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Forward Feynman-Kac type representation for semilinear

nonconservative Partial Differential Equations

ANTHONY LECAVIL *, NADIA OUDJANE T AND FRANCESCO RUSSO
July 2nd 2017

Abstract

We propose a nonlinear forward Feynman-Kac type equation, which represents the solution of a non-
conservative semilinear parabolic Partial Differential Equations (PDE). We show in particular existence

and uniqueness. The solution of that type of equation can be approached via a weighted particle system.

Key words and phrases: Semilinear Partial Differential Equations; Nonlinear Feynman-Kac type func-

tional; Particle systems; Probabilistic representation of PDEs.

2010 AMS-classification: 60H10; 60H30; 60]J60; 65C05; 65C35; 35K58.

1 Introduction

This paper situates in the framework of forward probabilistic representations of nonlinear PDEs of the form

d
du=1 Z 8%» (@D"); ;(t, x,u)u) — div (g(t, z,u)u) + A(t,z,u, Vu)u, foranyt € [0,7],
=1

u(0,dz) = ug(d),

(1.1)

where uj is a Borel probability measure. u :]0, T] x R — R will be the unknown function. For that PDE we
propose the forward probabilistic representation

Y, =Y+ fot D(s, Ys, u(s, Yy))dW, + fotg(s,Ys,u(s,Ys))ds , with Yy ~ o,
{ u(t,) =%y (p)=E {(p(Yt) exp {fot A(s, Yy, u(s, Ys), Vu(s, YS))dsH ,p € C(RYR), t €[0,T),
(1.2)
which is a nonlinear stochastic differential equation (NLSDE) in the spirit of McKean, see e.g. [19].

The underlying idea of our approach consists in extending, to fairly general non-conservative PDEs,
the probabilistic representation of nonlinear Fokker-Planck equations which appears when A = 0. An
interesting aspect of this strategy is that it is potentially able to represent an extended class of second order
nonlinear PDEs.
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When A = 0, several authors have studied NLSDEs of the form (L.2). Significant contributions are due
to [26]], [21], [20], in the case where the non linearity with respect to u are mollified in the diffusion and
drift coefficients. In [15], the authors focused on the case when the coefficients depend pointwisely on w.
The authors have proved strong existence and pathwise uniqueness of (I.2), when ® and g are smooth and
Lipschitz and ® is non-degenerate. Other authors have more particularly studied an NLSDE of the form

Yy = Yo+ [y ®(uls, Ys))dWs, Yo ~ uo,
u(t, z)dz is the law density of Y;,t > 0 (1.3)
u(0,) = g ,

for which the particular case d = 1, ®(u) = u* for k > 1 was developed in [3]. When ® : R — R is
only assumed to be bounded, measurable and monotone, existence/uniqueness results are still available in
[]. A partial extension to the multidimensional case (d > 2) is exposed in [2].

The solutions of (L), when A = 0, are probability measures dynamics which often describe the macro-
scopic distribution law of a microscopic particle which behaves in a diffusive way. For that reason, those
time evolution PDESs are conservative in the sense that their solutions u(t, -) verify the property [, u(t, z)dx
to be constant in ¢ (equal to 1, which is the mass of a probability measure). An interesting feature of this
type of representation is that the law of the solution Y of the NLSDE can be characterized as the limiting
empirical distribution of a large number of interacting particles. This is a consequence of the so called prop-
agation of chaos phenomenon, already observed in the literature for the case of mollified dependence, see
e.g. 21] and for the case of pointwise dependence. [8] has contributed to develop stochastic
particle methods in the spirit of McKean to approach a PDE related to Burgers equation providing first the
rate of convergence. Comparison with classical numerical analysis techniques was provided by [7].

In this paper we will concentrate on the novelty constituted by the introduction of A depending on u
and Vu. For this step ®, g will not depend on u. In this context we will focus on semilinear PDEs of the

form
Opu = Liu+ ul(t, z,u, Vu) (1.4)
U(O, ) = uop,
with L* a partial differential operator of the type
d
(Lip)(x Z (®")ij(t, 2)p)(@) = Y dilgilt, 2)p)(x),  for v € C°(RY). (1.5)

z] 1 =1

An alternative approach for representing this type of PDE is given by forward-backward stochastic dif-
ferential equations. Those were initially developed in [23], see also for a survey and for a recent
monograph on the subject. However, the extension of those equations to fully nonlinear PDEs still requires
complex developments and is the subject of active research, see for instance [9]. Branching diffusion pro-
cesses provide another probabilistic representation of semilinear PDEs, see e.g. [12]. Here again,
extensions to second order nonlinear PDEs still constitutes a difficult issue.

As suggested, our method potentially allows to reach a certain significant class of PDEs with second-
order non-linearity, if we allow the diffusion coefficient to also depend on u. The general framework where
g and @ also depend non linearly on u while A depends on v and Vu has been partially investigated in [18],
where the dependence of the coefficients with respect to u is mollified and A does not depend on Vu. An
associated interacting particle system converging to the solution of a regularized version of the nonlinear
PDE has been proposed in [17], providing encouraging numerical performances. The originality of the



present paper is to consider a pointwise dependence of A on both « and Vu. The pointwise dependence on
Vu constitutes the major technical difficulty.

More specifically, we propose to associate (I4) with a forward probabilistic representation given by a
couple (Y, u) solution of (L2) where ® and g are the functions intervening in (L.5). In this case, the second
line equation of (L.2) will be called Feynman-Kac equation and a solution u : [0, 7] x RY — R will be called
Feynman-Kac type representation of (4). When A vanishes, the functions (u(t,-),t > 0) are indeed the
marginal law densities of the process (V;,t > 0) and (L.4) coincides with the classical Fokker-Planck PDE.
When A # 0, the proof of well-posedness of the Feynman-Kac equation is not obvious and it is one of
the contributions of the paper. The strategy used relies on two steps. Under a Lipschitz condition on A
in Theorem [B.5] we first prove that a function u : [0,7] x R? — R (belonging to L([0, 7], W1 (R%))) is a
solution of the Feynman-Kac equation (1.2) if and only if it is a mild solution of (L4). The latter concept
is introduced in item 2. of Definition 2.1l Then, under Lipschitz type conditions on ® and g, Theorem [3.6]
establishes the existence and uniqueness of a mild solution of (I4). As a second contribution, we propose
and analyze a corresponding particle system. This relies on two approximation steps: a regularization
procedure based on a kernel convolution and the law of large numbers. The convergence of the particle
system is stated in Theorem[5.4l

2 Preliminaries

2.1 Notations

Let d € N*. Let us consider C? := C([0, T], R%) metricized by the supremum norm || - ||, equipped with its
Borel o— field B(C?) and endowed with the topology of uniform convergence.
Let (E,dg). P(E) denotes the Polish space (with respect to the weak convergence topology) of Borel proba-
bility measures on E naturally equipped with its Borel o-field B(P(E)). The reader can consult Proposition
7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [4] for more exhaustive information. When d = 1, we
often omit it and we simply note C := C'. C,(E) denotes the space of bounded, continuous real-valued
functions on F.

In this paper, R? is equipped with the Euclidean scalar product - and |z| stands for the induced norm for
z € RY. The gradient operator (w.r.t. € R?) for differentiable functions defined on R? is denoted by V,,.
If there is no confusion, V will simply denote the gradient on R?%. M, ,(R) denotes the space of R¥*? real
matrices equipped with the Frobenius norm (also denoted | - |), i.e. the one induced by the scalar product
(A, B) € My p(RY) x My ,(R) — Tr(A!B) where A! stands for the transpose matrix of A and 7'r is the trace
operator. Sy is the set of symmetric, non-negative definite d x d real matrices and S the set of strictly
positive definite matrices of Sy.
M (RY) is the space of finite Borel measures on R?. When it is endowed with the weak convergence
topology, B(M ;(R%)) stands for its Borel o-field. It is well-known that (M ;(R%), || - | rv) is a Banach space,
where || - ||7v denotes the total variation norm.
S(R?) is the space of Schwartz fast decreasing test functions and &’(R?) is its dual. C,(R?) is the space of
bounded, continuous functions on R? and C§°(R?) the space of smooth functions with compact support.
For any positive integers p, k € N, C{f Pi= C{f P([0,T] x R4 R) denotes the set of continuously differentiable
bounded functions [0, 7] x R? — R with uniformly bounded derivatives with respect to the time variable
t (resp. with respect to space variable x) up to order k (resp. up to order p). In particular, for k = p = 0,
C;"° coincides with the space of bounded, continuous functions also denoted by C;. C2°(R?) is the space of



bounded and smooth functions. Co(R?) denotes the space of continuous functions with compact support in
R® Forr € N, W"?(R?) is the Sobolev space of order  in (L?(R?), ||-||,), with 1 < p < oo. W,"! (R?) denotes

oc

the space of functions f : R — R such that f and V f (existing in the weak sense) belong to L}, .(R?).

loc

For convenience we introduce the following notation.

e V :[0,7] x C? x C x C%is defined for any functions z € C¢, y € C and z € C%, by
t
Vi(x,y,2) := exp (/ A(s,xs,ys,zs)ds> foranyt € [0,7]. 2.1)
0
The finite increments theorem gives, for all (a, b) € R2, we have

exp(a) — exp(b) = (b — a)/o exp(aa + (1 — a)b)da. (2.2)

Therefore, if A is supposed to be bounded and Lipschitz w.r.t. to its space variables (x, y, z), uniformly w.r.t.
t, we observe that (2.2) implies it follows that, for all t € [0, 7], z,2" € C%, y,y' € C, z,2' € C,

t
Vi(a,y,2) = V(' ¢/, 2")| < Laets / (s = 2 + lys — yil + l2s — 2i])ds (2.3)
0

M) (resp. L) denoting an upper bound of |A| (resp. the Lipschitz constant of A), see also Assumption 2l
In the whole paper, (2, F, (Fi)¢>0,P) will denote a filtered probability space and W an RP-valued (F;)-
Brownian motion.

2.2 Mild and Weak solutions

We first introduce the following assumption.

Assumption1. 1. ®and g are functions defined on [0, T] x R? taking values in My ,(R?) and R%.
There exist Lg, L, > 0 such that for any t € [0,T), (z,2') € R x R4,
|®(t,z) — ®(t,2")] < Le|lr—1'],
962 — gt < Lyle—a].

2. The functions s € [0,T] — |®(s,0)] and s € [0,T] — |g(s, 0)| are bounded.

In the whole paper we will write a = ®®!; in particular a : [0, 7] x R — S,. Through some definitions,
we make here precise in which sense we will consider solutions of the PDE (14). We are interested in
different concepts of solutions u : [0, T] x R? — R of that semilinear PDE where, for t € [0,T], L is given

by

d d
(L) (z) = % Z am(t,x)ai?jgo(:v) + Zgi(t,x)aicp(x), @ € CP(RY). (2.4)
ij=1 i=1

Its “adjoint” L; defined in (L5), verifies

[ Lo@n@is = [ elLiv@ds. (0.0) € GF Rt € 0.T), 5)
Rd Rd
and the initial condition ug of (I.4) has to be understood in the sense that

lim o(x)u(dx) = / o(x)uo(dz) , forall ¢ € C3°(RY) ,
t—=0 JRra Rd



since, a priori, it can be irregular and not necessarily a function.
We observe that if A = 0, (L4) is the classical Fokker-Planck equation which can be understood in the sense
of distributions, i.e., for all ¢ € C§°(R?), t € 0,7,

/Rdu(t,dx)@(x)Z/Rduo (dz)p / /R s,dz) (L) (z)ds . (2.6)

Under Assumption[I]it is well-known (see Introduction and Section 2.2, Chapter 2 in [25]), that there exists
a good family of probability transition P(s,xzo,t,) (see Introduction and Section 2.2, Chapter 2 in [25]), for
which the Fokker-Planck equation (understood in the sense of distributions) is verified, i.e.

{ :P(s,x0,t,-) = L P(s, 0, t,) 2.7)

limg s P(s,20,t,") = 00y, 0<s<t<T,z9€R?.

Given a random variable Y, classical theorems for SDE with Lipschitz coefficients imply strong existence

and pathwise uniqueness for the SDE

By the classical theory of Markov processes (see e.g. Chapter 2 in [25]), we know that the transition proba-
bility function P, satisfying (2.7), defines and characterizes uniquely the law of the process Y, provided the
law wg of Y} is specified. In particular, we have the following.

1. For t € [0, T, the marginal law of Y; is given for all ¢ € C,(R¢) by
E[(p(Y;f)] = / UO(de) / (p(l‘)P(O, Zo, ¢, d,T) : (29)
Re Re
2. Forallp € C(RY)and 0 < s <t < T,

Ble(V)IY:] = [ | ol@)P(s. Yoot do) 2.10)

Let A : [0,7] x RYx R x R — R be bounded, Borel measurable, we recall the notions of weak solution
and mild solution associated to (1.4).

Definition 2.1. Let u : [0, 7] x RY — R be a Borel function such that for every t €]0,T], u(t,-) € W5} (R).

1. w will be called weak solution of (L4) if for all p € C°(RY), t € [0,T],

[ entaw [ e = [ [ weonps

+ /0 /]Rd o(x)A(s, z,u(s, x), Vu(s, z))u(s,x)dxds .
(2.11)

2. u will be called mild solution of (L4) if for all ¢ € C*(R?), t € [0,T7,
/ o(x)u(t,z)de = / o(x) / uo(dzo) P(0, zo, t, dz)
Ré R¢ Ré

+/ (/ tp(a:)P(s,xo,t,dx))A(s,xo,u(s,:EO),VU(S,xo))u(s,xo)d:cods.
[0,¢] x R4 R4

(2.12)



The object of the first lemma below is to show to what extent the concept of mild solution is equivalent
to the weak one.

Lemma 2.2. We assume there exists a unique weak solution v of

O = Liv (2.13)
v(0,-) =0, ’

where L is given by [LL5). Then, u is a mild solution of [L4) if and only if u is a weak solution of ([L.4)

Remark 2.3. There exist several sets of technical assumptions (see e.g. [6,[10]) leading to the uniqueness assumed in
Lemma[2.2 above. In particular, under items 1., 2. and 3. of Assumption 2] stated below (which will constitutes our
framework in the sequel), Theorem 4.7 in Chapter 4 of [10] ensures (classical) existence and uniqueness of the solution

of @.13), see also Lemma 6.4 below.
Proof. We first suppose that u is a mild solution of (I4). Taking into account that P(s,zo,t, -) is a distribu-

tional solution of (2.7), classical computations show that u is indeed a weak solution of (L.4).
Conversely, suppose that u is a weak solution of (I.4), in the sense of Definition 2.1l We also consider

o(t,dx) = P 0, xo, t, dz)uo(dzo) / ds | P(s,xo,t,dz)u(s,dzo)A(s, zo,u(s, xo), Vu(s, zo))dxg
R

d
/P(O,xo,t,d:c uo(dzo) + / ds/ (5,20, t,dx)A(u)(s, 20)dzo , (2.14)
R Rd

where A(u)(t, z) := u(s, z)A(s, z,u(s, z), Vu(s,z)) for (s,z) € [0,T] x R%. We want to ensure that u = v.

On the one hand, integrating the function v(, -) against a test function and using again that P(s, zo,t,-) is a

distributional solution of 2.7), we obtain that v is a weak solution of
(?tl_) =L;v+ A(u) 2.15)
0(0,-) = ug ,

On the other hand, u being a weak solution of (T.4), it also satisfies (Z.I5) (in the sense of distributions). We

set v := v — u. It follows that v and ¢ := 0 both satisfy (Z13). Uniqueness of the solution of 2.13) implies

that v = 0, which concludes the proof. O

3 Feynman-Kac type representation

We suppose here the validity of Assumption[l Let ug € P(R?) and fix a random variable Y; distributed
according to ug and consider the strong solution Y of (2.8).
The aim of this section is to show how a mild solution of (I4) can be linked with a Feynman-Kac type
equation, where we recall that a solution is given by a function u : [0,7] x R — R satisfying the second
line equation of (L.2).

Given A : [0,7] x R — R a bounded, Borel measurable function, let us consider the measure-valued
map p : [0, T] — M (R?) defined by

/Rd o(@)ult, dz) = E [ (Y;) exp /As Y,)d )} forall ¢ € Cy(RY), ¢ € 0,77 . (3.1)

The first proposition below shows how the map ¢ — (¢, -) can be characterized as a solution of the linear
parabolic PDE
{ 6{[} = Lr’U —|— A(f, (E)’U (32)

v(0,-) = ug .



Before stating the corresponding proposition, we introduce the notion of measure-mild solution.

Definition 3.1. A measure-valued map i : [0, T] — M ¢(R?) will be called measure-mild solution of (3.2) if for
all o € C§°(RY), t € [0,T),

/Rd o(x)u(t,dr) = /Rd o(x) /Rd wo(dzo) P(0, 20, t, d)
+ /[o,t]de (/Rd P(r, xo,t,da?)w(x)) A(r, o) pu(r, dao)dr. (3.3)

Remark 3.2. 1. Since y is a (finite) measure valued function, by usual approximation arguments, it is not difficult
to show that an equivalent formulation for Definition 2] can be expressed taking o in Cp(R?) instead of ¢ €
C°(RY).

2. Although the definition of mild solution (see item 2. of Definition of 21D and the one of measure-mild
solution seem to be formally close, the two concepts do not make sense in the same situations. Indeed, the
notion of mild-solution makes sense for PDEs with nonlinear terms of the general form A(t, x, uw, Vu), whereas
a measure-mild solution can exist only for linear PDEs. However, in the case where a measure i on R4,
absolutely continuous w.r.t. the Lebesgue measure dx, is a measure-mild solution of the linear PDE 3.2), its
density indeed coincides with the mild solution (in the sense of item 2. of Definition2.1) of (3.2).

Proposition 3.3. Under Assumption[I] the measure-valued map p defined by @) is the unique measure-mild solu-

tion of
= Liv + A(t, x)v (3.4)
U(Ov ) = Uo ,
where the operator L} is defined by ([L5).
Proof. We first prove that a function p defined by (3.I) is a measure-mild solution of (3:4).
Observe that forall ¢t € [0, T,
t t .
exp (/ A(r, Yr)dr) = 1+ / A(r, Y,)elo AesYods gy (3.5)
0 0
From (B.]), it follows that for all test function € C5°(R%) and t € [0, T,
t ~
/ o@)p(t,de) = E [cp(Y}) exp (/ A(r, E)dr)]
RY 0
t .
— Bl + [ E[p(0Aeny,)el Mo ar. 36
0
On the one hand, by (2.9), we have
Blp(v)] = [ uo(dnn) [ ole)P0.20,1,0) . o€ R and ¢ € 0.7]. (37)
R4 R4
On the other hand, using @.10) yields, for ¢ € C§°(R%), 0 <r <,
Blp()A(r Y )ell M0t ] = B[Ry el g (v |1, |
= B[(A0Y) [ e@)P( Vi tdo)) el S|
Rd
= [ (Atraw) [ o@P(ran.t.ds) )t dao). (8
R4 R4

7



where the third equality above comes from (3.I) applied to the bounded, measurable test function z
A(r, 2) Jga @(x)P(r, z,t,dx). Injecting (B8) and (B.7) in the right-hand side (r.h.s.) of 3.6) gives for all ¢ €
C&(RY), t € 0,7,

/Rd p(r)u(t,dr) = /R ug(do) / P(0, 20, t, dz)p(x)dz
/ /Rd r, dzo)A(r, Io)/ P(r,zo,t,dz)p(x) dr. (3.9)

It remains now to prove uniqueness of the measure-mild solution of (3.4).
We recall that M ;(R?) denotes the vector space of finite Borel measures on R, that is here equipped with

the total variation norm || - ||7v. We also recall that an equivalent definition of the total variation norm is
given by
lllry = swp | [ (@)uda)]| - (3.10)
YeCy(RY) JRd
lloe <1

Consider t € [0, 7] and let j11, p2 be two measure-mild solutions of PDE (3.4). We set v := 3 — po. Since Ais
bounded, we observe that (3.I) implies ||v(¢, )||rv < +oc. Moreover, taking into account item 1. of Remark
[3.2]1 we have that v satisfies,

o(x)v(t, dx) :/ g A(r, zo)v(r, da:o)/ o(x)P(r,xo,t,dx) dr . (3.11)

Rd

Y ¢ € Cy(RY), /

Rd

Taking the supremum over ¢ such that ||¢||~ < 1in each side of 3.11), we get

Wt v < swp o |A(s )] / I, iy dr (3.12)
(s,m)E[O,T]XRd

Gronwall’s lemma implies that v (¢, -) = 0. Uniqueness of measure-mild solution for (3.4) follows. This ends
the proof. O

The next lemma shows how a measure-mild solution of (B4), which is a function defined on [0, T] can
be built by defining it recursively on each sub-interval of the form [r, 4 7]. In particular, it will be used in
Theorem [B.6land Proposition [£.4] Its proof is postponed in Appendix (see Section[6.3).

Lemma 3.4. Let us fix T > 0 be a real constant and ¢ := (g :=0 < --- < oy 1= k7 < --- < an :=T) be a finite
partition of [0, T.
A measure-valued map 1 : [0,T] — M ;(R?) satisfies

‘LL(O, ) = Uo N (3 13)
p(t,de) = [pa P(kT,x0,t, dx)p(kr, dzo) + fktT ds [za P(s,x0,t,dx)A(s, o) (s, dxo) ,
forallt € [kr, (k+1)r)and k € {0,--- , N —1}, ifand only if pu is a measure-mild solution (in the sense of Definition

B.IVof B,

We now come back to the case where the bounded, Borel measurable real-valued function A is defined
on [0,7] x RY x R x R Letu : [0,7] x R? — R belonging to L'([0, 7], W11(R?)). In the sequel, we set
Av(t,x) := A(t, z,u(t, z), Vu(t,z)). u* will denote the measure-valued map p defined by G.I) with A = A*,
ie.,

/Rd o(z)ut(t, dz) = E[(p(Yt) exp (/Ot Au(s, Ys)ds)], forall ¢ € Cy(RY), ¢ € 0,77 . (3.14)



By Proposition 3.3 it follows that p* is the unique measure-mild solution of the linear PDE (3.4) with
A = A*. (BI3) can be interpreted as a Feynman-Kac type representation for the measure-mild solution
u* of the linear PDE (34), for the corresponding A*. More generally, Theorem 3.5 below establishes such
representation formula for a mild solution of the semilinear PDE (L.4).

Theorem 3.5. Assume that Assumption[dlis fulfilled. We indicate by Y the unique strong solution of 2.8).
Suppose that A : [0, T] x R? x R x R? — R is bounded and Borel measurable. A function u : [0,T] x R? — Riin
LY([0, T), WHY(RY)) is a mild solution of [L4) if and only if, for all p € C,(RY), t € [0,T],

/Rd o(x)u(t,x)de = E[@(Yt) exp (/Ot A(s, Yy, u(s, Yy), Vu(s, YS))H . (3.15)

A function u verifying (3.15) will be called a Feynman-Kac type representation of (L4).

Proof. We first suppose that u is a mild solution of (I.4). The aim is then to show that u satisfies the
Feynman-Kac equation (3.15).
Since A is supposed to be bounded, Borel and w is Borel, it is clear that

AUty x) == A(t, z,u(t, z), Vu(t, z)) (3.16)
is bounded and Borel measurable. On the one hand, by applying Proposition B3 with A", it follows that z*

(defined by (3.14)) is the unique measure-mild solution of

{ dv = Liv + A%(t, z)v (3.17)

v(0,-) = ug .

On the other hand, since u is supposed to be a mild solution of (T4), u(t, z)dz is also a measure-mild
solution of (3.I7). By uniqueness of the solution of (3.17), for all ¢ € [0, T], we have u(t, z)dx = p*(t,dz).
Taking into account item 1. of Remark[B.2 it implies for all p € C,(R?), t € [0,T],

/ o(@)u(t, 2)dz / (@) (t, dx)
R4 R4
E[@(Yt)exp (/o AU(S,YS))CZS}, by (3.14)

B0 exp ([ Als,Yeuls, Y0, Vuls. 2t by @I8

Conversely, suppose that u satisfies the Feynman-Kac equation (3.I5). Recalling (3.16) and setting
i(t,dx) == u(t,z)dr , @I5) can be re-written

/]Rd o(x)a(t,dx) = E{cp(Y}) exp (/Ot/NX“(s,Ys)ds)} . peCRY,te0,T]. (3.18)

Proposition 33 applied again with A* shows that fi is the unique measure-mild solution of (3.17). In partic-
ular for every ¢ € C5°(R?),

/Rd o(x)u(t,z)dx

| etwtt.a)
- / uo(dxo) P(O xo, t, dz)p(x)dx (3.19)

//R /R (r xo, ¢, dr)p(x ))A(Tvxo,u(r,Io),VU(T,xO))u(r,xo)d;po dr.

This shows that u is a mild solution of (L4) and concludes the proof. O



We now precise more restrictive assumptions to ensure regularity properties of the transition probability
function P(s, x¢, t, dz) used in the sequel.

Assumption2. 1. ® and g are functions defined on [0,T] x R? taking values respectively in My ,(R) and R%.
There exist o €]0,1], Cy, Lo, Ly > 0, such that for any (¢t,t',z,2') € [0,T] x [0,T] x R? x R,

|D(t,z) — ®(t,2')| < Colt —t'|* + Lo|z — 2’|,
l9(t,2) — g(t', 2")] < Calt = '|* + Lylw — 2’| .
2. @ and g belong to Cg . In particular, ®, g are uniformly bounded and Mgy (resp. M) denote the upper bound
of |®| (resp. |g|).

3. @ is non-degenerate, i.e. there exists ¢ > 0 such that for all x € R?

inf >c>0. (3.20)

1
5€[0,7] veR®\ {0} v
4. A is a Borel real-valued function defined on [0, T] x R x R x R¢ and Lipschitz uniformly w.r.t. (t,r) ie. there

exists a finite positive real, Ly, such that for any (t,x, z1, 2}, 22, 25) € [0, T] x R% x R? x (R%)?2, we have

|A(t, @, 21, 20) — A(t, @, 21, 25)| < La(Jz1 — 21| + |22 — 25]) - (3.21)

5. A is supposed to be uniformly bounded: let My be an upper bound for |A|.

6. ug is a Borel probability measure on RY admitting a bounded density (still denoted by the same letter) belonging
to WHL(RY).

Theorem 3.6. Under Assumption 2} there exists a unique mild solution u of (L4) in L*([0,T], WL1(R4)) N
L=([0,T] x R%,R).

The idea of the proof will be first to construct a unique "mild solution” u* of (L4) on each subintervals
of the form [k, (k 4+ 1)7] with k € {0,--- ,N — 1} and 7 > 0 a constant supposed to be fixed for the mo-
ment. This will be the object of Lemma[B.7] Secondly we will show that the function u : [0,7] x R? — R,
defined by being equal to u* on each [k, (k + 1)7], is indeed a mild solution of (L4) on [0, 7] x R%. This
will be a consequence of Lemma[3.4] Finally, uniqueness will follow classically from Lipschitz property of A.

Let us fix ¢ € L'(RY) N L>°(R?). For r € [0,T — 7], we first define a function ug on [r,7 + 7] x R? by
setting

To(r0)(t.) = [ plranst.0)olan)doo, (t2) € [rr 7] x B, (6.22)
Rd
Consider now the map IT: L([r,r + 7], WEH(R?)) — LY([r,r + 7], WE1(R?)) given by

H(”)(t5 I) = f: ds fRd p(S, Zo, 1, I)A(Sv To, v+ %(Ta ¢)5 V(’U + %(Ta d)))) (U + %)(Ta d))(sv xO)dIO ) (323)

A(t,z,v, V) == A(t, z,0(t, 2), Vo(t, 2))  with (t,2) € [0,T] x R?, (3.24)

that will also be used in the sequel.
Later, the dependence on r, ¢ will be omitted when it is self-explanatory. Since ¢ and uo belong to L*(R%) N
L>(R%), we have

[ao(t, )lx < ol and  [[ug(t, oo < lloc, if £ € [r,r + 7] (3.25)
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The lemma below establishes, under a suitable choice of 7 > 0, existence and uniqueness of the mild
solution on [r,  + 7], with initial condition ¢ at time r, i.e. existence and uniqueness of the fixed-point for

the application 11

Lemma 3.7. Assume the validity of Assumptionl Let ¢ € L*(R%) N L>°(R?).

Let M > 0 such that M > max(||¢||oc; ||@]]1). Then, there is 7 > 0 only depending on My and on C,, ¢, (the
constants coming from inequality (€17), only depending on ®, g) such that for any r € [0, T — 7], Il admits a unique
fixed-point in L' ([r,r + 7], B(0, M)) N Bs (0, M), where B(0, M) (resp. Boo(0, M)) denotes the centered ball in
WEYHRY) (resp. L>=([r,r + 7] x R% R)) of radius M.

Proof. We first insist on the fact that all along the proof, the dependence of uy w.r.t. 7,¢ in (3.23) will be
omitted to simplify notations. Let us fix r € [0,7 — 7].

By item 1. of Lemmal6.4] the transition probabilities are absolutely continuous and P (s, zo, t, dz) = p(s, o, t, z)dz
for some Borel function p. The rest of the proof relies on a fixed-point argument in the Banach space
LY([r,r + 7], WH1(R?)) equipped with the norm | f|[1,1 := [77 [|f(s,")|lwi.1(rayds and for the map II
(B:23). Moreover, we emphasize that L'([r,r + 7], B(0, M)) N B (0, M) is complete as a closed subset
of LY([r,r + 7], B(0, M)).

We first check that H(Ll([r, r + 7], B(0, M)) N Buc (0, M)) C L'(Jr,r + 7], B(0, M)) N Boo (0, M). Let us fix
v e LY[r,r +7],B(0, M)) N B (0, M). Indeed, for t € [r,r + 7],

/ TH(o)(t, 2)|dx
Rd

t
My [ (ot )+ [T, )l )ds
< M M7, (3.26)

ML) (E, )1

IN

where we have used the fact that  — p(s, zo, ¢, z) is a probability density, the boundedness of A and the
bounds |[v(s,-)||1 < M and ||ug(s, )|l < M for s € [r,r + 7).

Let us fix t € [r,r + 7]. Since the transition probability function = — p(s, o, t,z) is twice continuously
differentiable for 0 < s < t < T (see item 2. of Lemmal6.4) and taking into account inequality (6.1I7), we
differentiate under the integral sign to obtain that VII(v)(¢, -) exists (in the sense of distributions) and is a
real-valued function such that for almost all = € R,

t
VH(U)(t,ZZ?) = / ds Vzp(S,Io,t,I)(U +1/,LB)(S,CCO)A(S,I0,U —|—’ZLB,V(’U +1/1‘B))d:170 (327)
r R4
Integrating each side of (3.27) on R¢ w.r.t. dz and using inequality (&.17) (with (m1,ms) = (0, 1)) yield

IVIE) e = [ IVl

Cu‘m mO‘
€

< M d d
- A/ \/t—s/]Rd v ]Rd \/ —3) (|USI0 |+ [uo(s, IO)D o
= CM, (ols, o)l + [ug (s, o)) dao
< CMy /t (llv(s, )l + [[ao(s, 1) s
< : Vs
< ACMAM+/T, (3.28)

11



with €' := C(C,, ¢,) > 0 and C,,, ¢, are the constants coming from inequality (6.17) and only depending on
® and g. Consequently, taking into account (3.26) and (3.28), we obtain,

r+T7
(ITI(v)||1,1 = / ITL(v) (¢, ) w1 maydt < IM My (7% + 2C7V7T) . (3.29)

Moreover using again inequality (6.17), with (m1, m2) = (0,0), gives existence of a constant C' := C(C,, ¢,
such that

[TI(v)[|oe < 2C MMy . (3.30)

R 1 \¢ 1
T.—mm( 6MA7(12C'MA) ’GC_'MA)’ (3.31)

A 2M _
IM My (7% +2077) < = and 2CM Mt <

Now, setting

we have

ﬁli

which implies
M)y <M and  [T(v)[lec < M .
We deduce that II(v) € L'([r,r 4+ 7], B(0, M)) N Bso (0, M).

Let us fix t € [r,r + 7], v1,v2 € LY ([r,r + 7], B(0, M)) N Boo(0, M). A being bounded and Lipschitz, the
notation introduced in (3:24) and inequality 2.3) imply

|TI(v1)(¢,-) — H(v2)(t, )| < /Tt ds /]Rd v1(s,20)A(s, o, v1 + Ug, V(v1 +g)) — va(s, z0)A(s, o, v2 + Ug, V(va + %))’dilfo
" /t o /Rd (s, 2o ‘A(S’ 0, v1 + U, V(v1 +u0)) — A(s, o, v2 + o, V(v2 + %))‘d:ﬂo
< /Tt ds(/Rd [v1(s, o) — v2(s,w0)| |A(s, 20, v1 + Ug, V(v1 + Up))|dzo
+La /Tt ds /Rd (|ao(s, o)| + |v2(s,0)]) [v1(s, o) — v2(s, z0)|dzo
+La /: ds /]Rd ([wo(s, zo)| + v2(s, m0)|) Vo1 (s, m0) — Vva(s, zo)|dzo
< (Mp+2MLy) /t [o1(s,-) = va(s, )l wii ey ds (3:32)

where we have used the fact that fRd p(s,zo, t,x)de =1, 0<s<t<T.
In the same way and by using inequality (6.17) with (my,m2) = (0,1),

i 1 1 e le=mol?
HV(H(vl)—H(vg)>(t,-)Hl < Cu(Mp+2MLy) /Rd/r y mmfz = (|v1(s,x0)—v2(s,xo)|
+ |V (s, z0) — va(s,xo)|)dxodsdx . (3.33)
By Fubini’s theorem we have
-t
|V () - < € / S lens,) = als lwraayds (334)

with € := C (Cu, cus My, La, M) some positive constant. From (3.32) and (38.34), we deduce there exists a
strictly positive constant C' = C(Cy, ¢y, @, g, A, M) (which may change from line to line) such that for all

12



terr+7],

[TL(v1)(t, ) — H(v2)(t, ) [[wra(ray < O{/ lvi(s, ) —va(s, ) lwri(rayds

t

HUI (S, ) - ’UQ(S, ')HWl,l(Rd)dS} . (335)

Iterating the procedure once again yields
t s
()6~ )t s < C{ [ [ 100, = 0200, oo ey o

t s 1 1
- - 6..) — 0, - 11 (raydOds ¢,
i // Vi i) el o)
(3.36)

forall ¢ € [r,r + 7]. Interchanging the order in the second integral in the r.h.s. of (3.36), we obtain

(0,-) —va(0, ')le,l(Rd)d@dS

tors 1 ¢ toq 1
R do 0,-) — 0,- 11 ————d
// — / l01(8. ) — 026, ) 1w (Rd>/9 s

t « 1 1
= do 0,-) —v2(0, )|l wii(ra ——duw,
/T l[vi(6,-) = v2(0,)llw (]R)/O mﬁw
t
S 4 Hvl(G,-) —1)2(9,')||W1,1(Rd)d9 5 (337)
where the latter line above comes from the fact for all > 0, foe ﬁ%dw =/ \/%%dw =I3), T
denoting the Euler gamma function.
Injecting inequality (3.37) in (3.36), we obtain for all ¢ € [r,r + 7]
¢
T2 (1) (8, ) = TP (v2) (¢, lwra ey < 50/ [v1(s, ) — v2(s, ) llwrr wayds - (3.38)

Iterating previous inequality, one obtains the following. Forall k > 1,t € [r,r + 7],

t(p_ gkl
I )0, = I ) oy < 6O)* [ Sz on(s) = s e ds - 639)
By induction on k > 1 (8.39) can indeed be established. Finally, by integrating each sides of (3.39) w.r.t. dt
and using Fubini’s theorem, for £ > 1, we obtain
Tk 2k A
[ I @) T e ndt < GO gy [ ) = vato o ods.

(3.40)

For ko € N large enough, % will be strictly smaller than 1 and IT?*¢ will admit a unique fixed-point by
Banach fixed-point theorem. In consequence, it implies easily that II will also admit a unique fixed-point
and this concludes the proof of Lemma[3.7] O

Proof of Theorem[3.60 Without restriction of generality, we can suppose there exists N € N* such that 7' =
N7, where we recall that 7 is given by (3.31)). Similarly to the notations used in the preceding proof, in all
the sequel, we agree that for M > 0, B(0, M) (resp. Boo(0,M)) denotes the centered ball of radius M in
WHL(RY) (resp. in L>=([0,T] x R%, R) orin L>([r,r + 7] x R%, R) for r € [0, T — 7] according to the context).
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The notations introduced in (3.24) will also be used in the present proof.

Indeed, forr = 0, ¢ = up and M > max(||uo||o; [|uo|1), LemmaBZimplies there exists a unique function
001 [0, 7] x RY — R (belonging to L([0, 7], B(0, M)) N B (0, M)) such that for (¢,z) € [0,7] x R¢,

Ot z) = /Ot ds /Rd p(s, x0,t,2) (0 (s, 20) + To (s, :CO))A(S, 20,00 + g, V(0 + ﬂBO))dxo , (3.41)
where (¢, ) is given by (3:22) with ¢ = u, i.e.
Tt z) = /R PO, 70,1, 2uoeo)dwn , (1,2) € [0,7] x R (3.42)
Setting u” := g +1°, i.e.
WOt ) = /R p(0, 20,1, Yuo(o)dzo + o(t, ), t€[0,7], (3.43)
it appears that u" satisfies for all (¢,z) € [0, 7] x R?

t
u®(t, ) :/ p(O,:vo,t,:C)uo(xo)dxo—i—/ ds/ (8,20, t,2)u’ (s, 20)A(s, 20, u’, Vu)dzy . (3.44)
R 0 R

Let us fix k € {1,---,N — 1}. Suppose now given a family of functions u*,u?, - ,u¥~!, where for all

je{l,-- k—1}, 4 € LY([jr, ( + 1)7], WEHRY)) N L ([j7, (j + 1)7] x R% R) and satisfies for all (¢, ) €
T, (7 + 1)) x RY,

¢
uj(t,a:):/ p(jT,Io,t,x)ujil(jT,ZC())d:EO+/ ds/ p(s,:co,t,:c)uj(s,xo)/\(s,:zro,uj,Vuj)d:ro. (3.45)
Rd j R

Let us introduce

w'(tx) = W Y)(t )
- / p(kT, z0, t, 2)u* " (kT,20)dzo , (t,2) € [kT, (k +1)7] x R?, (3.46)
]Rd

where the second inequality comes from (38.22) with r = k7 and ¢ = u*~!(k7, ).

By choosing the real M large enough (i.e. M > max(|[u*~1(kT,")|co; [|u*~1(k7,")||1)), Lemma B.Z applied
with 7 = k7, ¢ = uF~1(k7, ) implies existence and uniqueness of a function v* : [k7, (k+1)7] x R? — R that
belongs to L ([kT, (k + 1)7], B(0, M)) N B (0, M) and satisfying

t
t) = [ ds [ plovan,ta) (0 s.00) + T (s, w0 A (s, 0, o + T VA + T oo, (347)
kT R4

forall (t,z) € [k, (k + 1)7] x R Setting u* := " + v*, we have for all (, z) € [k, (k + 1)7] x R?

t

uk(t,x):/ p(/{T,JJQ,t,$)uk71(kT,$0)d$0+/ ds/ p(s, o, t, x)u" (s, 10)A(s, zo,u", VuF)dry . (3.48)
R4 k R

-

Consequently, by induction we can construct a family of functions (u* : [k7, (k + 1)7] x R? — R)k—q.... n—1
such that forallk € {0, , N—1},u* € LY([kr, (k+1)7], WL (RY)) N L2 ([kT, (k+1)7] x RY, R) and verifies
GA9).

We now consider the real-valued function u : [0,7] x R? — R defined as being equal to u* (defined by
(3.49)) on each interval [k, (k + 1)7]. Then, Lemma 3.4 applied with 7 given by (3.31) and

d=(ap:=0< - <ap:=kr<---<any:=T=N7) , p(tde)=u(tx)de, (3.49)
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shows that u is a mild solution of (L4) on [0, 7] x RY, in the sense of Definition 2. item 2. It now remains
to ensure that u is indeed the unique mild solution of (I4) on [0, T’ x R belonging to L ([0, 7], W(R%)) N
L>=([0,T] x RY R). This follows, in a classical way, by boundedness and Lipschitz property of A.

Indeed, if U, V are two mild solutions of (L4), then very similar computations as the ones done in (3.32),
(3.34), and (8.39) to obtain (3.40) give the following. There exists C' := C(®, g, A, U, V) > 0 such that

T ) Tj—l T
/0 HU(f, ) — V(t, ')”Wl,l(Rd)dt S (50)7 m ‘/0 ||U(S, ) — V(S, ')”Wl,l(Rd)dS. (350)

If we choose j € N* large enough so that (50)3'% < 1, we obtain U(t,z) = V(t,z) for almost all
(t,x) € [0,T] x R This concludes the proof of Theorem [3.6] O
Corollary 3.8. Under Assumption[2} there exists a unique function u : [0,T] x RY — R satisfying the Feynman-
Kac equation BIB). In particular, such u coincides with the mild solution of (L4).

In the case where the function A does not depend on Vu, existence and uniqueness of a solution of (L.4)
in the mild sense can be proved under weaker assumptions. This is the object of the following result.

Theorem 3.9. Assume that Assumption[Ilis satisfied. Let ug € P(R?) admitting a bounded density (still denoted
by the same letter). Let Y the the strong solution of [2.8) with prescribed Yj.
We suppose that the transition probability function P (see 7)) admits a density p such that P(s,xo,t,dz) =
p(s,20,t,2)dz, for all s,t € [0,T], zo € RL A is supposed to satisfy items 4. and 5. of AssumptionQ] Then, there
exists a unique mild solution u of (L4) in L*([0, T], L*(R%)), i.e. u satisfies

t
u(t,z) = /Rd p(0, 2o, t, )uo(zo)dzo —l—/o /Rd p(s, o, t, x)u(s, o) A(s, 20, u(s, z0))dxo ds, (t,x) € [0,T] x RY.
(3.51)

Proof. Since this theorem can be proved in a very similar way as Theorem .6 but with simpler computa-
tions, we omit the details. O

4 Existence/uniqueness of the Regularized Feynman-Kac equation

In this section, we introduce a regularized version of PDE (I.4) to which we associate a regularized Feynman-
Kac equation corresponding to a regularized version of (3.1I5). This regularization procedure constitutes a
preliminary step for the construction of a particle scheme approximating (3.I5). Indeed, as detailed in the
next section devoted to the particle approximation, the point dependence of A on v and Vu will require to
derive from a discrete measure (based on the particle system) estimates of densities u and their derivatives
Vu, which can classically be achieved by kernel convolution.

Assumption[Ilis in force. Let uq be a Borel probability measure on R? and Y; a random variable distributed
according to ug. We consider Y the strong solution of the SDE (2.8).

Let us consider (K. ).>0, a sequence of mollifiers such that

K. —— do, (weakly) and Ve >0,k € WHLRY) N W (RY) . (4.1)
E—>

Let A : [0,7] x RYx R x RY — R be bounded, Borel measurable. As announced, we introduce the following

integro-PDE corresponding to a regularized version of (L.4)

{ Orve = Live +viA(t, v, Ko * v, VK. % 7y;)

Yo = Ug -

(4.2)
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The concept of mild solution associated to this type of equation is clarified by the following definition.

Definition 4.1. A Borel measure-valued function ~y : [0,T] — M ¢(R?) will be called a mild solution of {2) if
it satisfies, for all p € C3°(R?), t € [0,T,

/Rd o(x)y(t,dx) = /Rd o(x) /Rd ug(dxo)P(0, o, t, dz)

+ / (/ o(z)P(s,xo,t, d:z:))A(s,:co, (K x7(s,))(z0), (VK * (s, -))(xo))”y(s, dxo)ds .
[0,¢] x R4 R4

Similarly as Theorem[3.5] we straightforwardly derive the following equivalence result.

Proposition 4.2. Suppose that Assumption [[land @.I) are fulfilled. We indicate by Y the unique strong solution
of @8). A Borel measure-valued function +¢ : [0,T] — M ¢(R?) is a mild solution of @&2) if and only if, for all
@ e Cb(Rd), te [0, T],

| etoni(an) = Eletryesn ([ A Vi (e 190 (V) (VG 2 5)(42)) ds)] (44)

Proof. The proof follows the same lines as the proof of Theorem 3.5 First assume that +* satisfies (£.4), we
can show that 7¢ is a mild solution #.2) by imitating the first step of the proof of Proposition[8.3 Secondly,
the converse is proved by applying Proposition B3 with A(t, z) := A(t, z, (K. % 75)(z), (VK. % 7¢)(z)) and
wu(t, dx) := i (dx). O

Let us now prove existence and uniqueness of a mild solution for the integro-PDE (@.2). To this end, we
proceed similarly as for the proof of Theorem B.6 using LemmaB.7] Let 7 > 0 be a constant supposed to be
fixed for the moment and let us fix e > 0, r € [0, T — 7]. B([r,r + 7], M s(R%)) denotes the space of bounded,
measure-valued maps, where M ¢(R?) is equipped with the total variation norm || - ||7. We introduce the
measure-valued application I1. : 3 € B([r,r + 7], M ;(R%)) — II.(53), defined by

I.(B)(t,dx) = / /Rd s, xo,t,dx A(s xo, (Ke * B( N(zo), (VK. *3(3,-))(960)) g(s,dxo)ds.
B(s,r) = +u0( R (4.5)

where the function %, defined on [r,r + 7] x M;(R?), is given by
uo(r, m)(t, dx) = / p(r, zo,t,dx)m(dxo), t € [ryr + 7], T € Ms(RY), 4.6)
Rd

similarly to (3.22). In the sequel, the dependence of @ w.r.t. 7, will be omitted when it is self-explanatory.

Lemma 4.3. Assume the validity of items 4. and 5. of Assumption2and of @J). Let = € B(0, M).

Let us fix e > 0 and M > 0 such that M > ||7||7v. Then, there is T > 0 only depending on M such that for any
r € [0,T — 7], IL. admits a unique fixed-point in B([r,r + 7], B(0, M)), where B(0, M) denotes here the centered
ball in (M (R?), || - ||l7v) with radius M.

Proof. Let us define 7 := ﬁ For every A > 0, B([r,r + 7], M;(R%)) will be equipped with one of the
equivalent norms

1Bllrva == sup e Bt )7y - (4.7)

te[r,r+7]
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Recalling (.5), where g is defined by (4.6), it follows that for all 8 € B([r,r + 7], B(0, M)), t € [r,r + 7],
t
LBt M < Ma [ 1805, )rvds + Madr < 200y < M @8
where for the latter inequality of (.8) we have used the definition of 7 := 53—. We deduce that TI(B([r,r +

7], B(0,M))) C B([r,r + 7], B(0, M)).
Consider now ', 3% € B([r,r + 7], B(0, M)). For all A\ > 0 we have

(8 (¢, ) = Te(B2(t,))llrv - < /0IIBl(s,-)—ﬁ2(s,-)HTv(LAHKaHoollﬁl(s,-)IITv+MA)ds
+LA||VKsHoo/ 18" (s, Mlzv B (s, ) = B2 (s, )l|lrvds

t
+ La(l Koo + HVKalloo)/ [@o(s, MirvllB* (s, ) = B2(s, )lrvds

t
< Cor [ 1851 - (s ) v
0
¢
< OE,T/ M IBY = B2 rva ds
0
eM— 1
= C.rllB" = Blrva T (4.9)
with C. p == 2LAM (|| Kc||oo + [|[VE,|loo) + M. It follows
[(8") — (B2 lrva = t [Suljr ]edtHH(ﬂl)(t') —T(B*)(t,)|lrv
elr,r+7
1—e M
< C: L_ 52 su
< Cerlp' = Blrva sup (——5—)
CE,T 1 2
< THﬁ = Brva - (4.10)

Hence, taking A > C. 7, I, is a contraction on B([r,r + 7], B(0, M)).
Since B([r,r + 7], (Ms(R%), || - [|7v,»)) is a Banach space whose B([r,r + 7], B(0, M)) is a closed subset, the
proof ends by a simple application of Banach fixed-point theorem. O

The next step is to show how the proposition above, with the help of Lemma[B.4] permits us to construct
a mild solution of @.2). The reasoning is similar to the one explained in the proof of Theorem 3.6l Indeed,
without restriction of generality, we can suppose there exists N € N* such that 7' = N7. Then, for all
k = 0,---,N — 1, Lemma [£3 applied on each interval [k7, (k + 1)7] (with r = k7, 7 = B¥~1(kr,") for
k > 1and 7 = ug for k = 0) gives existence of a family of measure-valued maps (3% : [kT, (k + 1)7] —
MR,k =0,---,N — 1) defined by

BE(t,dx) = /k /]Rd P(s,zo,t,dz)A(s, zo, (K. * Bg(s, N(zo), (VK. * Bg(s, ))(z0)) Eg(s, dxo)ds .
BE(s,;) = BE(s) + W (s,0), (4.11)

where for k = 0,t € [0, 7],

ay(t, dr) = / P(0,x0,t,dz)ug(dzo) , by @E6) with 7 = ug, (4.12)
Rd

17



and forallk € {1,--- N}, t € [kr, (k+ 1)7],

Wt dr) = (B Y)(t, dx)
= / P(kT, xo,t,dz)3E "1 (k7,dxo) , by @B) with 7 = =1 (kr,-) . (4.13)
Rd

We now consider the following measure-valued maps Uo [0,T] = Ms(R?) and 8. : [0,T] — Ms(R?)
defined by their restrictions on each interval [kT, (k + 1)7],k =0,--- , N — 1 such that

Uo(t, ) :=ug"(t,2) and Be(t,x):= B5(t,x) for (t,z) € [kr, (k + 1)7] x R% (4.14)
and we finally define v : [0, T — M (R%) by
~v¢ :=Up + B. on [0, T] x R%. (4.15)

To ensure that 7° is indeed a mild solution on [0,77] x R¢ (in the sense of Definition &.1) of the integro-PDE
(@2), it is enough to apply Lemma B4 with 7 := ﬁ, wu(t,dx) :=~4(t,dx) and (o := kT)k=0,... N-
Previous discussion leads us to the following proposition.

Proposition 4.4. Suppose the validity of Assumption[lland items 4. and 5. of Assumption2l Suppose also that @)
is fulfilled. Let us fix € > 0 and let ~* denote the map defined by @I5). The following statements hold.

1. ~F is the unique mild solution of the integro-PDE [@.2), see Definitiond.1]
2. ~* is the unique solution to the reqularized Feynman-Kac equation (£.4).

Proof. The existence of a mild solution ¢ of (.2) has already been proved through the discussion just above.
It remains to justify uniqueness. Consider v5'!, 752 be two mild solutions of (£3). Then, with similar com-
putations as the ones leading to inequality (£.10), there exists a constant € := €(My, Ly, || K¢/ oo, [|VE: | 00) >
0 such that

¢
7 =72l rva < 17 =72l (4.16)

for all A > 0 and where we recall that || - |7y, has been defined by 7). Taking A > €, uniqueness follows.
This shows item 1. Item 2. follows then by Proposition 4.2l O

The theorem below states the convergence of the solution of the regularized Feynman-Kac equation (£.4)
to the solution to the Feynman-Kac equation (3.15). This is equivalent to the convergence of the solution of
the regularized PDE #@.2) to solution of the target PDE (1.4), when the regularization parameter ¢ goes to
Zero.

Theorem 4.5. Suppose the validity of Assumption2) Suppose also that (4.1) is fulfilled. For any e > 0, consider the
real valued function u® such that for any t € [0, T,

u®(t,-) := Ko *; 4.17
t

where ~¢ is the unique solution of both @&4) and @2). Then u® converges to u, the unique solution of both (3.15)
and [@4), in the sense that

lus(t, ) —ult, )1 + [|Vu(t,-) — Vu(t, )| Y 0, foranytel0,T]. (4.18)

Before proving Theorem[4.5] we state and prove a preliminary lemma.
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Lemma 4.6. Suppose the validity of Assumption2Qand of @.I). Consider u the unique solution of (3.15), then for
allt € (0,7

t
u(t,z) = Fo(t,z) + / E[p(s, Yo, t,2)A(s, Yy, u, Vu)efos A(T’YT’“’V“)dT} ds, dx a.e. (4.19)
0
For a given & > 0, consider u¢ defined by @IZ7). Then for almost all x € R and all t € [0, T),
t
e (t,7) = (K. * Fo(t, ) (x) +/ B[ (K # pls, Yo, t,) (@) A(s, Vs, w0, Vuf)els At V)dr| s (4.00)
0

where Fy(t,x) := [p. (0,20, t,2)uo(xo)dxo for t > 0,z € R% and Fy(0,-) := ug. We remark that we have used
again the notation

A(S,',’U,VU) = A(S,',’U(S,'),V’U(S,')), le [OaT] ) (421)
forv e LY([0,T], WHL(RY)).
Proof. Equalities (£.19) and @.20) are proved in a very similar way, so we only provide the proof of equation
@20
We observe that for all t € [0, 7], v € L'([0,T], WH1(RY)),
t
ef[f A(r, Y o(r,Ye),Vo(r,Y,))dr 1+ / A(T, }/h ’L)(T, }/7")7 VU(T, }/T»ej(; A(s,Ys,v(s,Ys),Vu(s,Ys))ds ] (422)
0

Taking into account the notation introduced in @21)), .22) above implies for almost all z € R¢,

E[Ks(x —Y,) exp {/OtA(s,Ys,us,vus)dsH

t
Kelo = ¥)] + [ B[Rl = YA Yr, e, Tus)els Moo’ S0 gy
0

u®(t, x)

|
&=

., K (x —vy) /dp(O,xo, t,y)uo(xo)dro dy +
R

t

S—

E[E[K.(z - V)

Yr} A(r, Yy, uf, Vua)efoT A(Svywuaxvua)ds} dr

|
=

« Fo)(t,-)(x) +

o\ﬁ
=

( / Ko = y)p(r, Yo, ty)dy) A(r, Yy, u, Vue)els Aot 91 gy
L R4
Fo)(t,)(z) +

E[(K. * p(r, Yo, t,)) (@) A(r, Yy, u®, Vu©)eld A<S=Y5=“EVV“E>“] dr. (4.23)

Il
~
e
*

(=)

This ends the proof. O

Proof of Theorem In this proof, C denotes a real constant that may change from line to line, only depend-
ing on My, Ly, Cy, ¢, and |lug|/o, where we recall that the constants C,,, ¢, come from inequality (6.17)
(and only depend on @, g).

We first observe that for ¢ = 0, the convergence of u*(0,-) (resp. Vu©(0,-)) to u(0,-) (resp. Vu(0,-)) in
L*(R%)-norm when ¢ goes to 0 is clear. Let us fix t € (0, 7].
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By LemmalL@ for almost all z € R, we have the decomposition

uf(t,x) —u(t,xr) = (K.=*Fo(t,-))(z) — Fo(t,x) +

s

t
/ IEH(KE xp(s,Ys, t,))(x) — p(s, Vs, t, a:)}A(s, Y, u®, Vua)efo A(T’YT’ua’vua)dr} ds +
0

t
/ E |:p(8, Y. t, (E){A(S, Y, ’U,E, V’U/E)ejos A(r, Yy u® Vu®)dr A(S, Yy, u, VU)GJOS A(T,YT,u,Vu)dr}:| ds .
0

By integrating the absolute value of both sides of .24) w.r.t. dz, it follows there exists a constant C' > 0
such that

(e )~ utt )l < C{IKex Fo— Full+ [ B[Rz «p(s,Yert,) = pls. Yot )]s
0
B[ (5, = (s Y0+ 90 ¥2) = Vs, ) s
t s
+//]E“ug(r,Yr)—u(r,YT)|+|Vu8(r,Yr)—Vu(r,Yr)ﬂdrds}. (4.25)
0 JO

Moreover, denoting p, the law density of Y, by inequality (6.I8) of Lemma 6.4 we get

Bl (s Ye) — (s, V)| = [ [u(s,2) — u(s, lps(@)de
< C ||u0||OO/Rd [u®(s,z) — u(s,z)|dx
= C|u(s,-) —u(s, )|, s€]0,17, (4.26)
and
E||Vu(s,Ys) — Vu(s, YS)@ = g [Vus(s,x) — Vu(s, z)|ps(x)dx

< C ||u0||00/ |[Vu®(s,x) — Vu(s,z)|dx
Rd
= C||Vu®(s,) —Vu(s,)|1, s€][0,T]. (4.27)

Injecting £.26) and @.27) into the r.h.s. of 25), it comes
s (t, ) —ult, )| < C{HKE « Fy — Folly + /Ot]E{HKE «p(5,Yart, ) — pls, Yo, 1, .)Mds
# [ )~ sl + 1956~ Vs, s} @.28)
Now, we need to bound ||Vu¢(t,-) — Vu(t,-)||1. To this end, we can remark that for almost all z € R,
Vu(t,z) = VEy(t,x) + /Ot E{pr(s, Y, t,x)A(s, Ys, u, Vu)efos A(T’YT’“’V“)dT} ds , (4.29)

and

Vus(t,x) = (K.*VFy(t,-))(z)

t
+/ EUKE*vmp<s,Y;,t,-))(sc)A(s,Y;,ua,Vua)eﬁf AMrYeut, Ve)drlgs - (4.30)
0
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These equalities follow by computing the derivative of u(t, -) and u®(¢, -) in the sense of distributions.
Taking into account .29) and (£30), it is easy to see that very similar arguments as those invoked above to

prove (@.28), lead to
V) = Vult )l < e VFE) = TR+ [ B[R aplo Yo ) = Vaplss Yo s
[ W) =l + 1956, ) = Vs, s} 1)
Gathering (4.28) together with (4.31) yields
[us(t,-) = u(t, ) + [IVes(t, ) = Vu(t, ), < C {||K€ * Fo(t,) = Fo(t, )+ [ Ko+ VEy(t,-) = VEo(t, )l +
[ B[l Yot =l Yt s+
t
[ B[ (o Yoot = Vel et s
+ [ (s, ) — (s, s + (5, ) — Vs, s
' (4.32)
Applying Gronwall’s lemma to the real-valued function
e Jus () = ult )l + [IVes(ts ) = V()
we obtain
lus(t,-) = ult, )l + [ Ves(t, ) = Vu(t, )l < Cet {lle * Fo(t,-) = Fo(t, )|l + [| K« VEy(t,-) = VFo(t, )l +
/OtE[ufs (s, Yot ) = p(s, Yooty )11 ds +

t
/ E[HKE £ Vop(s, Yo, t,) — Vop(s, Yo, t, -)Mds}. (4.33)
0

Since Fy(t,-), VFy(t,"), x + p(s,z0,t,x) and z — V.p(s,zo,t, ) belong to L' (R?), classical properties of

convergence of the mollifiers give
| o s Fo(t,-) — Fo(t, )|k = 0, ||Ke=* VEy(t,:) — VEy(t, )L =0, (4.34)
and
[Ke % p(s, Y, t,) = p(s, Yas t, )1 = 0, || Ke % Vap(s, Y, t, 1) = Vap(s, Ys, b, )[1 = 0, a.s.. (4.35)

Moreover, by inequality (6.17) of Lemma there exists a constant C' := C(C,,c,) > 0 such that for
0<s<t<T,

1
t—s

||K8 *p(sui/satv ) _p(S,Y;,t, )Hl + HKE * va(87YS7t7 ) - va(sui/suu )”l S 20(1 + ) a.s. .

(4.36)

Lebesgue dominated convergence theorem then implies that the third and fourth terms in the r.h.s. of @.33)

converge to 0 when ¢ goes to 0. This ends the proof. O
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Proposition 4.7. We assume here that (K. ).~ is explicitly given by
—K(g) , (4.37)
with K > 0 satisfying

RdK(a:)d:z::l, /Rda:K(a:)d:r:O and /@::% Rd|:1:|K(x)dx<oo. (4.38)

Let u® be the real-valued function defined by (4.17), (such that for any ¢ € [0, T], u®(t,-) := K.*~§) with K. given by
@37). Under AssumptionRland in the particular case where the function A(t, z,w) does not depend on the gradient
Vu, there exists a constant C' := C(k, Cy, ¢,) > 0 such that, for all t € (0, T,

[us(t,) —ult, )l < eC( +2v1), (4.39)
with C,, ¢, denoting the constants given by (6.17) (only depending on ®, g).

Proof. This proof is based on the same arguments as the ones used in the proof of Theorem .5 since in the
present case, A only depends on (¢, z, ) and not on Vu. In particular, we obtain for ¢ €]0, T,

t
Ju(t) = (e, < O Ko x Foft,) = Fo(t. )+ [ B[[[Kep(s,Yauto) = pls. Yoot s, (440)
0

that corresponds to inequality .33) in the proof above, without the term containing the gradient Vu.
Invoking inequality (6.17) of Lemma [6.4] and inequality (6.9) of Lemma [6.3 with H = K, and successively
with f = Fy(t,-) and f = p(s,y,t,-) for fixed y € R?, imply that

K2 % Folt.) — Folt. ) < o 0<t<T. (8.41)
Vit
and ¢
K. p(s, Ys, t,-) — p(s, Y, t, )1 < Et"”” ae, 0<s<t<T, (4.42)
— s
with € = €(Cy, ¢,). This concludes the proof of #.39). O

5 Particles system algorithm

To simplify notations in the rest of the paper, f; will denote f(t) where f : [0,7] — E is an E-valued Borel
function and (¥, dg) a metric space.

In previous sections, we have studied existence, uniqueness for a semilinear PDE of the form ([L.4) and
we have established a Feynman-Kac type representation for the corresponding solution u, see Theorem
The regularized form of [L4) is the integro-PDE (@.2) for which we have established well-posedness
in Proposition &4 1. In the sequel, we denote by ¢ the corresponding solution and again by u°(t,z) :=
(K. x5 )(z) (see @.I7). We recall that u converges to u, when the regularization parameter ¢ vanishes to 0,
see Theorem €7 In the present section, we propose a Monte Carlo approximation u*" of u¢, providing an
original numerical approximation of the semilinear PDE (L.4), when both the number of particles N — oo
and the regularization parameter ¢ — 0 slowly enough. Let 1, be a Borel probability measure on P(R%).
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5.1 Convergence of the particle system

We suppose the validity of Assumption 2

For fixed N € N*, let (W?);—;.... n be a family of independent Brownian motions and (Y{);=1,..., v be ii.d.
random variables distributed according to ug(x)dz. For any € > 0, we define the measure-valued functions
(”yf’N)te[QT] such that for any ¢ € [0, 7]

:gé+fotq)(8,€;)dw‘;+f0tg(8,€;)d87 fori = 17 7N7
=Yy forz'—l N,

o NZVt (K =N (€, (VR + 7 N)(€9)) 0,

(5.1)

where (K.)->o denotes a sequence of mollifiers such that for all e > 0, K. € WHL(RY) N W (R4) and
we recall that V; is given by @J). The first line of (5.) is a d-dimensional classical SDE whose strong
existence and pathwise uniqueness are ensured by classical theorems for Lipschitz coefficients. Moreover
¢,i=1,---,N areiid. In the following lemma, we prove by a fixed-point argument that the third line
equation of (5.) has a unique solution.

Lemma 5.1. We suppose the validity of Assumption[2l Let us fix e > 0 and N € N*. Consider the i.i.d. system
(€1)i=1... N of particles, solution of the two first equations of (G.). Then, there exists a unique function v*% :
[0, T] = M ;(R%) such that for all t € [0, T], v is solution of (G.1).

Proof. The proof relies on a fixed-point argument applied to the map 75" : C([0, T], M ;(R%)) — C(]0, T], M ;(R%))
given by

N

TN (9)( Z (K% 7)(€), (VKL %7)(€)) 0 - (5.2)

In the rest of the proof, the notation 77V () will denote TN (v)(t).
In order to apply the Banach fixed-point theorem, we emphasize that C ([0, 7], M(R?)) is equipped with
one of the equivalent norms || - ||7v,x, A > 0, defined by

[Vllzv,a := sup e M[lv(t,)llrv , (5.3)
te[0,7)

and for which (C([0,T], M¢(R%)), || - [|v,») is still complete.
From now on, it remains to ensure that 75" is indeed a contraction with respect ||v||7v,, for some A. To
simplify notations, we set forall i € {1,--- , N},

TN () = V(€ (Ke * )€, (VR x)(€) - (19) € [0,T) x € (10, T, My (RY) , G4

to re-write (5.2) in the form
TN () Z TN ()b, (6,7) €[0,T] x C([0,T], M(RY)) . (5.5)

Let A > 0. Consider now v*,~% € C([0,T], M;(R?)). On the one hand, taking into account (1) and (Z.3),
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forallt € [0,7],i € {1,---,N}, we have

t
TN =T ] < I [ (10" (E) = (K2 1)(E)
+ (VKL 9 1)(ED) = (VK- +7) (L) ) ds
t
< © [ It =2lrvds
0
t
< 0 [ Mt = rva ds
0
eM—1
= Cly! _’72HTV,>\ N (5.6)
with C = C(T, || K¢ || oos || VE:||oos La, Mp). It follows that
N
e, N (1 e, N (.2 1 e, Nyi(.1 e, Ni(A2
(T57(v) =T (Y )llrvia < NZHT Y )0 = T (77 )o¢i v
i=1
C
< XH”YI —llzva - (5.7)
By taking A > C and invoking Banach fixed-point theorem, we end the proof. O

After the preceding preliminary considerations, we can state and prove the main result of the section.

Proposition 5.2. We suppose the validity of Assumption 2l Assume that the kernel K is a probability density
verifying
K e WHHRY) nWheo(RY) | |z K (z)dx < 0o, and / 2|t | VK (2)|de < oo . (5.8)
Rd R4
For e > 0, we suppose that K. is explicitly given by @37) with K satisfying G.8). Let u® be the real valued function

defined by @I7), and u=" such that for any t € [0,T),
usN () = Kewyp ™ (5.9)

where vV is defined by the third line of (5.). There exists a finite positive constant C' (depending on Ly, My, K)
such that for all t € [0, T and N € N*, & > 0 verifying min(N, Ne?) > C we have

C c
E,N _ £ E,N _ £ z
E[Hut ut||1} +E[||Vut vut||1] S e (5.10)

Remark 5.3. Forallt € [0,T], N € N*, & > 0, the following bound takes place:

E[luf™ = wlh] + E[IVus™ = Vulh| < E[lluf™ — il | + E[IIVa;™ - vy

+||’U/§ — utH1 + HVuf — V’U,t”l (511)
C _c_
\/Wesd+1 Fllug =l + Vg = Va1

where we have used Proposition [5.2] for the latter inequality. Taking into account Theorem above, it appears

1
V Ned+4
e = 0, N = +oo. This requires a "trade-off condition” between the speed of convergence of N and €. Setting

D(c) 1= e~ (@D ETT | the trade-off condition can be formulated as

clearly that the convergence of us™ (resp. Vu®") to u (resp. Vu) will hold as soon as e = 0 when

1 o D(e)
I == 77 .
N€d+4e — 0 <— i —0 when &— 0, N — +oc. (5.12)
An example of such trade-off between N and e can be given by the relation ¢(N') = (W) T,
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Proof. Letus fixe > 0, N € N*. Forany ¢ = 1,--- ,d, we introduce the real-valued function G defined on

R< such that
1 0K

Ed 8Ig

By (5.8), there exists a finite positive constant C' independent of ¢ such that |G|l < 5% and ||GE|l; =

Gi(z) := (g) , foralmostall z € R?. (5.13)

|G{]l1 < C. In the sequel, C' will always denote a finite positive constant independent of (¢, N) that may
change from line to line. For any ¢ € [0, 7], we introduce the random Borel measure 7" on R?, defined by

FelN = Z Vi(€'u VU (£1)) g - (5.14)

One can first decompose the error on the Lh.s of inequality (5.10) as follows

Eluf™ - il | +E[IVa;Y = vaslh] = E[IlKe (08" =20l + ZE[IGE (5N =39k

IN

B[lIK. « (5N =55l + 3i B[IGE (™ = 5™

=1

E[IKe * (5 = D)l + ZE[HGZ G =9l

E[145V ] + B[4 1] +1E[HB?’NII1} +E[I1BV ]
(5.15)

where, for all ¢ € 0,77,

AN @) = %_XN;KE@—szd[vt(:si,ust@i),WvN(&i))—vt(si,u%si),ww))}

AN @) = léi %écﬁw—52)[Vt(s%uEvN@i),w-'N(si))—v;(si,m(é),ws(fi))}‘

B () = % ﬁ;f@(w — VA, ut(€), VU (€) — E|Kelw — Vi€ us(€), Vur(€)))
BN () = 1; 1§;G (@ = VA€ u(€), Vus(61) — B[GLla - €hVi(€hue(€), Vur(€))] |

(5.16)
We will proceed in two steps, firstboundingIE{HB;S’NHl] andE[HBf’NHJ and thenE[HAi’NHl} andE[HAvaHl].

Step 1: Bounding E||B{"" ||, and E|B;>" ;. Foranyi € {1,---,N}and (t,z) € [0, T] x R? we set

Pi(tw) 1= Ka(w = §)VA (61,07 (6), Vur(€) — B[ Ku(x = )V (610 (€D, V' (€)]. 617)

Notice that for fixed (t,x) € [0,T] x R%, (P£(t,2))i=1.... v arei.i.d. centered square integrable random
variables. Hence using Cauchy-Schwarz inequality, we have

E[I\BE’NIM] /RdJEH%in(t,x)de

N

/RdJEK%zw )
_ \r } \/T (5.18)
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By the boundedness assumption on A (item 5. of Assumption[2,
E[(Pf(t,2))*] < 4e*"E[(K<(z — €,))*] ,

which implies

E[1BV I /¢ (o — &) da = ”fRd dx/m . (619)

where p; is the law density of ¢} and H. is the probability density on R such that for almost all

r € RY, Ho(x) = msﬂ K 2( ), which is well-defined thanks to assumption (5.8). Finally,

applying Lemma[eZwith G = ; KH% and f = p; we obtain

C

E[HBfNHl} < ,  for e small enough. (5.20)

3
m&.

Proceeding similarly for the term B,"" leads to

a fd|” ) de
%;/Rd\/ﬂ@ﬁ@‘f”ﬂd \/_2; — [V,

E[1B Y]] <

(5.21)
where H! ¢ = 1,---,d denotes the probability densities on R? such that for almost all z € RY,
H!(z) = Wsdbw( )I2. Applying again Lemma [6.2 with G = ” ”2,€ =1,---,dand

R4 Bz
f=ptwe obtam ‘
]E{HB’E’NH } ¢ for ¢ small enough (5.22)
¢ VNea B '

Step 2: Bounding E||AS™N |, and E| A5V ||1. Recall that A5 (z) = K.« (77" — 35V)(2) and AN (2) =
LY 1GE# (37N = 37N)| (), which yields

B[4 1] + (14 1) < CE[ne™ - 5] 5.23)

We are now interested in bounding the r.h.s. of (5.23).
Recalling (5.0), (5.14) and inequality 2.3), we have

N ~e,N
E[va' — A HTV}

N
Z [|Vt ', EN,V’UJE"N)—Vt(gi,’UJE,VUE)@

= ([
of

QZ/ (B[IGE+ (2N =32V (EDI] +E[1GE « (52N = 2) ()] ) ds.

=1

IN

(€D + VSN — vus|(eh)) ds]

IN

1K+ (Y ~€N><@>|}+E[|Ks*< N a2l ds) .

&/—\\

(5.24)

By inequality (6.18) in Lemmal6.4] there exists a finite constant C' > 0 such that ||ps|/cc < C|Juo| for
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all s € [0, T]. Thus using inequality (5.20), we obtain

E[IK. + (55 = 79|
< B[ KOV €, u(€), Vi (€) ~ B[R (€} ~ )A€, u(€2), Vur () | €]

N
N-1 1 i i eqei N i i (el /i
= L > Koo — )V(€ u(€"), Ve (€)) — E[K (@ — €)Va(g', u?(€"), Ve (€)]]
C n N -1 C
~ Ned N (N —1)ed
c
< for (N and Ne?) sufficiently large), s € [0, 7] .
SN ( ( ) y large), s € [0, T
(5.25)
Similarly we get
S| C
Al ~e,N _ ¢ 1
;EDEGE*(% DN € m= 50T (5.26)
Moreover, for all s € [0,T], the boundedness of | K| and |V K| implies
S C
E[|K. « (52 = 55D + o E[I26E (5 =35Vl < iz [0 =35V av ] - 5:27)
=1

Injecting inequalities (5.25) (5.26) and (5.27) into (5.24) gives

C C ! e,N ~e,N
W‘f‘@ ; E[H% — s ||TV}d8-

E[lheY =55V lav ] <

By Gronwall’s lemma we obtain E {H%E N 55 ||TV} < ﬁeﬂ% , which together with (5.23) com-

pletes the proof by implying the inequality

(AT ]+ B{IAF Y ] < e 529)
O
As a straightforward consequence of Proposition[5.2land Theorem 4.5 the corollary below follows.
Corollary 5.4. Assume that the same assumptions as in Proposition[B.2are fulfilled.
Ife - 0, N — 400 such that meﬂ% — 0, (where C is the constant coming from Proposition[5.2) then
E[Huf’N - utﬂl} + E[Hvu?N - vutnl} 0. (5.29)

Proof. Letus fixe > 0, N € N*, t € [0, T]. The proof is based on the bound

IN

E[luf™ = el | +E[IVes™ = Vuell| < [l - wili] +E[IVeg™ - Vui |
s = wlls + 11V — Vel

C o
\/ﬁesd+1 + llug —welly + [Vug = V[, (5.30)
€

where we have used Proposition [5.2] for the second inequality above. Moreover, Theorem [£.5] gives ||uf —
ullr + | Vui — Vg ||t — 0 for € — 0. This concludes the proof of the corollary. O
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6 Appendix

6.1 General inequalities
If f is a probability density on R?, I(f) denotes the quantity I(f) := [, 2|4 f(z)da.

Lemma 6.1 (Multidimensional Carlson’s inequality). Let f be a probability density on R such that I(f) < oo,
then

ar1\ 1/2
/ VI@)de < AgI(f)T@D where Ag= (2”3 i . (6.1)
Rd r(44)

We refer to [14], where a more precise estimate is proved. From Carlson’s inequality, we deduce the

following lemma.

Lemma 6.2. Let G and f be two probability densities defined on R? such that
I(G)<oo, and I(f)<oc. (6.2)

Then for any strictly positive real e < (1/1(G)) T,

a1\ 1/2
/Rd \/(Gs*f)(a:)d:cgﬁ Ag[L 4+ I(f)] where Aq= (f:g)) , (6.3)

where G.(-) :== 4 G(2).

Proof. By Carlson’s inequality (6.I) we have

/R NG D@ < AqlI(Ge = P70 (6.4)

Then, by Minkowski’s inequality,
HGx )7 = [ 1l Gl ) Sy de ]
R x R4

= [ e G Sy )
< ()T +eI(G)T .

4 is convex, it follows

Sincexz € Rt — x
I(Gex )Yy < 25 [[I(A)]7 + < I(@)]7]3
Hence, as soon as ¢ < (l/I(G))ﬁ, we have
[1(Ge+ T <28 14 1), (6.5)
which, owing to (6.4), concludes the proof. O

Lemma 6.3. Let H be a density kernel on R satisfying

H>0,| H(z)de=1, / xH(x)de =0. (6.6)
R R

Let f : R — R be a real-valued function. For any ¢ > 0, we consider the function H. given by
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H.() ;:Eid (g) . 6.7)

Ifa:=1 [oalz|? H(z)dz < oo (resp. a = [y |o| H(z)dx < co) and f € WP (resp. f € WP) for some integer
p > 1, then for any € > 0,

d
|He 5 f = fllp <ea Y [10:0;flp - (6.8)
i,j=1
d
(resp. I1H=5 £ = flly <@ [0f1)- (69)
1=1

Proof. The proof is modeled on [14] and it is only written in the case f € W%?. The case f € W' follows
exactly the same reasoning. We omit the corresponding details.
For ¢ > 0 and any integer 1 < i < j < d let us introduce the real-valued function L./ defined on R? with
values in R, associated with H such that for almost all 2 € R¢,

» rixy; [P1—t
Lyl (x) = EQJ /0 t—QHat(iﬂ) dt, (6.10)

where z; is the i-th coordinate of x and H; given by (6.7). Observe that, foranye > 0,1 <1i < j <d,

IL27]

1 =/ LY (2)|dz < a, (6.11)
]Rd

which implies that L7 < oo a.e.
Developing f according to the Lagrange expansion up to order two, yields, for almost all (z,y) € (R%)?,

d
fla—y) = f@) = S @0f)(a yz+Z/1—t<9<9f ty)yay; dt

=1 1,j=1

Integrating this expression against H. w.r.t. y and using the symmetry of H, yields for almost all = € R¢,

(He = f)(x) = f(x)

/ @ —y) — F@) Holy) dy
Z /Rd/ (1 —=1)0:0; f (x — ty)yy; dt He(y) dy

1,j=1
uu b1—¢
— 2 Z/ aaf 7 J/ t—QHEt(u)dtdu
1,j=1 0
= ¢ Z (LY (9,0, )(x) , (6.12)
ij=1

Taking the L? norm in equality (6.12), Young's inequality yields
d P
1He  f = fllp < €% Y 10:0; fllp I L2l
ij=1

which gives the result by recalling (6.1T). O
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6.2 About transition kernels

In the following lemma, we state well-known technical properties about the transition probability function
of a diffusion process. All the statements below are established in [10].

Lemma 6.4. We assume here the validity of Assumption[2l Consider a stochastic process Z, solution of the SDE

t

t
Zi= 2o+ [ @s.2)dW.+ [ (s Z)ds, (6.13)
0 0

with Zy a random variable admitting a bounded density uo. P(s,xo,t,T") denotes its transition probability function,
forall (s,x0,t,T) € [0,T] x RY x [0,T] x B(R?). The following statements hold.

1. The transition probability function P admits a density, i.e. there exists a Borel function p : (s, zo,t,x)
p(s, o, t, x) such that for all (s, zg,t) € [0,T] x R? x [0, 7],

P(s,xo,t,r):/p(s,:co,t,:c)d:c , I'e B(RY). (6.14)
I

2. The function p satisfies (in the classical sense) Kolmogorov backward (B) and forward (F) equations: i.e.
(s,m0) = p(s,xo,x,t) belongs to CH2([0,t[xR?, R) and satisfies

Osp+Lsp=0, 0<s<t<T

(s, zo,t,x) ? 0y , weakly . (6.15)
where for s € [0,T], p € C®(R?), Ly has been defined in @4);
(t,x) = p(s, w0, t, ) is in CH2(]s, T] x RY R) and satisfies
op=Lip, 0<s<t<T
F < (6.16)

p(s, 0,1, ) o Ouq » weakly ,
tls

where for t € [0, T], for ¢ € C§°(RY), L} has been defined by 2.5).
In particular, p is twice continuously differentiable w.r.t. x¢ and x.

3. There exist real constants C,,, ¢, > 0 such that, for 0 < s <t < T, (zo,x) € RY x R4 and for all multi-index

m = (m1, mga) whose length |m| := my + ma is less or equal to 2, we have

g g2 Cu
S,Z,t,(E S ——e ™ ’
0z; 8$j p( ) (t — 5)%

lz—=|2

0<s<t<T(z,x) € (RY?. (6.17)

In particular, there exists a constant C' > 0 (only depending on C.,, ¢,) such that for all t € [0,T1], the law
density p, of Y; satisfies

ID¢]loe < Clluol|oo (6.18)
where py is given by [, p(0, xo, t, x)uo(xo)do.

Proof. Under Assumption[2] the results are a result of Theorems 4.6, 4.7, Section 4 and Theorem 5.4, Section
5 in Chapter 6 in [10]. O
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6.3 Proof of technicalities of Section
We give in this section the proof of Lemma[3.4]

Proof of Lemma3.4. We only prove the direct implication since the converse follows easier with similar ar-
guments. Without restriction of generality, we can assume that 7' = N7 for some integer N € N. The aim is
to prove, foralln € {1,--- , N},

(6.19)

(i p(t,dx) = [pu P(0, o, t, dx)ug(dzo) + fot ds [pa P(s,xo,t,dw)]&(s,xo)u(s,d:vo) ,
" forallt € [0,n7] .

We are going to proceed by induction on n. For n = 1, formula (6.19) follows from (3.13) by taking k& = 0.
We suppose now that (H,_1) holds for some integer n > 1. Then, by taking ¢t = (n — 1)7 in the first line
equation of (6.19), it follows immediately that

(n—1)7 5
P(0,z0, (n — 1)7, dxo)uo(dzg) —i—/ ds/ P(s, o, (n— 1)1,dxo)A(s, zo) (s, dzp) .
0 R4
(6.20)

(= 1), dao) = [

Rd

On the other hand, since (3.13) is valid for all ¢ € [(n — 1)7, n7] by plugging k = n — 1, we obtain

t

wu(t,dx) = P((n — )7, 20, t,dz)u((n — 1)1, dxg) +/ ds P(s,xo,t, dx)[&(s, xo) (s, dxo) ,
R4 (n—1)7 R4
6.21)
forall ¢ € [(n — 1)7, n7|. Inserting (6.20) in (6.21)) yields
,UJ(ta dCC) = / Uo(d%) / P(O,?CB, (TL - 1)7-7 dIO)P((n - 1)75 Zo, ta dCC)
R4 R4
(n—1)T B
+/ ds/ u(s,d%)A(s,%)/ P(s,zg, (n—1)7,dzo)P((n — 1)1, 2o, t, dx)
0 R4 R4
t
+/ ds/ P(s, x0,t,dz)A(s, zo) (s, dxo) , t € [(n — 1)7,n7]. (6.22)
(n—1)7 R4

Invoking the Chapman-Kolmogorov equation satisfied by the transition probability function P(s, o, t, dz)
(see e.g. expression (2.1) in Section 2.2, Chapter 2 in [25]), we have

P(s,xo,t,dx) = / P(s,T0,0,dz)P(0, z,t,dx), s<6<t, (zg,2) € RT x R (6.23)
Rd
Applying (6.23) with § = (n — 1), it follows that for all ¢ € [0, n7],
p(t,dx) = / uo(dxo)P(0, xg, t, dx)
R

t
+ [ds [ Pls.To 1. dn)A s B, 7). (6.24)
0 R4

This shows that (H,,) holds.
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