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Abstract

Hybrid control systems are dynamical systems that can be controlled by a combination of both
continuous and discrete actions. In this paper we study the approximation of optimal control
problems associated to this kind of systems, and in particular of the Quasi-Variational Inequality
which characterizes the value function. Our main result features the error estimates between
the value function of the problem and its approximation. We also focus on the hypotheses
describing the mathematical model and the properties defining the class of numerical scheme
for which the result holds true.

Keywords: Hybrid control, Dynamic Programming, Semi-Lagrangian schemes, Error estimates

AMS subject classification: 34A38, 491.20, 49M25, 49N25, 65K15

1 Introduction

Hybrid control systems are described by a combination of continuous and discrete or logical variables
and have been the subject of much attention over the last decade. A classical example of a hybrid
control problem is the model of a vehicle equipped with two engines: an electric engine (EE) and
an internal combustion engine (ICE). The former is powered by a battery that is recharged by the
latter, which instead consumes regular fuel. In an optimal control problem for such a system, the
goal might be to minimize a combination of fuel consumption and speed by acting on both the
acceleration strategy and the discontinuous switching between EE and ICE.

The mathematical formulations of optimal control problems for hybrid systems we will adopt
in this paper is the one given in [10} [7, 2]. We focus on the infinite horizon hybrid control problem,
whose value function and numerical approximation have already been studied in [12], with the aim
of estimating the numerical error in the approximation of the value function. For the theoretical
analysis of the numerical scheme, we put ourselves in the framework introduced by Barles and
Souganidis [4], which allows to treat various approximation schemes like Finite Difference methods
[17, 18], Semi-Lagrangian schemes [I1), [8] and Markov chain approximations [I7]. The main tool
used to estimate the numerical error in the approximation of the value function will be a technique
based on the shaking coefficients method introduced by Krylov in [15] [16]; we will also make use of
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the cascade technique, which consists in approaching the main problem by a sequence of obstacle
problems, through an adaptation of the arguments in [13].

The outline of the paper is the following. In Section 2] we will set the basic assumptions on the
control problem and review the characterization of the value function in terms of a suitable Dynamic
Programming equation. In Section [3| we will study the numerical approximation via monotone
schemes and discuss convergence and solvability of the numerical scheme. Section (4| describes the
cascade technique, used to obtain the estimates for intermediate problems that will be applied in
order to prove the main result. In Sections [f] and [6] we prove some regularity properties for the
value functions of the problems generated by the cascade and give the error estimates between the
exact solutions and their approximations. Lastly, we collect in Appendix [A] the proofs of some
auxiliary results stated throughout the paper.

2 Preliminaries

We start by introducing some notations. We denote by | - | the standard Euclidean norm in any R?
type space (for any d > 1). If B is a d x d matrix, then |B|? = tr(BBT), where BT is the transpose
of B and |B]| is the Frobenius norm. For a discrete set .S, |S| will denote its cardinality.

Let ¢ be a bounded function from R? into either R, R?, or the space of d x m matrices (m > 1).
We define

|6lo == sup |p()].

zeRd
If ¢ is also Lipschitz continuous, we set
. |6(z) — ¢(y)]
[§l1:= sup
ryeRdaty 1T Yl

Moreover, for any closed set S C R?, the space Cp,(S) [respectively, C,1(S)] will denote the space
of continuous and bounded functions [resp., bounded and Lipschitz continuous functions|] from S
to R.

Given ¢ € [CbJ(Rd)] " we denote by Ly and Mgy some upper bounds of respectively the Lipschitz
constant and the supremum of ¢:

L, > ; M., > .
¢ _ie{r{{jc}?fm}\@h s > |dlo

We denote by < the componentwise ordering in R¢, and by < the ordering in the sense of
positive semi-definite matrices. For any a,b € R, we define a A b as

a A b:=min(a,b).

For any given closed subset S of R? the notations S, dist(-,S) stand respectively for the
boundary of S and the Euclidean distance defined by

dist(z,S) := inf |z — y|.
(@.8) = inf o —y|
Among the various mathematical formulations of optimal control problems for hybrid systems, we

will adopt here the one given in [10,[7), 2]. Let therefore I be a finite set, and consider the controlled
system (X, Q) satisfying:

(2.1)



where z € R?, and ¢ € I. Here, X and @ represent respectively the continuous and the discrete
component of the state. Note that throughout the paper we will term switch a transition in the
state which involves only a change in the Q(¢) component, whereas jump will denote a transition
which might also involve a discontinuous change in X ().

The function f : R% x I x i — R? is the continuous dynamics and the continuous control set is:

U= {u :(0,400) = U | w measurable, U compact metric space}.

The trajectory may undergo discrete transitions when it evolves inside the set R?x 1. More precisely,
the controller can choose either to jump or not.

If the controller chooses to jump, then the continuous trajectory is moved to a new point in
D c RYxI. By &; we denote a transition time. The state (X(fi_), Q(fi_)) is moved by the controlled
jump the to the destination (X(f:r), Q(f:r)) € D. The trajectory starting from = € R? with discrete
state ¢ € I is therefore composed of a continuous evolution given by between two discrete
jumps at the transition times. For example, for &, < ¢t < &1, the evolution of the hybrid system
would be given by:

{(X(f,j), Q) eD (destination of the jump at &)
X(t) = F(X(1), Q) u(t) & <t <&

Associated to this hybrid system, we consider an infinite horizon control problem where the cost is
composed of a running cost and transition costs corresponding to the controlled and uncontrolled
jumps. A similar control problem has been considered in [I2], where the authors have studied the
value function and its numerical approximation. A procedure to compute a piecewise constant
feedback control is also analyzed in [12].

2.1 Basic assumptions

In the product space R¢ x I, we consider the set D in the form
D={(z,q) eR*x1:2 € D} (2.2)

in which D; represents the subset of D in which ¢ = 1.
We make the following standing assumptions on the set D and on the functions f and g:

(A1) For each g € I, D is a closed subset of R?, and D, is bounded.

This assumption is essential to the well-posedness of the HJB equation resulting from the
characterization of the value function.

(A2) The function f is Lipschitz continuous with Lipschitz constant Ly in the state variable x and
uniformly continuous in the control variable u. Moreover, for all (z,q) € R? xTand u e U,

This hypothesis could be replaced by the less strict requirement of f being only locally
Lipschitz, in order to extend the results to a more general case. However, the boundedness
of f is a standard simplification in the framework of hybrid optimal control problems (see [1]

and [2]).



In what follows, a control policy for the hybrid system consists of two parts: continuous input u
and discrete inputs. A continuous control is a measurable function v € U acting on the trajectory
through the continuous dynamics (2.1). The discrete inputs take place at the transition times

0<&H<E < <& <& < ...

in which at time & the trajectory moves to a new position (z7,q;,) € D. The discrete in-
put is therefore in the from {(&,x},q})}k>0. To shorten the notation, we will denote by 6 :=

<u(), { (&, 2}, q;)}) a hybrid control strategy, and by © the set of all admissible strategies.

Now, for every control strategy 6 € ©, we associate the cost defined by:
+oo 0
J(z,q;0) = /0 O(X (1), Q) u(t))e Mt + > e(X(&), Q) X(§0), QEN) e (2.3)
k=0

where A > 0 is the discount factor, £ : R x I x U — R is the running cost and ¢ : R xIx D — R,
is the controlled transition cost. The value function V is then defined as:

V(z,q) = inf J(z,¢,0). (2.4)

We assume the following conditions on the cost functional:

(A3) ¢: R?xIx U — R is a bounded and nonnegative function, Lipschitz continuous with respect
to the x variable, and uniformly continuous w.r.t. the u variable.

(A4) c:RIxIxD — R is bounded with a strictly positive infimum Ky > 0 and uniformly Lipschitz
continuous in the variable z’.

(A5) The discount factor A satisfies A > max(1, Ly).

2.2 Characterization of the value function

We briefly review the main theoretical facts about the value function V' defined in (2.4]).
It is quite straightforward to derive the Dynamic Programming Principle for the control problem
[2.1)-(2.3)). For any (z,q) € R? x T there exists s9 > 0 such that, for every 0 < s < sg, we have

V(z,q) < inf {V(',¢)+c(z,q,2',¢)} (2.5)
(',')ED

If it happens that V(z,q) < inf( gep {V(2/,¢') + c(x,q,2",¢')}, then there exists so > 0 such

that for every 0 < s < sg, we have:

V(z,q) = inf {/OS (X (t),q, u(t))ef)‘t dt + efASV(X(S), q)} (2.6)

ueU

Moreover, it is known that the value function V' is uniformly continuous [10, Theorem 3.5]. More
precisely, we have:

Lemma 2.1. Under assumptions (A1)-(A4), the function V is bounded and Hélder continuous.

From the dynamic programming principle, it can be checked that the value function satisfies,
in an appropriate sense, a quasi-variational inequality. To give a precise statement of this result,
we first introduce the Hamiltonian H : R x I x R? — R defined, for z,p € R% and ¢ € I, by:

H($7Q7p) = 81618{—E(m,q,u)—f(:ﬁ,q,u)-p} (27)
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We also define the transition operator A, mapping C°(R? x I) into itself, by:

Noe.q) = jnf {6(a',d) + c(a,q,2",d)} (2,9) € R xT (2.8)

The following properties hold for N.

Proposition 2.2. Let ¢, : R? x I = R and N be defined by [2.8). Then:
1. If ¢ < 1), then N'op < Ny
2. Nto+ (1 —t)) > tNo+ (1 —t)Ny Vi e [0,1]
3. Np+ce)=Nop+c VeeR

Remark 2.3. These properties are similar to the ones from [13] and follow from the definition of

N.

Now we go back to the characterization of the value function V. It turns out that V solves the
Hamilton-Jacobi-Bellman (HJB) equation

max {AV(z,q) + H(v.q, DV (2.)), V(z.q) ~NV(2.)} =0 (2,0) €R'xT  (29)
provided the solution is understood in the viscosity sense used in [5].

Definition 2.4 (Viscosity solution). Assume (A1)-(A4). Let w : R* x T — R be a bounded and
uniformly continuous function. We say that w is a viscosity sub-[respectively, super-/solution of
the HJB equation if, for any bounded function ¢ : RY — R with continuous and bounded first
derivative, the following property holds.

For any q € 1, at each local mazimum [resp., minimum/ point (2, q) of w(z,q) — ¢(x) we have

max {AV(SUCQ) + H(2',q, Dogp(a")),V(2',q) = NV (a, q)} <0 [resp. > 0] (z,q) €R'xI

A wiscosity solution is a function which is simultaneously sub- and super-solution.
The previous definition allows us to characterize V.

Proposition 2.5. Assume (A1)-(A4). Then, the function V is a bounded and Hélder continuous
viscosity solution of (2.9).

The proof is given in [10, Theorem 3.5]. The same arguments of the proof of Theorem 5.1 in [10]
can then be used to obtain a strong comparison principle (and hence, uniqueness of the solution)
as follows:

Theorem 2.6. Assume (A1)-(A5). Let w [respectively, v] be a bounded usc [resp., lsc] function on
R?. Assume that w is a sub-solution [resp., v is a super-solution] of (2.9) in the following sense:
for any q €1

max {)\V(:U, q) + H(a:, q, D,V (x, q)),V(:E, q) — /\/V(m,q)} <0 [resp.>0] (x,q) € R? x I

Then, w < v.

Recall that the viscosity framework turns out to be a convenient tool for the study of both the
theoretical properties of the value function and the convergence of numerical schemes.



3 The numerical scheme

In this section, we review the basic theory of convergence for monotone numerical approximations.
The approximation of the value function is obtained by a suitable adaptation of monotone schemes
to the hybrid case. The final goal of proving error estimates for this approximation will borrow some
ideas and techniques introduced in [I5, [16], as well as a sensitivity analysis of the value function
with respect to perturbations of the trajectories.

Consider monotone approximation schemes of , of the following form:

max {S(h,:c,q, Vi(2,9), Vi), Vi(z, q) — NV (=, q)} =0 (z,9) eR?xL (3.1)

Here, S : Ri xREx I x R x C’b(Rd x I) — R is a consistent, monotonic operator which is considered
to be an approximation of the HJB equation (see assumptions (S1)—(S4) for the precise
properties). We will denote by h € R% the mesh size, and by Vj, € C,(R? x I) the solution of (3.I).

The abstract notations of the scheme was introduced by Barles and Souganidis [4] to display the
monotonicity of the scheme: S(h,z,q,r,v) is non decreasing in r and non increasing in v. Typical
approximation schemes that can be put in this framework are finite differences methods [17, [18],
Semi-Lagrangian schemes [I1}, 8], and Markov chain approximations [I7]. In all the sequel, we make
the following assumptions on the discrete scheme :

(S1) Monotonicity: for all h € RE, m >0, x € R? ¢ € I, r € R, and ¢,1) in C,(R?) such that
6 < in RY
S(h7 :L'? Q7 ’r‘? ¢ + m) 2 m + S(h7 x? q7 r’ w)

(S2) Regularity: for all h € Ri and ¢ € CL(RY), x + S(h,x,q,7,¢) is bounded and continuous.
For any R > 0, r — S(h,x,q,r,¢) is uniformly continuous on the ball B(0, R) centered at 0
and with radius R, uniformly with respect to z € R

(S3) Consistency: There exist p,k; >0, i € J C {1,...,p} and a constant K. > 0 such that, for
all h € RY and z in RY, and for every smooth ¢ € CP(R?) such that |D¢|o is bounded, for
every ¢ € J and ¢ € I, the following holds:

)Agb(l‘) + H(z,q, Dy¢(x)) — S(h,z,q, ¢(l‘)a¢)‘ < K&(h, ¢),

where E(h, ¢) := 3", |D'¢|o|h|". Here, D¢ denotes the i-th derivative of the function ¢.

(S4) Let 7 > 0 be a constant. If v is solution of
max {S(h, z,q,v(z,q),v),v(z,q) — Nv(z, q)} =0,
then v + 7 is solution of
max {S(h,x, q,v(z, q),v) + X v(x, q) — No(z, Q)} = 0.
Moreover, if S' can be written in the form

S(h,l‘, q,T, ¢) = ma&(S“(h,x, q,T, d)):

ue

then, for p € (0,1), pv is a sub-solution of

max { ma&cS“(h, x,q,,uv(a:,q) + (/‘L - 1)6(1:7(]7“)7#7})7#”(1’7(]) - MNU(.’E,(])} < 0 (32>

ue



The adaptation of classical monotone schemes to the Bellman equation has been studied
n [I2]. In particular, this work proves convergence for iterative solvers based on value iteration, as
well as the properties of consistency, monotonicity and L stability, which imply convergence of
the approximate value function via the Barles-Souganidis theorem.

4 Cascade Problems

The main goal of this paper is to derive error estimate between the value function V and its
approximation V4. The main difficulties in this study come from the presence of controlled jumps,
which introduce coupling terms (represented by the highly nonlinear operator N') in the HJB
equation. To deal with these difficulties, we will use an idea of cascade problems, described in the
following subsections.

4.1 Cascade for the HJB equation

We approach equation (2.9) by a sequence of obstacle problems, and use the same methods as in
[13, Proof of Theorem 4.2], to prove that the related sequence of solutions converges to the solution
of (2.9)). Consider the problem:

MWo(z,q) + H(:J:, q, D:Vo(z, q)) =0 (z,9) € R? x 1. (4.1)

Under assumptions (A1)—(A2), this equation has a unique viscosity solution Vj in C’bJ(Rd x I).
Since V' = 0 is a viscosity sub-solution of (4.1]), the comparison principle (see [I3, Theorem 3.3])
implies 0 < V4. Now, for a given V,,_1 in Cb,l(Rd x I) and n > 1, consider the problem:

max {/\Vn(ac,q) + H(a;, q, DV, (z, q)),Vn(x, q) — /\/Vn_l(x,q)} =0 (z,9) eRIxL (4.2)

Note that f is not the form in which the actual numerical solution is computed, but rather
an auxiliary family of problems, in which the value function V,, corresponds to optimal solutions
which satisfy the constraint of performing at most n jumps in the state.

Since N'V,,_1 is uniformly continuous, under assumptions (A1)—(A2), there exists a unique
viscosity solution V,, of in C’b,l(Rd x I). It is easy to check that V is a viscosity sub-solution of
. By the comparison principle, V7 < V. Moreover, V = 0 is a sub-solution of forn =1,
and then 0 < Vi < V; in R%. By point (1) of Proposition /\/’Vl < NV}, so tha we can say that
V5 is a viscosity sub-solution of for n =1, and also Vo < Vj in R% x I.

By induction over n, we obtain:

0<  <Vp< <<V <y, (4.3)

We can see that, if |Vp|o < Ko (where Ky is defined in assumption (A4)), then V =V} is a viscosity
solution of . Intuitively, this corresponds to the situation in which optimal solutions of the
control problem do not perform jumps in the state. In this case, we refer to for the specific
error estimate.

Suppose now that |Vy|o > Ko, and let p € (0,1) such that u|Vhlo < K.

Theorem 4.1. We have that, for all n,

Vo = Vo < (1= )" [Voo. (4.4)
Moreover, V,, converges towards V, when n tends to +0o and
1— )™
ogm—vg(lfﬁwm (4.5)



Proof. The same arguments used in [I3] Proof of Theorem 4.2] can be used here. For reader’s
convenience, we repeat here the main steps. Let n € N, and 6,, € (0, 1] be such that, in R x I

Vi — Vit < 0,V (4.6)

By (4.3), this holds at least for 6,, = 1. Rewriting (4.6]) as (1—6,)V,, < V,,41, and using Proposition
and assumption (A4), we get

(1= )NV + 0, Ko < (1= 0,)NVy, + 0, N0 < N((1 = 0,)Vs) < N Vippa. (4.7)
We now prove that
(1= 0n + p165) Vi1 < Vigo (4.8)

where V12 solves (4.2)) at the step n+2. Since V11 solves (4.2)) at the step n+1, and £(z,q,u) >0
for all z, ¢ and u, we have that (1 — 6,, + p,,)V,41 is a viscosity sub-solution of

max {)\V(:U, q) + H(z,q, D,V (2,q)),V(z,q) — NV (z, q)} <0 (z,q) e R x L.
Moreover, by the construction of the sequence (4.3)), and by , we have

(1 —On + Nen)VnJrl < (1 - en)VnJrl + M9n|V0’0 (4'9)
NVpp1 > (1= 0,)NV, + 60,K. (4.10)

Taking the difference between (4.9) and (4.10), and knowing that Vj,;; is the viscosity solution of

(4.2), we have
(1 - 977, + ,uen)vn—&-l - NVn—H <

S (1 - en)Vn—H + Men‘VO‘O - (1 - Qn)NVn - HnKO S
< (1 — Hn)VnH + 0, Ko — (1 — On)/\/Vn -0, Ky <0

which implies
(1 — Gn + u&n)VnH — an+1 S 0.

Then, we can infer that (1 — 6,, + u6,)Vy11 is a viscosity sub-solution of (4.2)) at the step n + 2.
The comparison principle implies (4.8)), or equivalently
Vn+1 — Vn+2 S en(l — /J')Vn+1- (411)

By the inequalities V) — V7 < Vp in R% x I, we obtain V; — V5 < (1—p)Vy in R? x 1. Then, comparing
(4.11) and ({4.6]), it follows that #,, can be defined as 6,, = (1 — )", so that

Vit = Vrz < (1= )™ Wi < (1= )" Voo (4.12)

By and , we can find a function V' € C(R? x I), such that |V;, — V| — 0, when n — +o0.
Proposition and the stability of solutions imply that V' is a viscosity solution of . Then we
can say that V,, converges to V, the unique viscosity solution of , when n — +o00. Moreover,
by and since (1 — ) < 1, the following upper bound holds in R% x T for all n > 0

“+oo
- (1—p)" (1—p)"
0< V=V <Y (1= p)'Volo = ————|Volo = —|Vlo. 413
< ;( )" [Volo 1_(1_M)|0\0 . [Volo (4.13)
O



4.2 Cascade for the numerical scheme

As we have done for the equation (2.9)), we will approach (3.1)) by a sequence of equations approx-
imating (4.2).
Let Vi € O (RY x ) be a solution of
S(ha$7Q7Vh0($7Q)7VhO) =0 (xch) ERd x I (414)

Define V3,1 € C,(R? x I) a solution of the problem:

max {S(h, x,q,v(x, q),v),v(m, q) — ./\/'th(x,q)} =0 (x,q) € R? x I (4.15)
For n = 2,3, -+, we consider the family of solutions Vj,, of
max{S(h,x,q,U(:c,q),v),v(x,q) _NVh(n—l)(m7q)} =0 (xaq) eRd x L (416>

In order to prove the results in this section, we make the following assumptions.
(S1) For every sufficiently small A > 0 and n > 1 the solutions Vj, of (4.14) and (4.16)) exist.

(§2) The value functions V}, are Lipschitz continuous for every n > 0 and their Lipschitz constants
satisfy
OS SLth S SLVhQ SLVhl SLVhO (417)

The function Vj,; is a sub-solution of , and then Vi, < Vi in R? x I. Using proposition
and assumption (S4), one can verify that Vj, = 0 is a sub-solution of in R¢ x I, which
gives that 0 < V3,1 < Vi in R? x 1. Proposition implies that 0 < N'Vj,; < NV, therefore Vo
is a sub-solution of (4.15)), and hence Vj,3 < V31 in R? x I. By induction on n,

0<- - < Vi <o < Vaa < Vit < Vo (4.18)

As in Subsection we suppose that |Vplo > Kp. Then, since Vg — Vp uniformly (Barles-
Souganidis Theorem), we have also |Vjg|o > Ky for h small enough and we can choose p € (0,1)
such that p|Vplo < Ko, and p|Violo < K.

Theorem 4.2. Assume (glj Then for all n and for h small enough, in R? x T we have
Vin = Vami1) < (1= 1)"Violo (4.19)
Proof. We use the same methods as in Theorem [4.1] taking into account the monotonicity of S. [
Proposition 4.3. Under assumptions (51), (S4) and (S1), we have |Viy, — Vilo — 0 for n — 4oo0.
Moreover, for (z,q) € R xT andn>1,
S - (1—p)"
Vi = Vi <Y (1= ) [Violo = T\Vho\o- (4.20)
i=n
Proof. We follow similar steps as in the proof of Theorem
Let n € N, and 6,, € (0,1] be such that, in R? x T

th - Vh(n+1) < envhn (421>



By (4.18)), this holds at least for ¢, = 1. Rewriting (4.21) as (1 — 0,)Vihn < Viny1), and using
Proposition 2.2] get

(1= 0N Vin + 0, Ko < (1 = 0,)N Vi + 0, N0 < N ((1 = 0) Vin) < NViynt1)- (4.22)
We prove now that
(1= 0 + 100) Vins1) < Viins2) (4.23)

where Vj(,4.9) is the solution of (4.16) at the step n + 2.
Since Vj,(p+1) is the solution of (4.16) at the step n + 1, assumption (S4) implies that (1 — 6, +
#0r) Viyn+1) is a sub-solution of

max { max S5*(h,z,q, o0 Vi) (2, @) + (o0 — 1)l(, g, u), ath(nH)),onv(x, q) — opNv(z, q)} <0.

with o, := (1 — 6, + ub,). By (S1), we also have that

glea(}( S (h7 z,q, JTL‘/h(n—i-l) (.CC, q) + (Un - 1)6(.%', q, U), Uth(n—‘rl)) <

< S(ha T, q, Jn‘/h(n—i-l) (377 q), Jth(n+1)) <0.
Moreover, by the construction of the sequence (4.18]), and by (4.22)), we obtain

(1= 0n + p16n)Vi(ni1) < (1 = 0n)Viinr1) + #0n|Violo (4.24)
NVh(n+1) > (1— Qn)NV}m + 0, K. (4.25)
Taking the difference between (4.24) and (4.25)), and knowing that V;,41 is the solution of (4.16)),

we have

(L= 0n + 1n)Viinr1) = NVinir) <

< (1 = 0n)Vi(ng1) + 100 |Violo — (1 = 00 )N Vi — 0, Ko <

< (1= 00)Vangr) +0nKo — (1 = 00)N Vi, — 0, K <0
which gives

(1 = On + 100) Vi(ng1) — NVingr) < 0.
So we can say that (1 — 0y, + 116,)Vy(541) is a sub-solution of at the step n + 2. Assumption
(S1) implies , or equivalently
Vi1 = Vi < 0 (1 — ) Vigq.- (4.26)

By the inequalities Vi, — Vi1 < Vi in R? x I, we obtain Vi1 — Vi < (1 — )V in R? x I. Then,
as in the continuous case,

Vinit) — Vinr2) < (L= 1) Vingry < (1= 0)" ™ Violo. (4.27)

By and , we can find a function Vj;, € Cp(R? x I), such that |Vj, — Vilo — 0, when
n — +o0o. Proposition and the stability of solutions imply that V}, is a solution of . Then,
Vin converges to the solution Vj, of , as n — 4o00. Moreover, by and since (1 —p) < 1,
the following upper bound holds in R? x I for all n > 0

+oo
0 < Vi — Vi <Y (1 = p)'|Vaolo = 1((1%|Vh0|0 = (#M)\Vho!o- (4.28)

i=n

O]

If (4.14), (4.15) and (4.16)) admit solutions Vj,,, then they converge towards the solutions V,, of

(4.1) and (4.2)) and we also have (4.18]) and (4.20]).
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5 Lipschitz continuity

We point out that, in order to establish the approximation error of the scheme, we need V to
be Lipschitz (or at least Holder) continuous. In general, the problem is expected to have
a Holder continuous solution (see [I0]). Assumption (A3) ensures that the jump operator N is
non-expansive in the oco-norm, and with some additional assumption (including A large enough)
it is possible to prove that the value function is Lipschitz continuous. This claim will be stated
precisely and proved in this section.

Lemma 5.1. Under assumption (A1)-(A5), the viscosity solution Vi of the HJB equation (4.1)) is
Lipschitz continuous and its Lipschitz constant is given by:

Ly
Ly, =
YN L
Proof. This is a classical result and its proof can be found in [IJ. O]

Now, consider a general HJB equation of the form:
max { \w(z,q) + H(z,q, Daw(w, ), w(z,q) — D(@,0)} =0 (v,q) R XL (5.1)
where ® : R x I — R is Lipschitz continuous. Consider the controlled system :

{X = f(Xv ‘Lu(t))

YO o (5.2)

where u € U. Let ©° := U x RT be the set of strategies (u(-), ) (each pair consists of an admissible
control u and a stopping time ¢). By viscosity theory, the value function w : R% x T defined by:

. ¢ At v
w(z,q) == (u,glefeo [/0 K(X(t),q,u(t))e dt +e CI)(X(g),q) (5.3)

is solution of the equation (5.1). Note that (5.1]) is actually a system of ¢ independant equations.
Again, by using classical arguments in viscosity theory, we get the following lemma.

Lemma 5.2. Under assumptions (A1)-(A5), equation (5.1) admits a unique bounded Lipschitz
continuous viscosity solution w. Moreover, the Lipschitz constant of w satisfies:

L
L, = max {Lq;, \ —eLf}

Proof. The proof can be found in Appendix O
This Lemma [5.2] and the cascade construction, lead directly to the following conclusion.

Theorem 5.3. Assume (A1)-(A5). The value function V is Lipschitz continuous and an upper
bound of its Lipschitz constant is:
|V]1 < max{Ly,, L.}

11



Proof. Consider the cascade construction and the associated sequence {Vn} We claim that for
any n > 1, an upper bound of the Lipschitz constant of V}, is given by:

LVn = maX{LVO, Lc} (54)

For n = 0, this result is stated in Lemma Now, assume that (5.4) holds for n > 0 and let us
prove that the statement remains valid for n + 1. First, notice that for hypothesis (A5), for every
z1 and o

INVau(21,9) = NViu(22,q)| <

min {V,(2',¢) + c(z1,q9,2",¢)} —
(x,’q/)ep{ W@ ) + clzr, 0.2, ¢)}

- i Vn /7 ! 4 /7 ! ‘<
(I;E,l)nep{ (2',q) + c(x2,q,2",¢) }| <

<

sup {c(z1,q,2',¢) — c(x2,q, :r’,q’)}‘ <
(«',q')€D

< Ll — x2].

Hence, by combining the previous inequality with Lemma [5.2] we deduce that

Ly
]V+1\1§max< ,L),
" A—Lg ¢

which coincides with (5.4)). Passing to the limit, we conclude the proof. ]

6 Error estimates

Before starting the analysis of error estimates for the approximation of (2.9)), we first analyze two
intermediate problems. The first one corresponds to the first iteration in the cascade problems
defined in the previous section.

6.1 The case of the Hamilton-Jacobi equation with obstacles

Consider first the viscosity solution w of the general HJB equation ([5.1]) and define an approximation
wp, of w as solution of the following numerical scheme:

max {S(w, q, wp(x, q),wh),wh(az, q) — @(x,q)} =0 (z,9) eRIxL (6.1)

In order to prove the results in this section, we make the following assumptions. We verify in
Appendix that they hold for the first-order Semi-Lagrangian scheme, but the proof can be
extended to other monotone Finite Difference schemes.

(S5) For every sufficiently small h > 0 the solution wy, of (6.1)) exists.

(S6) The value function wy, is Lipschitz continuous and

L

The proof of the error estimates will use the shaking coefficients and regularization arguments
introduced by Krylov in [15] [16]. To use this method, some further notations are needed. Consider
a sequence of mollifiers {p.} defined by:

pe(z) ==~ (%), (6.3)



where p € C®(R?), [oap =1, supp{p} € B(0,1) and p > 0. The mollification of ¢ € C,(R?) is
defined as the convolution:

() :=pxp= /Rd o(x — e)pe(e)de. (6.4)

If ¢ is Lipschitz continuous, then
|p(2) — ¢=(x)| < Lye, and  |D'¢(x)| < Lye'"|lo. (6.5)
Lemma 6.1. Assume (A])—(A6). For every sufficiently small € > 0, the following assertions hold:

i) There exists a unique solution w® of

max {Awa(:ﬁ, q) +gllg§H(fC+e, ¢, Dow® (2, q)), w® (2, q) — ®(x, Q)} =0 (z,9) eRYxIL (6.6)

it) If w is a solution of (5.1)) and Ko := then:

)\
|w - w6|0 <eKg,

Le
Wy < Ly = maX{L<1>7 )\—Lf} .

ii1) Define we := w® x pe. Then, there exists C' > 0 such that we is a classical sub-solution of

max {)\wa(a?, q) + H(x,q, Dywe(z, q)),ua(af, q) — Ce — O(x, q)} <0 (x,q9) € R? x L. (6.7)

Proof. i) The existence and uniqueness of solution w® is standard. In particular, concerning
existence, w® is the value function of the stopping control problem described below (we also
report a more general formulation in Appendix |A.3]).

Consider the following modification of the dynamics described in (2.1)):
Xe(t) = F(X(t) +e(t), Q1) u(?))
X(0) ==z (6.8)
Q") =gq

where, given € > 0, e € F° with

={e:(0,400) » R | e measurable, |e(t)| < ¢ ae.}

With these dynamics, we define a stopping control problem in which the option to switch
between dynamics is replaced by the option to stop at any moment. The stopping time is
denoted by £ and, in case the controller doesn’t choose to stop, its value is 400 by definition.

The control strategy 6° consists in the (u, £, e), with u is a control input, £ is the stopping time
¢ (which can be finite or infinite) and e is a control function which represent a perturbation in
F¢. Therefore the set of admissible controls is ©° := U/ x R* x F¢.

From [I], we know that the function w® defined as

w'(@,q) = inf J(z,q;6%) (6.9)

where
3
JE (2,4 0°) = / 0(XE(t,q,u) + e(t), g, ul)) e Mdt + e D (X5(€, q,u), q).
0

is the unique solution of .
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ii) The stability result is also proved in Appendix while the estimate on the Lipschitz constant
of we is obtained in Appendix

iii) First, note that w® is sub-solution of the equation:

e (x,q) + I‘n‘ixH(x +e,q,Dyw(2,q)) <0 (z,9) e REx L
el<e

By a straightforward adaptation of the arguments in [3, Lemma A3], we prove that w. is a
sub-solution of
e (z,q) + H(z,q, Dywe(2,q)) <0 (z,q) € REx L

Moreover, since w® < ® and w® and ® are Lipschitz continuous, for any = € R? x I we have:

we(x,q) = / w®(z —ee, q)p(e)de < / w®(z, q)p(e)de + Lye < O(x,q) + Lye.
le[<1

le|<1
O

The same result holds also for the scheme. Indeed, one can define the perturbed scheme by:

max { maxS(a: + e, q,wj, (z, q)),wi(x, q) — (z, q)} =0 (x,9) eRxI (6.10)

lel<e
We now need one additional assumption.
(S7) For every sufficiently small h > 0 the solution wj of (6.10)) exists.

Lemma 6.2. Assume (S1)-(S7). For € > 0 sufficiently small, define wy, ¢ := w; * p.. Then, there
exists a constant C' > 0 such that wy ¢ s a classical sub-solution of

maX{S(III,(],Uthg(fL',Q),’(Uh7g),'(Uh7g($,(]) —05—(1)(113,Q)} <0 (l’,Q) E]Rd x L. (611)
Proof. This result is derived with the same arguments as in the proof of Lemma (iii). O

Lastly, we assume that:

(S8) The value function wj satisfies |wj |1 < Ly, and
lwp — wilo < K, n (6.12)
where wy, is a solution of (6.1]) and

Ly+ Ly, L
Ky, p = max {(Lg + Luy, Lf)h, ”hf} .

A

(S9) For an obstacle function ®, the solution @y, of
max {S(Z, q, 'UNJh(x, q)a wh)a ’lI]h(l', Q) - é(l’, Q)} =0 (x7 q) € Rd x I
and the solution wy, of (6.1)) satisfy

lwi (2, q) — Wn(z,q)| < |®(z,q) — ®(z,q)| (z,9) eR? x L (6.13)

14



Assumptions (S7) and (S8) are proved in Sections and for the case of a monotone Semi-
Lagrangian scheme, and can be proved for other classical monotone schemes with the same argu-
ments. Assumption (S9) can be easily checked for monotone SL schemes.

Proposition 6.3. Assume (A1)-(A5) and (S1)-(S9). If problems (6.1)) and (6.10) admit solutions
and (6.2) and (6.12) hold, then for every (x,q) € R x I, we have

_Kwh,h|h”y < w($aQ) - U}h(CC,q) < Kw,<1>|h|’y (614)
where .
Ky = Ko + Ly + KcLy|w|o| J|
meh = Ky b + L, + K Loy, |wpo| ]|
and
in (6.15)
‘= min — .
i icJ 1

according to the definitions in (53) and Lemma[6.1)(%).
Proof. By Lemma (iii), we is a classical sub-solution of (6.7). Therefore, by (S3) and (6.5)), we

have:
S(h7$7 Q7w5(m)Q)7wE) S )\UJE(.T7 Q) + H(IL', Q7 Dwa(x,q)) + ch(hvwa)

< Koy [D'welolhl" < Koy Lue' ™ |wlo|]*
€] ieJ
< KeLy|wlo Y "7 [n[*.
1€J

<
<

By comparison principle of the scheme, we get:
we — wy, < KeLylwlo Y e A"
ieJ

In order to determine -, we substitute e = |h|” in the previous estimate to obtain

we — wp, < KLy |wlo Z |h[YA—+k:

i€J
So, by choosing v = min;¢ ; %, we have
we — wp, < KeLy|wlo| ][]
Now, by taking (6.5)) and Lemma (ii) into account, we conclude
w—wp =w—w +w —we +w: —wp < Ko|h|” + Ly|h|” + KLy |wlo| J||h]Y

and therefore the upper bound in is satisfied.

The lower bound on w — wy, follows with symmetric arguments where a smooth sub-solution of
equation is constructed from the regularized numerical scheme . In fact, by Lemma
we have that wy, . is a classical sub-solution of , and by applying (S3) and we obtain

)‘wh,s(‘ra Q) + H(.’IJ, q, th,s(x7 q)) S S(ha z,q, U}hﬁ(%, q)7 wh,E) + ch(h, wh,s) S

< KCZ |Diwh,e’0|h|ki <
ieJ
< KeLu, lwplo > &' /[n]*.
ieJ

15



Again, by using the comparison principle and using € = |h|? with v = min;c %, we get

whe — w < KeLuylwplo Y [RO4E < KoLy, lwplol ] R,
ieJ

Now, by taking (6.5]), (6.12)) and (6.2)) into account, we conclude
wp —w = wp, — Wi, + Wi — Whe + Whe —w < Ky, plh|7 + Ly, |B]" + KcLuy, |wn o] J|| ]

and therefore we obtain the lower bound in (6.14)). O

6.2 Error estimates for the case without controlled jumps

First, consider the problem (4.1)) and its viscosity solution Vg € Cp (R x ).

Proposition 6.4. Assume that (A1)-(A5) and (S1)-(S3) hold. Then, if X > 1, there exists a
constant Cy > 0 such that

“/O(x7Q)_Vh0(xaq)| SCOVLW ($7Q) ERdXH

where, in our case
C[) = 2KC|J‘ max{LV0|V0]0, LVh0|VhO|0}

and 7 := min;e s %, according to the definitions in (S3) and Lemma (u)

Proof. This is a classical result, proved in [9]. O

6.3 The error estimate for the problem with n switches

First, for every sufficiently small € > 0, we define V> as the viscosity solution of

max {)\Vn(x, q) + maxH(x +e,q, DV, (x, q)),

le]<e

(z,q) € R x L. (6.16)
Vo(z,q) — NV,_1(x, q)} =0

We recall that (6.16) has a unique solution by Lemma (i).

Lemma 6.5. Let VS be the viscosity solution of (6.16), for n > 1. Then, an upper bound of the
Lipschitz constant of V.7 is
|Viel1 < max{Ly,, L.} (6.17)

Proof. Using the same methods as for sequence (4.3), we can show that

0<  <VE<  <VE<VE<VS (6.18)
Combining with , get

0<--- < Ly: <--- < Lys < Lye <max{Ly, L¢} (6.19)

O]

We can give now the error estimate of the upper and lower bound of the difference between V,,
and V},,,. We recall that Cy has been defined in Proposition
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Proposition 6.6. Forn > 1, let V,, € Cy (R% x 1) be the unique viscosity solution of , and
Vi € Cy(R? x T) the unique solution of . Then, on R? x T we have

— Cplh[" < Va(2,9) — Vim(a, q) < Chlh|? (6.20)

where, for every n > 1, there erist positive constants Ky, , and th(niwh such that

n = én—l + Fvn_l

(6.21)
n = Q’I’L*l + th(nfl)vh'

Q A

Proof. . We prove the proposition by induction over n, starting from the upper bound.
Let n = 1. We want to estimate the difference

Vi(,q) = Vin(z,q) = Vi(2,q) = Via(2, @) + Vi (2, 0) — Vin (2, 9)

where Vj,; is the solution of
max {S(x, ¢, Vi (z,q), Vhl), Vi (z,q) — N'Vo(x, q)} =0 (z,9) eR?xL
By applying Proposition and Proposition we obtain
Vi(z,q) — Vi (z,q) < Kv; avp[h]” + Colh].

Note that, for every n > 1, the constant va NV,_, coincides with the constant fw@ defined in
Proposition in the case w = V;, and ® = N'V,,_1 and, by assumption (A3), it can be simplified
to

— Ly Ly
KVn,1 = + Lanli + L‘/nfl + KCL‘/nfl |Vn*1|0“]’ 2
A— Ly A
L L
ZA_1f+h%fl+Lw+KuMM@Mﬂ2 (6.22)
L L .
>t Ly, =L+ Ly, + KeLv, [ValolJ| =: Kv, Avi_y-
A— Ly A

We also recall that
Co := 2K.|J[ max{Ly, [Volo, Lv,, Vholo}

while K, and J are defined in the consistency hypothesis (S3).
By the definition of Ky, in (6.22)), we obtain

‘/’1(‘%.7 q) - Vhl(x7 Q) < FV()VII’y + Co‘h"fy
and, defining C := Ky, + Cp, we have
Vi(z,q) — Vin(z,q) < Cilh|?  (x,q) € RY x 1.

Assume now that the result is true at the step n. For the step n + 1, applying Proposition [6.3

and (6.13)), we get

Vos1(2,0) = Vi 1) (@, @) = Vas1(2,0) = Vi 1) (@, @) + Vignsn) (@, @) — Vi) (2,9) <
< Kv, |h[" + Cylh|".
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Hence, by taking C,,+1 := Ky, + C,, we finally obtain

Vn—l—l(x, Q) - Vh(n+1) (.’L’, q) < 6n+1‘h"¥_

For the lower bound, the base case of the induction can be obtained in a similar way by applying

Proposition and (6.13):

Vhl(x7Q) - ‘/1(1:7(]) = Vhl(xaQ) - Vhl(xaq) + Vhl(x7Q) - Vvl(x> Q) <
S Co‘hp/ +th0,h|h‘/y = Q1|h|’7’

in which Cy := Ky, '+ Co, and, for every n > 1, the constant Ky, , coincides with K, ; defined
in Proposition [6.3|in the case wy, = Vy,,:

Lo+ Ly, Ly

thfruh ‘= Inax {(LZ + LthLf)h7 )\

} T Ly, + KoLy, [Vinlol ).

The rest of the induction follows the same steps of the previous case, leading to

Vh(n+1) (337 Q) - Vn+1($> Q) < Qn—f—l’hp

6.4 The error estimate for V — V},

Before stating our main result, we define
En—l = 671 - 6n—l = ?anl'

where C,, has been defined in (6.21]). The definition of K¢ in Lemma (ii) and (6.19) imply that
D,, < Dy, and hence
Cp, < Cy+nDy. (6.23)

Similarly, if we define

Qn—l = Qn - Qn—l = th(n—l)vh
from the definition of K, j in (6.12)) and (4.17) we have that D, < D, and hence:

Theorem 6.7. Assume (A1)-(A5) and (S1)-(S9). LetV € Cy, )(R?) be the unique viscosity solution
of .9), and Vi, € Cy(R?) the unique solution of (&.14). Then there exist C > 0 and C > 0 such
that, for h small enough,

—C |In|h|| |n]" < V(z,q) = Val(z,q) < C |In|h|| |h]" (z,q) € RY x I (6.25)
Proof. We start with the upper bound. By (4.5)), (6.23]) and (4.20) we obtain the following estimate

(1—p)
o

n L 1 — )"
V-Va=V-V,+V, Vi + Vi — V3, < ’Vo‘o + (C[) + nDo)‘hP + (MM)|VhO|O

which can be rearranged as

[Volo + [Vholo
1

V-V,< (1 —u)"+ﬁoyh\7n+00|h|’y.
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For the lower bound, by the same arguments and using (6.24)) instead of (6.23), we have

1—p)” 1—p)"
V=V < S wiglo + o+ npplal + =L g
or, equivalently
\% Vi
L@—V§’0b2|th—M”+DWWn+QMW.

The idea now is to minimize with respect to n the estimates on the upper and lower bound:

(n):==a(l—p)" +bn+c
(n) =a(l —p)" +bn+c

=

where a := M, b := Dylh|?, b := Dy|h|” and c := Cy|h|".
By a straightforward application of [6, Lemma 6.1] to E(n) we have
_ __ b b
V-V, < (=5 +c >1
Vv, < —dmwb g SRS 1
h > In(1—p) + Ogl_# aln(1—p) + +c else.

More explicitly, if o
Dolh|7
" Volo+IVi
| OIOJL\ holo In(1 — p)

Dy )
(‘ma 9 +C°> I

(1 — M)ED oY MEDVLW
—————+ Dy |logy_, | — +1|+Co|ln|.
( In(1 — p) U (Volo + [Viaolo) In(1 — p)
In this second case, the factor multiplying |h|7 is O(In |h[) + O(1).
The same can be proven for the lower bound, replacing Dy with D, thus proving the result. [

> 1

Y

then the upper bound for V — V}, is

otherwise

A Appendix

A.1 The upper bounds of Lipschitz constants
Proof of Lemma[5.4 For g € T and € > 0, set

1) €
me = sup @(z,y) = sup {w(x,Q) —w(y,q) = gl - y|* — 5(!«7?\2 + \ylz)} :
x,y€R4 z,y€R4

Let xo,y0 € R? such that m. = (g, o). Taking into account the HJB equation satisfied by w
and applying the notion of viscosity solution, we get:

0 < max {)\’Uj(yo, Q) + H(yOa %py) - )\’UJ(ZE(), Q) - H(I’O, Q7px)7
w(yOa Q) - (I)(y()a Q) - U}(.CL'(), Q) + (I)(:E()a Q)}

Two cases have to be considered.
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1. The max is attained by its first argument.

In this case, we get

)\’U)(y(), Q) + H(Z/(b Qapy) - )‘w(‘r07 Q) - H($07 q;pm) Z 0
where
Pz = 6(zo — Yo) + €xo
py = (o — Yo) — €Yo-
This is a standard case (see [I]), and we have that

L
w(z,q) = w(y,q) < 5 _éLf

|z —yl.

2. The max is attained by its second argument.

In this case,
w(yOa Q) - q)(y()’ Q) - IU(ZL'(),C]) + (I)($0a q) > Oa

so that we get w(xo,q) — w(yo,q) < Lao|xo — yo|, and we can infer that
4 2
me < Lo|ro — yo| — §|$0 — yo|”. (A1)
Setting r := |zo — yo|, we have max,>q {Lq:.?” — gT‘Q} = Lé/25, and hence we obtain
L2
<22
e =95

Define now m := lim._,o m¢. Applying a simple calculus argument (see [14, Lemma 2.3]), for
fixed §, we have:

(A.2)

L2
m= sup {w(z,q) —w(y,q)—dlz—y|*} < 2%,
z,ycRd

where the inequality follows from ({A.2). Therefore, by definition of m, we have that:
2 9
Oy 12

L
_ < Z®
w(w,q) —w(y,q) < 5%

Observing now that

win {2 + 31— o = Lalo 1.

we finally obtain:

In conclusion, for both cases, we have

L
Lw = max{Lq;, )\—el-,f} 5

and, using similar arguments, we can also bound L. as:

L
Lwe = Imax {ch, )\—Eljf} .
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A.2 Lipschitz stability for the SL scheme

In this section, we prove that the numerical approximation wy, for the solution w of the obstacle
problem is Lipschitz continuous. We consider schemes approximating (5.1]) in the fixed point form:

Wi(z,q) = min {="(z, ¢, Wh), ®(z,9)} (z,q) € R x1, (A.3)
where, in the case of Semi-Lagrangian schemes, the operator X" reads

Yz, q, W) :=az 0 21.15151 {hﬁ(:ﬂ, q,u) + e MWy, (z+ hf(z,q,u), Q)}a (A4)

where IIa, is an interpolation operator based on a space grid of step Az. It is well-known that %"
is non-expansive in the oco-norm, provided the interpolation operator Ila, is monotone (see [11]).

Theorem A.l. Under assumptions (A1)-(A6), (S1)-(S4), the solution W}, of problem (6.1]) ob-
tained with the Semi-Lagrangian scheme (A.3)—(A.4) is Lipschitz continuous with

L
|Wh|1 < LWh = (1 + ()\ — Lf)h) max {ch, \ —KLf } .

Proof. For (z,q) € R? x I, consider the iterative solution of the fixed point equation (A.3):
W}Ek+1) (,q) = min {Eh (:L’, q, W}Ek)), O(x, q)}
where Wék) is the approximation of W, at the k—th iteration. For any z1, 2o € R?, we have
‘Wékamhqf—ﬂéhﬂwx%q”j§nmx{th+e_M%1+ALfﬂd%M,L¢}§

< max {th + e’(’\*Lf)hLWw),L@} <
h

—(A=Lyp)hp,
L e (k)
gmax{ £ ,L<p}max (A=Lg)h+ Wi ,1

A—Ly max{/\f—‘-’Lf,Lq>}
By setting
m = (A= Lys)h >0,
L k)
My, = Vzh ,
max{/\_—jidf,LqD}
we have

M1 < max{m +e ™M, 1}.
Note that, if My <1+ m, then e ™My < e ™(1 +m) < 1. Hence,

My <max{m +e "M, 1} <max{l+m,1} =1+ m.

It suffices therefore to initialize the fixed point iterations with W,EO) such that My = 0 to guarantee
My, <14 m for every k > 0, and, by the definitions of m and M}, we obtain

LW}(lk)

<1+(A—Lph

Ly
max{)_Lf , Lq;.}
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which implies

Ly
LW;Lk) < (14 (A=Ly)h) max{)\_Lf,l@}.

Now, since Wék) converges towards the solution W of the scheme (A.3)—(A.4) as k — +oo, we
conclude

Ly

A.3 Estimate on the perturbed value function of the stopping problem

The cost function corresponding to the stopping problem can be defined as :

3
Tai0) = [ X ()0 u0)e i+ e B(X (€ gru)0)
0
where ® : R — R is Lipschitz continuous. Then, the value function given by:
,q) = inf J(x,q;0),
w(,q) = inf J(z,q;0)

satisfies ([5.1). Now, for a given &, we replace the dynamics (2.1)) with , and define the value
function w®:

w'(w,q) = inf J(z,q;6%)

with ©° :=U x Ry x F¢ and

£
J(x, q;67) :—/ O(XE(t g u) +e(t), g, u(t)) e Mdt + e MO (X(€,q,u), q).
0
With this definition, the value function w® is the unique solution of the equation:

max (Aws(x, q) + lrglgifﬂ(x +e,q, Dyw®(2,q)), w(z,q) — O(z, q)) =0 inRYxI, (A5

here, we have used the notation - to distinguish between the quantities related to the perturbed
problems and the ones related to the unperturbed problem. Note that the equations in the system
(A.5)) (reps. (A.5))) are not connected. So in the sequel, we will drop the dependency with respect
to gq.
The rest of this section is dedicated to deriving an estimate for the difference between w® and
w. Since every control § € Y can be considered as an admissible control in ©F with a perturbation
function e = 0. Hence, we have:
w'(z) <w(z) z€RY (A.6)

Let 6 = (u,€) € ©° and let e € F¢ for some ¢ > 0. Let X be a trajectory solution of (2.))
associated to 6 and let X*¢ solution of associated to 6° = (u, &, e). For every t > 0, we have:

¢
| X5 (1) — Xa(8)] < /O F(XZ(s) +e(s), u(s)) — f(Xals),u(s))|ds
t
< / (eLy + Lyg|X5(s) — Xa(s)|) ds.
0
Then applying Gronwall’s inequality we obtain

| X5(t) — Xa(b)] < (el — 1) for every ¢ > 0. (A.7)
We can now derive the estimate error between the solutions of problems and (5.1]).
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Theorem A.2. Assume (A1)-(AG6) hold. Then, for every x € R% and & > 0 we have:

w(z,q) —w(z,q)| < e (/\ fZLf + Lq>> :

Proof. From the definition of the value function w® we know that for each & > 0 there exists
05 = (us,&s,es5) € ©F such that

J (2, q;05) < w(z,q) + 0.

Set 05 = (us,&s) and denote by X§  (resp. X;,) the solution of (resp. of (2.1))) associated to
ug. It follows that

0 <w(z,q) —w(x,q) < J(x,q;05) — J(x,q;05) + 0
< /0 MUK () + els), ua(s)) — H(XEL (5),ws(s)) ds
e B(X5,(T)) — (X5 (T))] + 6
< 10 [( 135,060 - Kol + e s
+e M Lo | X5, (&) — Xsu(&)| + 0

&s
< €Lg/ e L3 ds 4 eLoe 6 (el78% — 1) + 6
0

1 — e~ (A—Ly)&s
<e (Le)ci—Lf + Loe”WE% ) 4§

Ly
< .
_€<)\_Lf+Lq>>+(5

The above estimate being valid for any § > 0, we can conclude that the statement of the theorem
is proved. ]

A.4 Estimate on the perturbed numerical approximation

We want to examine here the difference between the numerical approximations of respectively the
QVI with a constant obstacle and its perturbed version in the case of a Semi-Lagrangian scheme.
We recall that the unperturbed system is

max {)\w(:z,q) + H(z,q, Dyw(z,q)), w(z,q) — @(x,q)} <0 (z,q9) € RY x 1L (A.8)
It can be approximated with the scheme
Wi(z,q) = T"(2,q, Wy) := min {Z"(z, ¢, Wp), ®(z, ¢) } (,q) € (R? x I). (A.9)
The perturbed SL scheme is obtained by replacing X" in (A.9)) with the mapping

Yoz, q, Wi) =Ta, 0 min {hﬁ(aj—i—e,q,u)—|—(1—)\h)W}f(a:—i—hf(a?—&—e,q,u),q)}. (A.10)

uel, le|<e

We start by giving the following general result:
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Theorem A.3. Let (A1)-(A6) and (S1)-(S9) hold, and let Wy, and W} be respectively solution of

(A.9) and its perturbed version (A.10) with ® finite or infinite. Then, the perturbed SL scheme has
a unique bounded and uniformly Lipschitz continuous solution W .

Proof. 1t suffices to note that, with the addition of the term e, the problem still satisfies the basic
assumptions, and all the relevant constants of the problem remain unchanged. Then, the result
follows from Theorem implying

Ly
‘Wﬂl < (1+ ()\—Lf)h) max{Lq>, )\—Lf} .

O]

Let now W} denote the numerical solution for the perturbed SL scheme. We prove the following.

Theorem A.4. Let (A1)-(A6) and (S1)-(S9) hold, and let Wy, and W} be respectively solution of
(A.9) and its perturbed version (A.10)) with ® finite or infinite. Then, for € and h small enough,

we have

W = Wilo < eKw, (A.11)
with

L+ Ly, L
Kw, j := max {(Lg + Ly, Ly)h, fwhf} .

A

Proof. We recall that both the exact and the approximate solutions for either the original or the
perturbed problem are Lipschitz continuous.

Using a scheme in fixed point SL form, the unperturbed QVI is approximated by , whereas
its perturbed version is given by

Wi (2,q) = T="(x,q, W5) := min {S" (2, ¢, W§), (2, q) } (z,q) € (RY x ). (A.12)

The plan is to apply the two schemes to Lipschitz continuous numerical solutions W}, and W} and
estimate, for the various operators, differences of the form

[T W) = T4 WDl S TP W) =T Wl
[T W) =T - W),
Using now, for T = Th, 7" 3P 550 and U = Wy, W;,, the shorthand notation
TWw)=17(-,-,0)
we can single out three cases:
a) Th(z,q,Wy) =" (z,q,Wy) and T="(z, q, Wg) = (2, ¢, WF).
In this case, we can bound the first term in the right-hand side of as

[T (2,0, Wh) = T, ¢, W5)|, = [E"(2, ¢, Wi) = £"(2, ¢, W) |, < (1= Ah)|[W, — Wi | ), (A.14)

which is a known property of the SL scheme. For the second, considering the Lipschitz continuity
of £ and f and the bound on |e|, we have

E(:E, q, u) - E(ZL‘ +e,q; ’LL)} < L((‘f,
‘f(x,q,u) - f($+67€73u)} < Lf5
so that, taking into account the Lipschitz continuity of W}, by a standard argument we obtain

|S" (@, q, W) — 29" (2, q, W), < (Le + Lw, L) he. (A.15)
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b) Th(z,q,Wp,) = ®(z,q) = T="(x,q, Wf). In this case there is nothing else to prove.

¢) The min is achieved by different operators, e.g., let 7" (z, ¢, Wy,) = %"(z, ¢, Wy,) and T"(z, ¢, W) =
®(z,q). Working in terms of unilateral estimates, we have

Th(x7Q7 Wh) - Th($7Q7 Wfi) = zh(m7Q7 Wh) - (I)(IE,Q) < (I)((E,q) - q)(x7Q) =0

in which we get the inequality by replacing the argmin in ©"(z,q, W}) with the other choice.
In a parallel form, we obtain the reverse inequality, as

Th(x7Q7 Wfi) - Th(x7Q7 Wh) = (I)(IE,Q) - Eh($7Q7 Wh) <
< Mz, q, W) — S (2, q, W) <
< (1= AR)|Wp, = Wylo

The same arguments can then be applied to the case in which the choice of the operators is
reversed, so that we finally obtain (A.14).

We obtain therefore, by iterating the estimate (A.13]) in (A.9) and (A.12) from the same initial
(0) £(0)
guess W, =W, "":

Ly + LWths

Wi = Wilo < (Le+ Lw, Ly)eh Y (1= )" = =———

k>0

We can therefore conclude by collecting all the cases above in the bound

Ly, —I—LWth } .

|Wh—W§|0 < max{(Lg—FLWth)h, \
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