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DOMAIN DECOMPOSITION METHODS FOR THE DIFFUSION
EQUATION WITH LOW-REGULARITY SOLUTION

P. CIARLET, JR, E. JAMELOT AND F. D. KPADONOU

ABSTRACT. We analyze matching and non-matching domain decomposition
methods for the numerical approximation of the mixed diffusion equations.
Special attention is paid to the case where the solution is of low regularity.
Such a situation commonly arises in the presence of three or more intersecting
material components with different characteristics. The domain decomposi-
tion method can be non-matching in the sense that the traces of the finite
element spaces may not fit at the interface between subdomains. We prove
well-posedness of the discrete problem, that is solvability of the corresponding
linear system, provided two algebraic conditions are fulfilled. If moreover the
conditions hold independently of the discretization, convergence is ensured.

1. INTRODUCTION

The diffusion equation can model different physical phenomena such as Darcy’s
law, Fick’s law or the neutron diffusion. When formulated as a mixed system of
equations, it allows to compute both the solution and its gradient. Hence, from
a variational point of view, two approaches coexist. One uses either the primal
variational formulation to focus on the solution; or the dual-mixed variational for-
mulation to focus instead on the gradient of the solution.

The numerical analysis of domain decomposition methods for the mixed diffusion
equation has already been studied for Darcy’s law, see e.g. [1, 2, 3, 4], and also for
Fick’s law and the neutron diffusion equation, see e.g. [5, 6, 7]. In order to handle
non-matching discretizations at the interface of the subdomains, a Lagrange mul-
tiplier can be introduced. This technique is known as the mortar finite element
method [8], among its predecessors one can cite the hydrid finite element method
(see [9] for the diffusion equation). From an algebraic point of view, the linear
system obtained after discretization is similar to the one of the Schur complement
method.

In this paper, we focus on matching and non-matching domain decompositions
of the (dual) mixed formulation. We put special emphasis on the so-called low-
reqularity solutions. For the diffusion equation, we recall that the solution always
belongs to the Sobolev space H'. However, it may happen that the a priori reg-
ularity result (even for smooth, locally supported data) only guarantees that the
solution is piecewise H'*", where r > 0 can be arbitrarily small: one says that the
problem is H!'*"-regular. On the other hand, in the above mentioned references,
when the regularity issue is explicitly taken into account, it is assumed that the
solution is at least:
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e piecewise H'™" with r > 1/4 in [7];
e piecewise H'*" with r > 1/21in [1, 2, 4];
e piecewise H'*" with » =1 in [3, 5].

So one aim of our paper is to devise a method that can be fully justified for a prob-
lem that is H'*"-regular, with an exponent » > 0 that can be arbitrarily small. In
other words, we address the ”technicalities” needed for the design of a theory that
handles low-regularity solutions. To reach that end, one has to modify the existing
mathematical and variational frameworks. The other aim is to derive abstract (al-
gebraic) conditions after discretization, to guarantee well-posedness of the discrete
problem, and convergence.

The outline of the paper is as follows. In section 2, we introduce the notations,
geometry and Hilbert spaces to define the problem setting. In particular, we will
make use of vector-valued functions with L2-jump of normal traces on the interface
between subdomains. Then, in section 3, we write the continuous equations and the
associated variational formulations of the mixed diffusion equations. We also define
the low-regularity case. We next propose an equivalent multi-domain formulation,
which fits into the category of domain decomposition methods. The well-posedness
of the mixed, multi-domain formulation is studied in section 4 in the continuous
case and in section 5 in the discrete case. In the discrete case, we exhibit two
abstract algebraic conditions which imply the existence of a discrete inf-sup con-
dition. This inf-sup condition ensures well-posedness of the discrete problem, and
also convergence when it is uniform. In addition, these algebraic conditions drive
the choice of the space of the Lagrange multipliers. We give numerical illustrations
in section 6. Finally, we draw some conclusions and give perspectives in section 7.

2. GEOMETRY, HILBERT SPACES AND NOTATIONS

Throughout the paper, C is used to denote a generic positive constant which is
independent of the meshsize, the triangulation and the quantities/fields of interest.
We also use the shorthand notation A < B for the inequality A < C'B, where A
and B are two scalar quantities, and C' is a generic constant. Respectively, A <~ B
for the inequalities A < B and B < A.

Vector-valued (resp. tensor-valued) function spaces are written in boldface charac-
ter (resp. blackboard bold characters). Given an open set O C R, d = 1,2,3, we
use the notation (-|-)o.o (resp. ||-|lo.0) for the L?(0) and L*(0) := (L?*(0))* scalar
products (resp. norms). More generally, (-|-)s,0 and || - ||s,0 (resp. |- |s,0) denote
the scalar product and norm (resp. semi-norm) of the Sobolev spaces H*(O) and
H*(0) := (H*(0))%, for s € R (resp. for s > 0).

If moreover the boundary 9O is Lipschitz, n denotes the unit outward normal vec-
tor field to 0O. Finally, it is assumed that the reader is familiar with vector-valued
function spaces related to the diffusion equation, such as H(div ; O), Hy(div ; O) etc.

We let R be a bounded, connected and open subset of R?, having a Lipschitz
boundary which is piecewise smooth. We split R into N open disjoint parts, or sub-
domains, (Ri)i:L ~ with Lipschitz, piecewise smooth boundaries: R = Ui=1, NR;
and the set {R;}i=1 n is called a partition of R. For a field v defined over R, we
shall use the notations v; = vg,, for i =1, N.
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Given a partition {R;};=1,n of R, let us introduce now function spaces with piece-
wise regular elements:

PH*(R) = {¢eL*R)|¢; € H(R;),i=1,N}, s>0;
PH(div,R) = {qeL*R)|q, € H(div,R;),i=1,N};
PWLe(R) = {1 € L®R)|p; € Whe(R;),i=1,N}.

Given a partition {R;};=1,n of R, we denote by I';; the interface between two
subdomains R; and R, for i # j: if the Hausdorff dimension of RiN E isd—1,
then I';; = int(ﬁﬂﬁj); otherwise, I';; = (). By construction, I';; = I'j;. We define
the interface I'g, respectively the wirebasket OI'y, by

N N N N
rs=J) U Ty orw={J |J ory.

i=1j=i+1 i=1j=i+1

When d = 2, the wirebasket consists of isolated crosspoints. When d = 3, the
wirebasket consists of open edges and crosspoints. Introduce the subset of indices
Zs = {i € {1,..,N}|OR; NTg = OR;} and, for i = 1, N, the open set I'; =
ORi\I's. Let us define function spaces with zero boundary condition, for i = 1, N:

Hyr, (Ri) = {veH"(Ri)|¢pr, =0} ;
PH3(R) = {¢eLl?*R)|¢icHjp (Ri),i=1,N}.

When I';; # 0, let Hllf be the set of H1/2(Fij) functions whose continuation by 0
to OR; belongs to H'/2(dR;). One can prove that HI{/J = Hll]/2
For p € PH(div,R), let us set [p-nl;; := >, _; ; P Nk r,; the jump of the normal
component of p on I';;, when I';; # (0. [p - n];; is well defined in (H%{JQ)’ the dual
space of H%Z/JQ (see e.g. [10]). The global jump [p - n] of the normal component on
the interface is defined by:

[p-n|r, == [p-njy, fori,j=1,N, i<j.
By definition, it holds [p - n] € HKJ- (H%/f)’
Lemma 1. Let p € H(div,R). Then its global jump vanishes: [p -n] = 0.

Proof. Let ¢ € H}(R), such that 1) = 0 in a neighbourhood of 'y . Integrating
by parts twice (cf. §A), we have:

N
*/dinw = /p-gradw:Z/ pi - grad y;
R R = IR
N N N
- Z/R divpivi + Z Z (- lijs )iy g -
i=1 i R iJ

i=1 j=i+1

By choosing v such that its support has a non-trivial intersection with a single I';;,
it follows that [p-n];; =0 for i,7 =1, N, i < j. O
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We introduce finally the following Hilbert spaces:

9 5 1/2
M o= $use[[L3T) o Ieslu = (Sie; Wsin, I3r,)
1<J
HY*(Ts) = {4s e M|vgr, € HV2(Ty;), Vi < j} , with graph norm;

Q = {qePH(iv,R)|[q-nje M},

N 1/2

lallq = (Z il Frcaiv =) + II[q~n]||fu> ;
=1

1/2

X = {¢=(q9) e Qx L2 R)},lElx = (lalg + I¥5=) "

W= {wi=(&s) € X x MY, [l = (€% + sz

(Hll/?)’. In the definition of elements q =

ij

By construction, one has M C [],_;
(di)i=1,~n of Q it is important to note that one does not require q - nr,, € LQ(FU)
for 4,7 = 1, N. This is based on the observation that in the case of a low-regularity
solution, the normal trace on the interface of its gradient may not belong to M. On
the other hand, the global jump of its (scaled) normal trace systematically belongs
to M. We shall use this observation to define a variational formulation which is

conforming in Q. In this sense, our approach is different from the one of Yotov et
al [1, 2, 3, 4].

3. SETTING OF THE EQUATIONS AND THE VARIATIONAL FORMULATION

Given a source term Sy € L?(R), we consider the following diffusion equation,
written in its primal form:
Find ¢ € H'(R) such that:
(3.1) —divDgradgp+oc¢ = Sy inR

' ¢ = 0 on JR,
where ¢ is the primal unknown. The coefficients o, respectively D, are a scalar
field, resp. a tensor field. They satisfy the assumptions below:

(0,D) € L>*(R) x L*®(R),
(3.2) 3D,,D* >0, Vz € RY, D,|z||? < (Dz,z) < D*||z|? a.e. in R,
do,, 0" >0, 0< 0, <o < 0" a.e. inR.

Remark 1. All results in §3 still hold if 0. = 0. In particular, the fact that o, = 0
has no influence on the regularity results of Proposition 1. On the other hand,
handling the case o, = 0 requires extra care once we consider the multi-domain
method. This is the reason why we make the assumption o, > 0 from the start.

Classically, Problem (3.1) is equivalent to the following variational formulation:
Find ¢ € H}(R) such that Vi) € H(R):

(3.3) /RDgrad(b~grad1/)+/Ro¢1/1 /RSf’l/).



DDM FOR MIXED EQUATIONS 5

Under the assumptions on the coefficients, the primal problem (3.1) is well-posed,
in the sense that for all Sy € L?(R), there exists one and only one ¢ € H'(R) that
solves (3.1), and in addition there holds ||¢|l1,r < ||S¢lo%-

3.1. Low-regularity solutions. Under additional mild assumptions on the coef-
ficients, the solution ¢ has some extra regularity (see [11], Theorem 4.1 and [12],
Theorem 3.1): the diffusion equation is H!*"-regular for some r > 0.

Proposition 1. Let 0 € PWL>®(R), D € PWH®(R) a symmetric tensor field,
that fulfill (3.2). There exists rmax €]0,1], called the regularity exponent, such that
for all source terms Sy € L*(R), the solution ¢ € H'(R) belongs to(No<,.,.. PH'"(R)
(Pmax < 1) or PH?(R) (rmax = 1) with continuous dependence: H(b”ﬂogmrmx PHIM(R) S

HSf”O,R (Tmax < 1) or H‘b”PH?(R) S ”Sf”O,R (Tmax = 1)~

We define the low-regularity case as rmax < 1/2 above. Since crosspoints (d = 2, 3)
and edges (d = 3) are allowed in the wirebasket, this situation commonly arises
in practice. As an illustration, let us mention the checkerboard setting. Set R =
]—1,1[2, and divide it into four subsquares. Consider the problem: Find ¢ € H*(R)
such that —div D grad ¢ + ¢ = Sy with some boundary conditions. D is piecewise
constant: D = D in the bottom left and top right subsquares, and 1 elsewhere, as
shown on Fig. 1. A singular solution in the sense of [13] behaves like p"™ax where p

z=0
(=1,1) (1,1)
Ry R

D

T’"?(LI

5 7 10 15 30 100
0.54 0.46 0.39 0.32 0.23 0.13

D=1 D3 =D

(0,0)

D, =D D=1
R1 RZ
(-1,-1) (1-1

FIGURE 1. Checkerboard setting ; associated regularity exponent.

is the distance to the crosspoint (0, 0), whereas ryax depends on D. Some values of
rmax against D are given on the right table of Fig. 1. For instance, when D > 7, ¢
is of low-regularity. Identical conclusions can be drawn in R =] — 1, 1[?, partitioned
into four sub-parallelepipeds with a wirebasket now equal to the edge (0,0)x]—1, 1].
As a matter of fact, high contrast between piecewise constant diffusion coefficient
often appears in neutronics [7]. The notion of low-regularity solutions is used in
section 6 devoted to numerics, where we study the convergence of non-conforming
domain decompositions.

3.2. Multi-domain formulation. We now propose a multi-domain formulation
equivalent to (3.1), which fits into the category of domain decomposition methods.
Starting from the solution ¢ to (3.1), if one introduces the two auxiliary unknowns
p:= —Dgrad ¢ € H(div,R), and ¢5 := ¢y € H£/2(1"5) C M, let us prove that
one may write the diffusion problem in mixed, multi-domain, form as:
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Find (p, ¢, ¢s) € Q x PH}(R) x M such that:

~D;'p; — grad¢; = 0 in Ry, for i =1, N,

(3 4) div Pi + O'ﬂﬁi = Sfyz in Ri, for i = 1,N,

' o; = ¢s on OR;NI'g, fori=1,N,
[p-nf;, = 0 for i,7 =1, N.

Solving the mixed, multi-domain problem (3.4) is actually equivalent to solving
(3.1), as the result below shows.

Theorem 1. The triple (p, ¢, ¢s) € Q x PHY(R) x M solves (5.4) if, and only if,
¢ solves (8.1) with the same data.

Proof. In order to prove that (3.1) = (3.4), we define p = —Dgrad ¢ and ¢g =
qb‘rs. We just have to check that p € Q. By construction, p € H(div,R), so
according to Lemma 1, [p-n] =0 € M, and it follows that p € Q.
Let us show that (3.4) = (3.1). To prove that the distribution divp belongs to
L?(R), let ¢ € H}(R) such that ¢ = 0 in a neighbourhood of Oy

N
—(div P, @) (m2 )y i (R) = /p~gradq:2/ p; - grad g,
R i=17Ri

N
divp; ¢ — E (P ni,Q>(H%/2), H/?
. ij’ "’

_z':zl /R J#i N
Zi_v;/ i(0i¢i — 57,0 = /R(U¢ —Sy)a.

Above, we removed the interface terms thanks to the last equation of (3.4), and we
used the second equation of (3.4) to prove the penultimate equality. By density (see
Theorem 5 (cf. §A)), we conclude that divp = —o¢+ Sy in R, and div p belongs to
L?(R). Whereas, according to the third equation, we have ¢ € H}(R). Using finally
the first equation, we conclude that ¢ € Hg(R) is such that —div (D grad ¢)+0 ¢ =
Sf in R. O

Remark 2. In the low-regularity case, (see §3.1), one has p; € H(div, R;)NH"(R;)
for 0 < r < rmax, for all i. Classically [10, 14], this implies that p; - nox,
belongs to H=/2+7(9R;) for 0 < r < min(rmax,1/2): hence p; - nyr,, belongs to
H71/2+T(Fij), for i # j. On the other hand, p does not belong to HY?(R) in
general, and as a consequence p-nyr,; does not automatically belong to L3(T;;), for
1# 7.

In practice, writing the diffusion equation in its mixed form allows to compute
precisely both the solution and its gradient: it avoids the propagation of the nu-
merical error from the solution to its gradient. On the other hand, using a domain
decomposition method is interesting for many reasons: it is necessary when one
wants to compute the solution on a parallel computer. It is also useful when, for
some physical reason, one needs to capture rapidly oscillating phenomena in some,
but not all, subregions. This may happen when D has large variations (as it is the
case in neutronics). In this case, approximations with different scales can be used.
Hence the choice of a mixed, multi-domain setting.

On each subdomain, the last equation of (3.4) can be seen as a constraint. In order
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to obtain the variational formulation for the mixed, multi-domain problem (3.4),
we consider any test functions q € Q and ¢ € L?(R), we multiply the first equation
of (3.4) by q;, the second equation of (3.4) by v; € L?(R;), we integrate over R,
and we sum over ¢ = 1, N. Then we multiply the last equation by a test function
s € M and we integrate on I's(*). We sum the volume and the surface integrals
to reach:

N
Z/ (—D;'pi-q; — grad¢; - q; + ¥;divp; + oidith; )
=1 i

+ /FS[P'H]wszg;AiSf,iwi-

We recall that according to Theorem 1, we have globally ¢ € H}(R). One can
integrate by parts (cf. §A) to remove the first order derivatives of ¢;:

_iéigmd@'qi:ézziqbidivqi_/ps[q'nws’

where we used the third equation of (3.4) on I's. Hence, the regularity requirement
on the solution can be lowered to ¢; € L?(R;) for all i = 1, N, ie. ¢ € L?*(R).
Finally we have that the solution to (3.4) also solves:

Find ((p, ¢), ¢s) € W, such that V((q, ), ¥s) € W:
/ (7D71p~q + ¢divqg + ¢ divp + U¢1/})
R

+/Fs[p-n]¢s—/FS[Q'D]¢S=/RSf¢-

Above, ¢g, g play the role of Lagrange multipliers, with M the space of those La-
grange multipliers. We call the mixed, multi-domain variational formulation (3.6)
the domain decomposition+L?-jumps method (or DD+ L2-jumps method).

(3.5)

(3.6)

From now on, we use the notations:
o u=((,05),(=(pP,¢®), p= (Pi)i=1,n and ¢ = (¢;)i=1,N ;
o w=({,¥s), £ =(q, ), a= (qi)i=1,n and Y = (Y;)i=1,N ;
and we define the bilinear forms:
WxW — R

(3.7) c: (ww) /(_D—lp.q+¢divq+wdin+U¢¢) )
R
WxW — R
(3.8) (9 (ww) o [ ponjus
and:
WxW — R
(3.9) 05:{ (w,w) — c(u,w) + ls(u,w) — Lg(w,u)

ITo be mathematically precise, we should be integrating on U;<;I";; instead of I's. We make
this slight abuse of notations from now on.
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We consider the linear form:
w — R

(3.10) I N /wa

We may rewrite the DD+ L?-jumps method (3.6) as:
Find u € W such that Vw € W:

(3.11) cs(u,w) = f(w).
Theorem 2. The solution to (3.11) satisfies (3.4).

Proof. Recall that u = ((p, @), és) and w = ((a, %), ¥s).
First, using q = 0, ) = 0, and ¢s = [p - n], we obtain that [p - n] = 0.
Second, choose q = 0, ¢ with ¢; € D(R;), ¥; =0 for j # i, and g = 0.
We have now:

/ (¢idivp; + oidiths) = / St,ithi,

R-; 7

so that we recover divp; + 0;¢; = S¢; in L*(R;).
For the remainder of the proof, we consider ¥» = 0, ¥g = 0, i.e.

quQ,/D’lp-quaﬁdivq—/ [a-n] és = 0.

I's
Consider q with q; € D(R;)? and q; = 0 for j # i. We have:

/ (-D;'pi-q; + ¢idivg;) = 0, Vaq; € D(R;),
Ri
(3.12) < —/ D;'pi-qi — (grad ¢;, q;) = 0,VYq; € D(Ry)?,
Ri
= —D;lpi —grad¢;, = 0, in (D(Ri)d)l,
& —D;'p; —grad¢; = 0, in L?(R;).

We reached the last line noting that p; € L?(R;). In particular ¢; € H*(R;).

Let us show next that ¢; = ¢; on I';;, when I';; # (). Introduce R;; := int(R;UR;).
Consider q € Q such that qr,, € (D(Rij))¢, and q = 0 elsewhere. We have
[q - n] = 0 by construction. We obtain that:

I
o

Z/ ~D;'pr-q + ¢ divg
k=i,j 7 R

= Z /72 grad¢p -q + ¢rdivg = 0, from (3.12),

k=i,j
& > ¢rq.n, = 0, ib.p. onRi, R;
k=i, 7 IRk
= | (o - oam = o
T

ij
so that ¢; = ¢; on I';;. It follows in particular that ¢ € H'(R).
We recover the homogeneous Dirichlet boundary condition on R choosing q €
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C>(R))? since it holds: grad¢-q + ¢divg = 0. We find ¢ € H}(R).
0

R
Finally, let us prove that ¢; = ¢g on a given I';;. We consider q € Q such that
q; € (C*(R:))?, q; = 0 in a neighbourhood of R; \ T';; and q; = 0 for j # i. We
have:

I
o

/ grad ¢; - q; + ¢;divq; —/ qi -1 g
Ri r

ij

0, i.b.p. on R;,

< /F qi-n; (¢; — ¢s)

ij
so that ¢; = ¢g on I';;. O

In order to prove that Problem (3.4) has a unique solution, one can use Theorem 1
directly. In our case however, we would like to discretize and solve numerically the

mixed, multi-domain variational formulation (3.11), so we elect to show the so-
called inf-sup condition for the variational formulation (3.11).

4. WELL-POSEDNESS OF THE DD+ L2-JUMPS METHOD

4.1. Lifting of Lagrange multipliers. Consider ¢ € M and, for 1 < ¢ < N,
¢ € L*(Ry). N
olIficZg (OR;NTs = IR;), we add a constant value §; to ¢F so that ¢; = ¢F +9;

1 —_
has a mean value equal to —§|RZ-|_1 ¢5. We set ¢i,5 1= D507,
OR;

o If i ¢ Tg, we consider 575 € L%*(OR;), the continuation of ‘ngBRmFs by a

constant value ; g to OR;. ;s is chosen so that the mean value of 575 is equal
to —2|a7zi|—1/ oF. We set ¢; = ¢

Ri
For i = 1, N, one has ¢; € L?*(R;) and ¢; s € L*(OR;) with:

[pillo,r: + Pi.sllo.or; S 95ll0.0Rinrs + 197 1l0,R,-

In primal form, the lifting reads: Find u; € H'(R;) such that
—Aui = Q,;z in Ri,

(4.1) ou; _ lN _
ani = 2¢175 on (97—\’4.

This is a pure Neumann problem for which there is constraint on the data. It is

~ 1 —
automatically fulfilled since / ¢; + 3 / ¢i.s = 0, so well-posedness follows.
OR;

For all i, one has [[uill1,=; + |Aullo,r, < 195 /l0.0m.nrs + 167 [0, -

As far as the regularity of u; is concerned, we recall that, according to [15], there
holds u; € H3?(R;), and ||u;l|3/2,%, < [05ll0.0rinrs + |97 lo,%.-

However, in our case, it does not fit our formulation of the diffusion equation as
the mixed, multi-domain problem (3.4) or (3.11). Hence we choose to solve instead
the equivalent problem:
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Find (v4,u;) € H(div,R;) x H*(R;) such that

—v; +gradu; = 0, in R,
(4.2) divvi = g, R
v, -n; = §¢i,5 on 8721

Well-posedness and continuity of the lifting follow, indeed for the latter we have
(4.3) IVilla@iv,ri) < Cligi (950,005 + 97 loR: ) -

Regarding now the regularity of v;, there holds v; € H'/2(R;), and ||vil[1/2.=,
6% 1l0,0minrs + ||@Fllo,r,- According for instance to [16, §7], an equivalent, mixed
variational formulation of problem (4.2) reads:

Find (Vi,ui) S H(le , Rz) X L2(RZ) such that V(q?, ’L/)Z) S Ho(le , Rz) X L2(Rz)

/ vi~q?+/ diVVi1/1i+/ diva) u; = */ i Vi,

7 7

(4.4)
1 —
V;-1n; = §¢i,S on 67%1

One actually solves the problem in the variable v? = v; — vﬁif t e Hy(div,R;),

where véif * € H(div,R;) is a continuous lifting of the normal trace 5(}5—1\;, and

well-posedness is recovered with the help of an inf-sup condition.

4.2. Inf-sup condition. We can now proceed to obtain the well-posedness of
(3.11) by proving in particular an inf-sup condition.

Theorem 3. There exists a unique solution u € W to the mized, multi-domain
variational formulation (3.11).

We give the proof of this result although existence and uniqueness of u is a
consequence of the results of §3. As a matter of fact, the proof of the discrete
inf-sup condition is obtained along the same lines.

Proof. To prove the claim, one looks for an inf-sup condition and a solvability
condition [16, 17] to ensure well-posedness. The solvability condition writes

The set {we W|VueW, cg(u,w) =0} is equal to {0}.

Given an element w = (p, ¢, ¢g) of the set defined above, one checks that (p, ¢, ¢s)
solves (3.4) with zero data: this is analogous to the proof of Theorem 2. By
uniqueness of the solution (cf. Theorem 1), it follows that w = 0.

The inf-sup condition writes:

. CS(uaW)
45 dn >0, inf sup ———7 > 1.
(4.5) n ueEW ey HUHW HWHW !

e Assume first that divp; = 0 in R; for all i = 1, N, and ¢s = 0. Then cg(u, w)

writes:

(4.6) cs(u,w) = /72(7D71p~q+¢divq+a¢1/)) Jr/F [p-n]vs.
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By choosing { (q’:/i}s) i E;pr,l]qs) gi\;’ one has: |[jully > \/ig |lw||w, and more-

over the expression of ¢g(u,w) involves only positive terms, which yields the bound:

cs(ww) = A(D-lp-p+a¢2)+/ P,

I's

> B (Hp||%2 + H(b”%n) , with 8 := min ((D*)_l, 1,0*) >0,

= Bl 9k =Bl((p.9), bs)lly:

Y

Bl
V2

e In the more general case div p; # 0 for some ¢ and ¢s = 0, one can still proceed
along the same lines, as long as the terms in ¢; div p; cancel out. To fulfill the
conditions, a possible choice to bound cg is:

q = Ip . €Q,
Vi = 5oi+5(0) 7 divps € LA(Ry), fori=1,N,
Ys = [p-n] € M.

One can check that: [[ully > A|[w[ly, with A := min ((1 + 3(0.)"%)71/2,1/v2) > 0.
The bound on ¢g now reads:

1 1
cs(u,w) = /7z(D_1P'P+§U_1(diVP)2+§U¢2)+/F [p-n]?,
S
2 2 : : *\—1 1 1 *\—1
> (Ipl + 19132, with 7= min (D)™, 2w, (071 ) > 0,
= ylPo)lx = 7P, ), 95)ll7,
>y A ullullwlw,

e In the general case, div p; # 0 for some i and ¢g # 0, we now choose:

q = —Ppi—av; € H(diV,Ri), fort=1,N,
1 1

vio= 5ot Q(Ui)_ldivpi € L*(Ry), fori=1,N,

Ys = —¢s+[p-n € M,

where o > 0 is to be fixed and v;, i = 1, N are defined by (4.2) or (4.4) with
¢s = ¢s and ¢ = 0.

We have:
stwr) = [ (D7pept gor e+ o)
(4.8) +/ ([p-n]*+ady) +/RaD‘1p-v

%FSZ |Ri|1/673i ¢s /R Pi-

i€ls
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Using successively Young’s and Cauchy-Schwarz’ inequalities, one can bound the
last term. We get that Vi € Zg, Vn > 0:

[0} _ (6% _ —
SSIRIT [ os [0z =S (RIRA 051 o, + 07 0l R, )-
OR; Ri

Let us bound the last-but-one term of (4.8). We have for i = 1, N:

1

/aDi_lpi'Vi > ——/ (D;'pi-pi + &> DM vy)
R 2 R,

(4.9)

Y

1 _ a? _
) /R D; 'pipi— o (Dy) tc? [ }s] 3,6Rmrsa

according to (4.3), with C' = max;—1 n Clift .
Summing for i = 1, N, we deduce that:

cs(w,w) > %/R (Dlp'P+01(divp)2+ (a— 2%) ¢2)

1
+/ [p.n]QJroz(l—aC’Q(D*)_lnC") ¢2S,
I's 2 I's

(4.10)

1 1
where C' = — max(|0R;||R:|~") > 0. Set n = =(C")~".
4 1€Lg 2
Choose a > 0 so that o* := min (a(1 — aC? (D,)™"), 0. — aC’) > 0. We have:

(4.11) es(u,w) > 10 ully,
with 79 := min (3(D*)7%, 1(6*)7!, 3a*,1) > 0. Finally one gets that:
(4.12) [ally = 7 flwllw,

with n1 :=m (04, C, ) > 0.
We obtain thus the inf-sup condition (4.5) with n = ;. O

5. DISCRETIZATION

We study abstract, conforming, discretization of the variational formulation
(3.11). To that aim, we introduce discrete, finite-dimensional, spaces indexed by a
(small) parameter h as follows:

Q;, C H(div,R;), and L;j, € L*(R;), fori=1,N.

For approximation purposes, and following Definition 2.14 in [17], we assume for
every i that (Qin)n, resp. (L;p)p have the approzimability property in the sense
that

Vq; € H(div,Ry), li inf flqi—a Ry | =0,
(5.1) q € H{div, Ry), lim <qi,§Ie1Qi,h|q %kllEa ’R”)
;€ LA(Ry), li inf ; — ) =
Vi € L*(Rq), lim (wi,irelLi,h 195 — il o,nl) 0,

and also that L; j includes piecewise constant fields.

We impose the following requirements:
® qin MR, € L2(OR;) for all q; € Qip, i =1,N;
i diVQi,h C Li,ha i= 15N
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Then, let
Qn = H Qin and L= H L p.
i=1,N i=1,N
In particular, the discretization Qp, x Ly, is globally conforming in Q x L?(R). We
endow Qy, with the norm || - ||, while Ly, is endowed with || - [|o,%-
We then define T; ;, as the space of the normal traces of vectors of Q; 5 on OR;NI's:

(5.2) Tin = {qin € L*(OR;NT's) | Iain € Qin | Gih = Qiyh * Dijoriars | -

Several situations? can occur on a given interface I'y;:

e non-nested meshes: T; p, ¢ T, and T, & Tj p s
o nested meshes: T;, C Ty or T C T
e matching meshes: nested meshes with T, = T 1,.

Remark 3. Matching domain decompositions correspond to matching meshes;
resp., non-matching domain decompositions correspond either to non-nested, or
nested but non-matching, meshes.

Let us denote by M; C M the discrete space of the Lagrange multipliers, and
by M;’ C L3(T;;) the discrete space of the Lagrange multipliers restricted to the
interface I';;. We introduce the discrete projection operators from the spaces of
normal traces T} j to My, and vice versa:
Hi:Ti,h — My s My, — Ti,h
gin = iqin) ’ VYsn = mi(Ysn)
These projections are defined by:

/ (I (qi,n) — @i,n) Ys,n =0
OR;NI's

(m(Ys,n) — ¥s,n) ¢ip =0
IOR;NI's

(5.3) Yain € Tin, Vs € My

As the operators II; and 7; are orthogonal projections, they are continuous, with a
continuity modulus equal to 1.

Proposition 2. The following inequalities hold:

l: (¥s.n)l0,0minrs < ||¥s,nllo,0r.nrs and

5.4) Vqin € Tipn, V e M
(54) Vain ishy V5.0 h { ITLs(gs,n) |lo,0”:nrs < ||gi,nll0,0R:rs -

Next, let pp, € Qpn. We define the discrete jump of the normal component of py, on

the interface I';; as [py - n]p,ij == Z Iy (Pk,n - ngr,;). The discrete global jump
k=i,j

of the normal component, [py - ny]n € Mp, is defined by:

[Pr - 0]nr,; = [Ph - 0]n,j, for i, j=1,N.
We finally define:
Xh = {fh = (qh,’L/Jh) S Qh X Lh} s endowed with || . ||x,

Wp,

{wn = (&n,Ysn) € Xp, X My}, endowed with || - ||y .

2Non-nested meshes are also called sliding meshes in the literature, see [18].
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In the remainder of this section, we develop the numerical analysis for the DD+ L2-
jumps method. In our setting, the conforming discretization of the variational
formulation (3.11) reads:

Find ((pn, 1), Ps.n) € Wp, such that Y((qn,¥n),Ys.n) € Wp:

/ (=D 'pr-an + dudivay + Y divps + o dn i)
R

(5.5) + /Fs[ph -n) g — /FS[Qh'n] bs,h = /Rsfl/’h'

Or equivalently:
(5.6) Find up € Wy, such that Vw, € Wy, cs(up,wp) = f(wp).

For the study of the well-posedness in the discrete case, we have to lift continu-
ously the discrete Lagrange multipliers. To that aim, one simply discretizes the
variational formulation in §4.1. So we assume that, given ¢;, € Lj, and ¢g, € My,
there exists for all 7 = 1, N a discrete lifting v;; € Q; that fulfills the discrete
counterpart of (4.3) and of (4.4) (the constant is denoted by Cj;,). We label those
two discrete conditions (4.3h)-(4.4h).

5.1. Discrete inf-sup condition. The discrete inf-sup condition to be found
writes:

(5.7) dnp >0, inf sup M 2 M-
Un€WL ), W), HuhHW HWhHW

Once (5.7) is achieved, one obtains existence and uniqueness of the discrete solution
up, hence the corresponding linear system is well-posed. So conditions ensuring
that (5.7) holds can be viewed as algebraic conditions. More generally, our aim is
to obtain that (n)p is uniformly bounded away from 0. In this sense, one has a
uniform discrete inf-sup condition, from which the error analysis can be derived.

Theorem 4. Assume that the conditions

(5.8) 3B8n > 0, Vqn € Qn, /

[l a0 > ﬁh/ [ -

I's
and

Ivn > 0, Vipsn € My,
5.9) MY , , ,
G > / (mi(¥s,n)? + m(Ws,n)?) = nllvsnllis

i=1 j=i+17Tij

hold, then the discrete inf-sup condition (5.7) is fulfilled. If in addition B), and
yn can be chosen independently of h in these two inequalities, (5.7) is a uniform
discrete inf-sup condition.

Remark 4. In other words, (5.8)-(5.9) can be seen as the algebraic conditions.
We discuss these conditions in the next subsection.
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Proof. In order to show the inf-sup condition (5.7), we consider uy, := ((Pn, ¢n), Ps,1n) €
Wy, and we define wy, := ((qn,¥n), Ys,n) € Wy, as

Qin = —Pih— Vi, fori =1, N,
1 1 1. )
(5.10) YVin = §¢zh + 5(01') divpipn, fori=1,N,
Ysn = —o¢sn+ [Pr-nln,

where o’ > 0 is to be determined, whereas the discrete lifting v; 5, of ¢ , is governed
by (4.3h)-(4.4h) with data ¢ = m;(¢s,n) and ¢ = 0. To have ¢, € Ly in (5.10),
we assume for the moment that o; is constant for ¢ = 1, N. The general case will
be considered hereafter. With this choice, we have:

1 4, .. 1
cs(uh,wh) = / (Dlph -Ppn + 50’ 1(d1Vph)2 + 50’ d)i)
R

+ - [Pn - 1n [Pr - 1]

o NN
(5.11) +§Z > /Fu ds.n (Ti(ds,n) + mi(ds,n))

i=1 j—it1
+a / Dilph S Vh

, R
*% > |Ri|1/6R_7n(¢s,h) /R_fbi,h-

i€ls

According to (4.3h), (5.4), and following (4.9) we can bound the last but one term
like:

_ 1 _ 1 _ 2
[ oD pnevi= =5 [ D by 30D (Gl losalfr
R R

Moreover using the definition (5.3) of the projections m; and 7, we have:

612 [ osn (mosa) + mosa) = [ (m@sa)? + m(0sa)?).

Ty

Then using Young’s inequality for the last term in (5.11), it follows that Vn > 0:

1 . o
cs(up,wp) > 5/ (Dlph pr+ ot (divpn)? + <U - 2—> ¢;QL)
R n

+ - [Pn - 1n [Pr - 1]

1 N N
+3 o (1 — nC')Z Z /F (mi(ps.n)? + 7(bs.n)?)

i=1 j=i+1

(5.13)

1 _ 2
—50/2(17*) Y(Clise) Nlos.nll3s
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1 1
where €' = — max(|0R;||R:|~") > 0. Set = =(C")"! to obtain:
2 1€ls 2

4
=i+1

1

Tl DN ) b3
5.

Suppose that the condition (5.8) holds, then

/Fs[ph.n]h[ph.n]zﬁh/ -

I's

cs(up,wp) > %/ (D7'pp - pr+ o0 H(divpn)® + (0 — o’ C') ¢7)
+/ (P nn [pn - n]
(5.14) N
—ZZ/ (mi(@s)? + 73(65.)%)
a?(D

with B, > 0. Then, provided that o' €]0,0, (C’)~![, it remains to bound from
below the last two terms by ||¢s ,||3, times a strictly positive constant, to achieve
(5.7). For this to hold, one uses condition (5.9). Indeed, it implies

; N

%ZZ/ (mi(Bs)® + 75(65.2)°)

1=1 j=1+1
1

Th — 2
502D Gl lbsal > gal (L - (D)7 (Cluge)”) sl

So taking o’ ”sufficiently small” leads to the claim when o is piecewise-constant.
When o € PW1>°(R) is not piecewise-constant, one modifies (5.10) by choosing

Yin ¢zh+ 7Tl(( )" Hdivp;, for i =1, N,

where 7 is the orthogonal projection on piecewise constant fields in L?(R;). Ac-
cording to [17], Proposition 1.135,

(5.15) (i) ™" = 7 ((00) llso,r < €6 (h), with lim €5 (h) = 0.

With this choice, there are extra terms in the expression of cg(up, wp) compared to

(5.11), namely
[ @00 = (0™ divpn)? + (1((0:) ™) — (0:)~oindiv pi.
2Jr

Thanks to (5.15), the first term has no influence, because one has the bound

/R (#0((02)™) — (00) ™) (liv pn)? > —eo (B) | liv palE .

Likewise for the second term. Indeed, using the Cauchy-Schwarz inequality with
(5.15) yields

*

@™ = (00 osndiv b = =T o) (1wl + v ol ).

Hence the claim still holds. O
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A straightforward consequence of (5.8) is obtained by taking (qp, ¥n,¥s,n) =
(0,0, [pn - n]p) € W, as a test-function in (5.5), which leads to

Oz/rs[ph'n][Ph'n]hZﬁh/FS[Ph'n]Q-

Hence, [py, - n] =0 and so p, € Q, NH(div,R).
One infers the classical convergence result below [17]. More precise convergence
rates are given in §6.

Corollary 1. Assume that the algebraic conditions (5.8)-(5.9) are fulfilled uni-
formly in h, that the discretization Qp, x Ly, satisfies the approximability properties
(5.1) and that it is globally conforming in Q x L*(R). Then the solutions (up) to
the DD+ L2-jumps method converge to the solution u to (8.11). In other words:

Lim (Ilp — pullagaiv,®) + 1l — dnllor + [lés — és,nllar) = 0.

5.2. A study of the conditions (5.8)-(5.9). Let us begin by some observations
regarding the two conditions.

First, we noted that if (5.8) holds, then [py - n] = 0 and pj, € Q) NH(div, R).
Second, if (5.9) holds, then g ), — (Zf;l Z;-V:Z-H fFij (mi(Ys.n)? + 71']»(1/157h)2)
is a norm on Mj,. Indeed, we conclude from (5.4) that Vipg ), € My,

1/2

N N
s alae <D0 /F (mi(sn)® + m(Ysn)?) < 2 |dsnllis-

i=1 j=i+1

To realize the conditions (5.8)-(5.9), one can think of two alternatives depending on
whether the discrete space of the Lagrange multipliers M), is build /inferred directly
with the help of the discrete spaces of normal traces (75 5);=1,n. That is, whether

Zi]\il T;.» C Mj, or not.

5.2.1. The case Zf;l T;,5, C Mp. One can disregard the situation where Zf;l T;n
is a strict subset of M. In this case, there exists Q/JSJ;,I # 0 that belongs to the
orthogonal subspace of Zfil T; 5 in My, and if (py, ¢n, ds,n) is a solution to (5.5),
then so is (pn, ®n, Ps.h +1/’§h)- This is a straightforward consequence of the fact for
all test-functions (qp, ¥, ¥s,n), it holds [qy-n] € Zivzl T; 5, and so st [an-n] wéh =
0: the discrete solution is not unique. Hence in order to obtain a well-posed problem,
Mj, must be chosen as:

N
(5.16) My =Y Tin
i=1

In this setting, conditions (5.8)-(5.9) follow readily with constants 85 and -, inde-
pendent of h. In particular, all projections II; are equal to the identity so that :

vqheqh,/ [qh-nn[qh-n]:/ fan - n]2.

T's I's
When Mj, is defined by (5.16), there are two alternatives. For nested meshes on I';;,
the definition is straightforward, M ,ij is the larger of the two spaces T; j, and Tj .
On the other hand for non-nested meshes, the explicit construction of M ,ij can be
delicate. We refer to Gander et al [19, 20] for an implicit approach that allows to
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build the space M} and the action of its test-fields in the variational formulation
via an algorithm that is only used when the computations are performed.

5.2.2. Other constructions. To our knowledge, the other alternative has been first
studied by Yotov [21] (in case of RTN finite elements). This is a situation where
nested meshes are considered, but where 75 5, + 715, and M, ,ilj can be different on all
interfaces I';;. Here, the space M, Zj must be taylored with care to obtain conditions
(5.8)-(5.9). As an example, in [21], a 2D domain R was considered, with Py discrete
normal traces with given meshsize hg = h; on I';;, Py discrete Lagrange multipliers
with meshsize 2hg and where the triangulation used for the normal traces is a sub-
division of the triangulation used for the Lagrange multipliers. The best constant
in (5.8) can be computed on the reference element, with a value of the parameter
B = %, so that g = %. Other examples can be constructed for 3D geometries. For
instance, with Qo normal traces with given meshsize hg = h; on I';;, Q1 discrete
Lagrange multipliers with meshsize 2hg and the same rule governing the triangu-
lations as above. In this case one finds that 5, = B = % Also, one readily checks

that #1) = 0 implies 1) = 0 on the reference element, so condition (5.9) is fulfilled
too with a constant 7 that is independent of h. We postulate that these results
could be extended as follows. Let m > 2: in 2D (resp. 3D), Py (resp. Qo) discrete
normal traces with meshsize hg = h;, in conjunction with P, (resp. Q,,) discrete
Lagrange multipliers with meshsize m hg and again the same rule governing the
triangulations as above.

6. NUMERICAL ILLUSTRATIONS

As soon as the discrete inf-sup condition is satisfied uniformly, one can use
Strang’s lemma [17] to derive the error estimates: one must compute the error
between the solution (¢, p, ¢s) and its discrete interpolant. The convergence rate
is driven by the error on p. Let us give some details in the case of RTN finite
elements [22, 23], under the assumptions of Proposition 1 on the coefficients o, D.
We refer to [24, 25] to state that for a low-regularity solution, ||p;—pi,r||u(div,7:) S
h'max=¢ for all € > 0, where p; r is the RT'N interpolant on subdomain R;, and
Tmax 1S characterized in Proposition 1. While using a domain decomposition with
matching meshes, one has [(p — pr) - n] = 0 with pr = (pi,r)i=1,~. In the other
cases, [(p — pr) - n] # 0. Nevertheless, one can prove that if the meshes remain
nested and the triangulation are quasi-uniform on the non-matching interfaces, then
I[[(p — Pr) - n]||ar < A2, For non-nested meshes, error estimates are difficult to
obtain [26], unless there is some measure of structure in the non-nestedness (see
below for an illustration). This allows to recover the expected convergence rate of
order 7.« in the presence of low-regularity solutions:

IIp — Pulla(aiv,r) + |16 — ¢nllor + |l¢s — dsullar S A™=7¢,  Ve>0.

As a matter of fact, up to now this expected convergence rate was extrapolated from
the known results for regular solutions. Following the methodology of [27], one can
also recover the Aubin-Nitsche estimates:

¢ = dnllor S A* ™=, Ve >0.

Let us consider the checkerboard setting as shown on Fig. 1. We consider singular
solutions ¢g;ng € H'(R) in the sense of [13]. In polar coordinates (p, 0) centered at
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FIGURE 2. Map of ¢sing when rpay = 0.20.

(0,0), it writes @ging(p,0) = p™= f(6), where f is piecewise smooth. By construc-
tion, —div D grad ¢4y = 0. We solve:
Find ¢ € H'(R) such that:

{ —div Dgrad ¢ + ¢ Psing DR
¢ = ¢sing on 6R,

whose solution is ¢ = ¢sing. We study the error on two different sets of domain
decomposition meshes, calling h; the meshsize in R;, for 1 <14 < 4. The parameter
is h = hy and we choose:

e a DD with nested meshes: h; = h3, ho = hy and hy = %hg ;

e a DD with non-nested meshes: hy = h3, hy =hy and hy = %hg.
In the latter case, we remark that there is some structure since the meshsizes
are locked. We consider the singular solution ¢,y with either rya.x = 0.45 or

Tmax = 0.20, see Fig. 2. The relative errors and corresponding convergence rates
are given in Tab. 1 and 2.

Tmax = 0.45 Tmax = 0.20
L/h |6 = dullor | IlP—Prllor || 10— dullor | [P —Prllor
25 5.13¢73 5.90 ¢ 2 3.00 ¢ 2 3.80e !
50 2.73¢73 4.26¢2 2.31e 2 3.28 ¢ 1
100 1.46¢3 3.09¢ 2 1.78 ¢ 2 2.82¢1
rate h0.90 h0.46 h0.37 h0.21

TABLE 1. Nested meshes.

7. CONCLUSION

The DD+L?-jumps method is a general framework which allows to show the well-
posedness of the mixed, multi-domain diffusion variational formulation, especially
in the case of a low-reqularity solution. In the discrete case, the well-posedness
depends on two algebraic conditions which will drive the choice of the discretized
space of the Lagrange multipliers. One can choose two different discretizations in
two adjacent subdomains, such as RTN, BDM, BDFM or ABF mixed finite ele-
ments [16]. The critical issue is in the choice of the discrete space of the Lagrange
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Tmax = 0.45 Tmax = 0.20

1/h | {6 = nllor | [IP = Prllor || ¢ — nllor | [P = Pallor
24 9.76 3 1.33¢7 1 3.98 ¢~2 5.05e!
48 5.11e73 9.63 2 3.04 72 4397t
96 2.71e73 7.02¢72 2.34e2 3.80e !
192 1.44e73 5.12¢72 1.80e72 3.29¢1
rate h0-92 h0-46 h0-38 h0-20

TABLE 2. Non-nested meshes.

multipliers to enforce conditions (5.8)-(5.9). Note also that one can use Hilbert
spaces including L2-jumps to model fractures (see the recent paper [28]).
Obviously, the numerical results can be improved in different manners: one can use
graded meshes [29], an hp-finite element method [30], or an enriched finite element
method, such as XFEM [31] or the singular complement method [32]. If one knows
where the singularities occur, these methods can be used a priori. On the other
hand, using a posteriori error estimates enable adaptive mesh refinement strategies
[3, 33].

A possible continuation of this paper is the study of the steady-state neutron dif-
fusion problem. Mathematically, it can be expressed as a generalized eigenvalue
problem, where the physical solution is the fundamental mode, that is the eigen-
function associated to the smallest eigenvalue [7]. The numerical analysis of this
problem is carried out in [34].
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APPENDIX A. COMPLEMENTS: INTEGRATING BY PARTS

We recall below some integration by parts formulas that are used to build the
variational formulations. We follow first [10, Section 3]. Introducing the trace space
H'Y?(9R;) of elements of H'(R;) on OR;, i = 1, N, we recall Green’s first identity:

V(qi, ¢Z) S H(le , RZ) X Hl(Ri),

/ grad ¢; - q; + ¢;divg; = {(q; - n;, ¢i>(H1/2(6Ri))',H1/2(6Ri)'

Next, we recall some density results from [11] below. Let us introduce, for H €
{Hl(R)’ H& (R)v (H&,Fi (Ri))izl,N}:
H_ :={¢ € H|¢ =0 in a neighbourhood of o'y }.
Theorem 5. Let H € {H'(R), Hy(R), (Hyr,(Ri))i=1.n}: H- is dense in H.
Finally, for i = 1, N Green’s first identity in R; becomes with the help of the
trace spaces Hll/2

(qlad)’b) S H(le R) ( 0,I; (R ))_7

N

/ grad¢; - q; + ¢;divg; = Z( nza¢l>( 1/2) e

R, ,
i j=1
As a consequence, let ¢ € (Hol(R))_ and q € Q. Denoting by ¢s = ¢|p,, we may
write:

N
/gradqb-q—i—qﬁdivq = Z/ grad ¢; - q; + ¢;divq;
R

- ZZ nla¢1 1/2) 7Hl/Za

11]1 Tij

= Z Z q nlj7¢s( 1/2) HY/?)
ij

- /fZH]

According to Theorem 5, the result still holds for ¢ € H}(R) and q € Q.



