such that
(w, = p)(t,2,2) = max(w, —¢)()
for a given (t,x,z) € [0,T) x R% x (0,400). From the definition of w,, we have

(w— (=n¢ +¢)) (t, 7, 2) = max (w — (=n¢ + @)

Therefore we can consider that the following function

pi=-—nC+g

is a test function for w at the point (¢,x,z). By using the sub-linearity property of
the operator AT, the sub-solution property for @, and (5.2)), the following inequalities
hold:

sup A+ (LK(L z, 6“)07 DQD, DQQO))

uelU
< sup AT(L3(t, @, ¢, Dg, D*9)) +nsup AT (L3(¢, 2,016, DG, DC))
ue ue
)
- 4

hence the desired result.

Now, let us define for 6 > 0, n > 0 and p > 0:
5ot 2, 2) 1= w, (t 2, 2) —W(t,,2) — 20ePH(1 + |z|* + 2).

For a given p > 0 (that will be made precise later on), for §,n small enough, we aim
to prove that

(Pé,n,p(tvxwz) < 07 v(1571'72)' (54)

Letting § — 0 and n — 0, this will give the desired inequality w < w.
Let us assume that (5.4) is false. Let (t,%,2) = (t,, ,, %5, ,, 25, ,) be a maximum

point for ®s, , (this maximum point exists because of the linear growth condition
satisfied by w, — 0):

B, 2,2) > 0. (5.5)

We aim to show a contradiction.

Notice that we have £ < T, as well as 2 > 0, because of the boundary conditions
and which would otherwise contradicts .

The next passage is a doubling of variable argument in order to prove the com-
parison principle. Let ®. be defined by

O (t,z,2',2,2) =
w,(t,z,z) —w(t, 2, 2") — de” (1 + 2|2 + 2) — de (1 + |2'|* + 2)

1 1 N
—oo (o =o' e =2 P) - St -

1
5 5 (Jz — 2| + |z — 2|*).

4
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Let (t,z,7',2,2") := (t,,%,,%,Z,,2) be a maximum point for ®.. By standard argu-
ments (see [I7, Proposition 3.7] for instance) we can prove that, in the limit ¢ — 0,
one has

|z —-7'|—0, |z—Z|—=0

and

2

[z — | AN

t—t z,7 =z 27 =5 — 0. (5.6)
€ €

Let us define f; , féyp, and ¢ as follows:

1 1
fo, oz, 2) =0 (1 + |z* + 2) + §|t — 12+ 1(|x — &t + 1z - 2Y),

fm (t,x,2) := e P (1 + |z|* + 2)

1
@(m,x',z,z/) = ;('x - x/IQ + ‘Z - Z/|2)7

so that we can write @, in the following way:
O (t,z,2',2,2")
= (Qn(t,x,z) - fé)p(t,a?,z)) - (ﬁ(t,x’,z') + fa’p(t,x’,z’)) — oz, 2’2, 2").

Applying the Crandall-Ishii Lemma (see [I7, Theorem 8.3] as well as section 3 of
the same reference), we can find 7,7/ € R and two symmetric matrices X and X’
(depending of €), such that

r+r' =0w(z,7,2,7) =0 (5.7a)
—1,2, - _
(r+0ufs, Do (o4 f;,), X+ D> _f, ) eP " w, (t7,2) (5.7b)

(@.2)
7 7 7 S2—— 7 s
(=" =05, —D,, .o+ f,),-X' =D, [ )eP " wt,Z) (57c)

(a’,2)

250 0L T e

where 7% denote the closures of the parabolic semijets (see [I7]). These definitions
are recalled in Appendix
From the definition of viscosity sub- and super-solution, using (5.7b)) and (5.7¢])

we have:

(z/,2

and

sup ALyt 2, r +0uf; . Do, (9 + f5,), X + D2 ;) < —Z (5.9)
u

and

sup A+(£K(t_, j/7 —7"/ - atfa‘,p7 -D

uel o+ fs), =X = D?, | f5))>0. (5.10)

(z,2 (a!,2")

Let q,¢ and Q, Q' be vectors and matrices defined by

.= (q1> =D (p+f) Q=D _J

q2 (@)
/
— (N ._ f — N2 7
q/ - <qé> A D(m/~zl)(90+f6,p)? Q, L D(:L.l,zl)fé,p'
17



Then from (5.9) and (5.10) we deduce that

g < sup AN(LYE &~ — O, —d —X' = Q) (5.11)
uelU
— sup A+([”L)\L(£7 *fia r+ 8tf,;‘p7 q, X + Q))
uelU
< sup <A+(£3\‘(f, z, —r - 6tf5.p’ —¢', = X'— Q") = AT(LN(E, T, + O fs,. 0, X + Q)))
uelU '

Now we aim to estimate from above the right hand side. Let A, A’, X, X’ and Q, Q’
be defined in SP*! as follows (we use block matrix notations)

A ( —r =0 f;, —b(t, T, u)q + £(t,Z,u)q2 — g, (Z) O )

0 0
A — < r+ atfé,p + b({, i’,u)q'l — g(t: f/,u)qé — 0c (g‘g') 0 )
= 0 0 )
and
X = sTrloo™ (8,2, u) X11] %)\(Z)X 20 (t, &, u)
T %/\ z UT(E,f,u)Xlg % (Z Xoaol,
X %TT[UUT(@ wX] AEF)(X1p) o (t, 7, u)
o §A(2/)UT(E,:§/,U)X12 l>\ ( )XQQI ’
and
0= ( atfa,f + 5Tr[oo”(t,7,u)Qu]  3AM2)Q1z0(t 7, u))
' §A(2)UT(t7j7u)Q12 %)\ ( )QQQI
O = (atféyp + 3Tr[o0” (F,2,0)Q4,]  AAZ)(@Q1)" (t z, u)>'
IAE) T (F 7, u)Qh 12(2)Q,
We have
E\L({f 7”' 78tf5p7 qa X/ Q/):AI+XI+@/
and

LYtz +0if, 0, X +Q)=A~X - Q.

Therefore, using the sub-linearity of the operator AT, we obtain

RS

< sup <A+(A’ +X'+Q)—AT(A-X - é))

uelU

< sup (A*(A’ — A+ ATX +X)+AT@Q+ é’))
uelU

< sup(AT(A — A)) +sup(AH(X + X)) +sup(AH(@Q+ Q). (5.12)
uelU uelU uelU

ey (II) (I11)

The next step is to estimate separately the three terms (I), (II) and (III) of the right
hand side of (5.12)) and to show that they become negative in the limit e — 0.

18



Estimate for (I): Direct computations give

Onf,, = (E—1) = dpe” " (1 + 7" + 2) (5.13)
Orf,, = —0pe (1 +|7)> + 7 (5.14)
and
_ () _( We @ a - il + Ha - )
= ((Jz) B ( se P+ (z—2)P3+1(z-7) (5.15)
r_ q N 25€_p{._f/ — %(j — )
= (qé) B ( e~ Pt — L(z - 7) (5.16)
Using (5.7a)) one gets

_E(ﬂ i‘/7 U)qlg - E(E, 'fa U)QQ + Ik (‘f) - gK:(‘f,)a O) .

In the limit when € — 0, using properties (5.6), we obtain a first bound of the form

lim sup sup (@f&p + 8tf5’p> (5.17)

e—0 wueU

< lim sup ((t_— £) — dpe Pt (1 + |22 + 2) — dpe P (1 + || + z’))

e—0

< —20pe PH(1 4 |2|* + 2) (5.18)
Using the linear growth |b(¢,z,u)| < C(1 + |z|), we first have

<b(t: f/’u)7q/1> + <b(£ajau)7_(h> -
< O(1+ |z))(20e P! |Z| + |z — &) + C(1 + |T']) 206" ||
_ _ 1
+{b(t, 7 ,u) — b(t,z,u), —(z — 7))
€
. . 1
< C(+ |z)) (207 z| + |7 — 2I3) + C(1 + |Z'|) 267 |7'| + E|:z — 7'

Therefore, in the limit when € — 0, using properties (5.6]), we obtain a bound of the
form

imsupsup (6, 2" 0).a1) + 067,00} ) < Col1+ )5 (519

e—0 ueU

for some constant C7 > 0. In the same way, using the Lipschitz properpty of £(¢, z,u)
w.r.t the variable z,

uelU

sup ( U F u)gh — (L, u)qa)

< O+ @D +1z - ) + O+ [al)oe™ + 1 — |~ (' - 2)
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and, in the limit when € — 0, using 2|z — #'|[2 — 2| < Y|z — @/|2 + 1|2/ — 2|2, we
obtain a bound of the form

lim sup sup ( 057 u)dy — O(F, 7, U)Qz) < Gyl +|al)se "
e—0 weU

205(1 4 |&[2)se " (5.20)

IN

for some constant Cy > 0.

Summing up the bounds (5.18)), (5.19) and (5.20)), and using also ¢,. (Z) — g, (Z') <
Ly |2 —2'| = 0 as e — 0, we obtain a bound of the form

limsup sup AT (A" — A) < max ( —(p— 03)56—p5(1 +12[%), O),

e—0 wueU
with the constant C5 := C7 4+ 2Cs. Choosing p large enough (p > C3) we obtain

lim sup sup AT(4" — A) < 0.
e—0 weU

Estimate for (IT): Let the block matrices ¥, %/ € RP+HX(d+1) he as follows:

2= (7 ) =T )

Let & be an arbitrary vector in RP*. Multiplying inequality (5.8) by ¢7(X ¥’) on
the left side and by (X ¥/)T¢ on the right side we obtain

e (o) (e )estee (L T ) (5 )s

and therefore
3 3
€N X'DT + 9XET)E < 2 €08 - 2 (BT - 2T)e < 2w - SR e

(using Cauchy-Schwartz inequalities) where ||- ||, denotes the Frobenius matrix norm.
In particular, for k € {1,...,p}, choosing ¢ of the form

E=(0...0 By 0...0Bk)
~—
k-th
a straightforward calculation gives
85 (0" X110(t, 2, u) + o X{,0(8, 2 1)), + B (A (2) X2z + A () Xdy)
+2505k ()‘(Z)UT(E’ z, U)X12 + A(E/)UT (Ev flv U)X12) k

3
<SS -SRE+ ), Yh=1....p.
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It follows that for any 3 € RPT1
BT (X +X')p

- Z (53 (" Xn10(t, %, u) + 0" X],0(E, 7, u)),, + B (A (2) Xaz + A*(2) X5,)
k=1

+2B0B1 (AZ)o " (£, Z,u) X12 + A(Z )T (£, 7', u) X1,) k)

3
< CIS-R DT (88 + A
k=1,....p
< Ps 282
<3 2

This implies in particular that

sup AT(X + X') <

%)
welU €

DEDM
Thanks to the definition of ¥ and ¥’ and the Lipschitz continuity of o and A:

S = 3
limsup sup AT(X + X') < limsup —p||2 — E’Hi
e—0 €

e—0 uclU
&2 5 _ 52
§3plirnsup<L3|$ all +|Z 7 ) =0
€

e—0 €

which is the desired result.

Estimate for (III): Direct calculations show that

(20 Pt 4 |7 — 2D Iq +2(zZ — &) (T —7)T 0
o= )

0 3lz—2
, (20e7 Pty 0
@ _( 0 0/
In particular,
AT(@Q +Q)

A 1 1 _
= max ((fitfé’p + 0 f5, + §TT[UUT(t75c,u)Q11} + §TT[O'O‘T(t, 7, 2)Q],

1.5, 1o,
P + PR
By the form of Q11 and @}, and the linear growth |o (¢, z,u)| < C(1+|z|), we obtain

1 _ 1 _
limsup sup (QTT[UUT(t,a:,u)Qu + ZTT[O'O‘T(t,x/,ZI)Q/H])
e—0 welU

< Cu(1+ |2?)se "t
for some constant C4 > 0. Hence

limsup sup AT (Q' + Q)
e—0 uelU

< max ( —20pe " (1 + |2 + £) + Ca(1 + |2[*)de ™", 0)
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Therefore choosing p > %04, we obtain

limsup sup AT (Q' + Q) < 0. (5.21)

e—0 uelU

To conclude, we fix p = max(Cs, %6’4). Using the previous estimates for the terms
(I), (II) and (III), and from inequality (5.11)) we finally get

1
- <0
4 — )
leading to the desired contradiction. This concludes the proof of Theorem [4.2] O

Appendix A. A result of existence of optimal controls. We aim to show
that assumption (H4), required in Section is always valid for a particular class of
control problems. Recall that we are interested in the SOCP

w(t,z,z) = “ ai)relaxAJ(t,%z,u,a) (A1)

associated with the cost
T
J(t, 2, 2,u,0) = E | g (X, (T), 2,5 (T)) + / I (Xéfx(S))dS] ; (A.2)
t

for given functions g, and g, and for the dynamics given by and (B.I). As
pointed out in Remark when dealing with existence results of an optimal control
law for , one difficulty encountered arises from the unboundedness of the control
a.
As in [39, Theorem 5.2, Chapter II]: we make the following linear/convexity as-
sumptions:
(B1) b:[0,T)xRIxU - R4 0 :[0,T]xRIxU - RYand £: [0, T x RExU — R
are given by

b(t,z,u) = A@t)z+Bt)u, o(t,z,u)=CH)z+D{Ht)u, Lt z,u) = E@t)z+F(t)u]

where A, B,C, D, E and F are L functions with values in matrix spaces of
suitable sizes;
(B2) U C R™ is a convex and closed set;
(B3) g, and g, are Lipschitz continuous and convex functions, bounded from be-
low.
THEOREM A.l. Assume (B1)-(B3) are satisfied. Then for anyt € [0,T], (z,2) €
R+ there exists an optimal control (G, &) € U x A for the problem —.
Proof. The proof reported below is strongly based on the arguments in [39]
Theorem 5.2, Chapter II]. First, the boundednesss assumption (B3) easily gives the
existence of the value w(t,z,z). Then let (u;,a;)j>1 € U x A be a sequence of
minimizing controls, that is
jETOO J(t,z,z,u5,05) = w(t, z, 2).
Thanks to the compactness of U and the uniform bound on the LZ-norm that can be
obtained on the control o (see Remark we can extract from (u;, ;) a subsequence
(still indexed with j) such that

(uj, aj) = (4, @) weakly in LZ.
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Let € > 0. There exists j; such that Vj > ji,
J(t,z, z,u5,05) <w(t,z,z) +e. (A.3)

By the convex structure of U x RP and as a consequence of Mazur’s Lemma, there
exists a convex combination:

(@, d;) : E :>‘w (Witjs igs)s  Aij = E :)‘U =1,
i>1 i>1

which is strongly convergent to the same limit, that is
(4, 6a5) — (a,a) strongly in LZ-norm.

One can observe that (@;,&;) and (@, &) are still elements of ¢ x A thanks to the
convexity and closure of U.
Then, by assumption (A1), it is easy to verify that

§ u1+J “J»aa E Witj it
)\ZJX tmz )‘ZJZtmz ()

i>1 i>1

and

(XD, 215y — (X}

o) Lt x, zhe ) strongly in Lg°-norm.

t,xr) “tx,z

Hence there exists jo such that for any j > jo, J(¢, 2, 2,4, &) < J(t,x,2,45,&;) + €.

Now, for j > max(j1, j2), using the convexity assumption (B3) and (A.3)), it holds:
J(t’ x? Z? fL_L’ d)

< E[gT<X2f;<T>7fo;:§f (T)) + / : 9 (2155 ))ds} +e

IN

T
ZAUE[% (D). 2 @)+ [ gK<Z“l+ﬂ<>>ds]+e
t

i>1
< w(t,z,z) + 2. (A.4)

Letting € | 0, we obtain J(¢,x, z, 4, @) < w(t,z, z) and therefore (@, @) is an optimal
control for (A.1f). O

Appendix B. Definitions of the parabolic semijets.
DEFINITION B.1 (Parabolic semijets). Let v : [0,T] x D — R an USC function.
The parabolic superjet of v at the point (t,x) is

PL2Yu(t, ) = ={(a,p,X) € R x R x §*:
o(s,9) < vlt @) +als 1) +p- (y—2) + 3 X(y — ) (y — )
+olls =+l — yl)}.

Let v :[0,T] x D = R a LSC function. The parabolic subjet of v at the point (t,x)
18

PLEo(t, x) ::{(a,p, X)eRxR? x 8¢
o(s,9) > vlt ) + als — 1) +p- (g~ 2) + 5 X(y — ) (y — )

o(|s =t/ + = —ylI*)}.
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12+ Hh2,—

The closures P v(t,x), P w(t,x) of these sets are defined as follows:

flgiv(t, T) = {(a,p,X) e R xR? x 8§,

El(tnamn) — (tvx)a El(anapnaXn) € ’Plg’iv(tmxn) s.t. (anapnaXn) — (a,p,X)}.

, —=1,2, —=1,2,—
It is easy to observe that P +v(t, x)=—-P

(=v)(t; ).
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