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Abstract

We consider the time harmonic scalar wave equation in junctions of several different
periodic half-waveguides. In general this problem is not well posed. Several papers propose
radiation conditions, i.e. the prescription of the behaviour of the solution at the infinities.
This ensures uniqueness - except for a countable set of frequencies which correspond to the
resonances- and yields existence when one is able to apply Fredholm alternative. This solution
is called the outgoing solution. However, such radiation conditions are difficult to handle
numerically. In this paper, we propose so-called transparent boundary conditions which
enables us to characterize the outgoing solution. Moreover, the problem set in a bounded
domain containing the junction with this transparent boundary conditions is of Fredholm
type. These transparent boundary conditions are based on Dirichlet-to-Neumann operators
whose construction is described in the paper. On contrary to the other approaches, the
advantage of this approach is that a numerical method can be naturally derived in order to
compute the outgoing solution. Numerical results illustrate and validate the method.

Keywords: Helmholtz equation, periodic media, waveguides, radiation condition, Dirichlet-
to-Neumann maps

MSC Code: 35J05, 65N22, 78A50, 78A40,78A45

1 Introduction

A waveguide is a structure that guides waves in one direction with minimal loss of energy. A
closed waveguide is unbounded in one direction and bounded in the other directions. As important
applications, let us mention first the light propagation in optical fibers for the telecommunications
industry. One of the challenge is to optimize the junction between optical fibers for instance in
order to maximise the transmission between 2 directions of the waveguide or to split modes in
different directions. The other application concerns the ultrasonic wave propagation in cables and
pipelines for non destructive testing purposes.



Time harmonic scattering problems in unbounded waveguides raise several difficulties of the-
oretical and numerical nature which are intricately linked. From a theoretical point of view, the
difficulty concerns the definition of the physical solution that one would like to define as the unique
solution of a well-posed mathematical problem. However, the time harmonic scattering problems
in waveguides are in general not well posed in the classical L? framework. This is linked to the fact
that the physical solution is in general not of finite energy (we mean here finite L? norm) since a
propagation without attenuation is possible in the direction of the waveguide. On the other hand,
in the L} framework, an infinity of solutions can be found. Usually radiation conditions which
characterize the behaviour at infinity of the physical solution have to be determined and added to
the problem in order to recover well-posedness. From a numerical point of view, the domain being
unbounded, the difficulty is to compute the physical solution.

These difficulties are well known and solved for homogeneous acoustic waveguides (see for instance
24, 13, 12, 3, 4] ). To answer to the theoretical difficulties, radiation conditions expressed thanks
to a modal decomposition obtained using separation of variable techniques has been derived.
Dirichlet-to-Neumann (DtN) operators, enclosing the radiation conditions, can also be introduced
to reduce the problem to a problem set in a bounded domain. This formulation can then be used
numerically. Finally the original problem to which is added the radiation condition or equivalently
the problem set in a bounded domain with DtN conditions, are shown to be well-posed in the
Fredholm sense (see [28]for more details on the Fredholm theory). More precisely, if uniqueness
holds (which arises except for a countable set of frequencies, which corresponds in part to the
trapped modes, see for example [6, 27]) then existence holds as well. From a numerical point of
view, the formulation in a bounded domain with DtN conditions can be used. One can also use
the Perfectly Matched Layer (PML) technique (first introduced in [2]) which consists in putting on
each side of the computational domain an absorbing layer.

These results cannot be extended directly to periodic waveguides but lots of important con-
tributions have been obtained on this subject the past few years. First, concerning the theoretical
difficulties, one classical approach is to use the limiting absorption principle. The problem with
a dissipation term (or more or less equivalently a complex frequency) is well posed in a classical
setting. The physical solution of the problem without dissipation can then be defined as the
limit (if it exists) of the solutions of the problems with dissipation, when the dissipation tends
to 0. By studying the behaviour at infinity of this physical solution, radiation conditions can be
derived. The problem without dissipation to which is added the radiation condition is shown to be
well-posed, except at most for a countable set of frequencies. This approach has been used in [8,
10] for perfectly periodic waveguides using the Floquet-Bloch Transform. In [19], similar radiation
conditions were derived by using a singular perturbation method, introduced in [5, Theorem 1.32].
In [15], the author has performed limiting absorption principle for periodic half-waveguides (a
radiation condition could also be derived [14]). Finally, in [30, 31], a different approach based on
the Kondratiev theory [20] (see also [26, 33, 21, 22]) has been used. All the results are really similar
but the last one is probably the most complete in the sense that, by integrating the radiation
condition in the functional space and working with spaces with detached asymptotics introduced
in [32], the problem is shown to be of Fredholm-type. Nevertheless, even if these studies allow to
characterize the physical/outgoing solution, none of them leads to a numerical method in order to
compute the solution.

This takes us to the second difficulty: how can one restrict the computation in a bounded region?



It is well-known that PMLs do not work in periodic waveguides. Indeed, the wave interacts with
the periodic heterogeneities up to infinity and this cannot be reproduced by an absorbing layer. We
investigate in this paper the generalization of the DtN approach to junctions of periodic waveguides.

More precisely, we propose in this paper, through this DtN approach, to answer both to the
theoretical and numerical difficulties by

1. constructing a Dirichlet-to-Neumann operator and introducing the problem set in a bounded
domain with associated transparent boundary conditions;

2. showing stability (Fredholm) property for this problem;
3. deriving a numerical method to compute this solution.

The construction of the Dirichlet-to-Neumann operator is intrincate because, on contrary to
homogeneous media, separation of variables can no longer be used and no explicit expression of the
operator can be derived in periodic media. In [16, 8], the authors consider the same problem with
dissipation and construct associated Dirichlet-to-Neumann operator. The construction is already
involved but it is simplified by the fact that the problem is coercive in a classical setting because
of the dissipation. In these previous papers, the authors proposed a limiting absorption process
without mathematical justification and without making the link with the radiation conditions. In
this paper, we consider more general problems and the construction of the DtN operators and the
related results are justified rigorously.

2 Model problem

2.1 Geometry of the propagation domain.

To simplify the presentation, we consider only one periodic outlet at infinity. The extension to
several outlets is straightforward (see Figure 1). For instance, numerical results will be shown in
Section 5 with two outlets. Let us then consider a half-waveguide which is an open connected

Figure 1: Domains with two or three periodic outlets at infinity

domain, unbounded in one direction and bounded in the other directions 2 C S x (—a,+00).
A generic point of 2 has coordinates (Xs, z4) where 4 is the coordinate in the infinite direction
of the waveguide and x, € S C R%"! (d > 2) is the coordinate in the transverse direction. The



semi-infinite part Q" = QN {xy > 0} is L-periodic (2T + Leq C Q). We denote Cy the periodicity
cell of QF which is defined by

Co=0nN{0<zy< L} and Q+=Ucn, C,:=Cyo+nLegq

neN

For the sequel, we also need to define the infinite unperturbed periodic waveguide

(1) o =[J¢C.

nez
In an obvious way, all the interfaces I';, can be identified to I'y and all the cells C,, to Cy. Accordingly,
with an abuse of notation, any function in C, will be identified to a function in Cy through
v(Xs, 24) = v(Xs, g —nL). This kind of identification and abuse of notation will be systematically
used in the sequel, even when not necessarily mentioned.

Let Qo = Q\ Q7 be the remaining part of the propagation domain and I'y = Q N {z4 = 0} the
interface between Qg and Q. Similarly, we shall denote, for n > 1, I',, := I'g + nL the interface
between C,, and C,,;. We assume that € has piecewise C!' and Lipchitz continuous boundary.
Along 0, v denotes the unit normal vector, outgoing with respect to €.

L L

000000

Figure 2: The domains €2, Cy and Q>

Remark 2.1. The position of the boundary Iy, which will serve later for bounding the computational
domain artificially in Section 3, or equivalently the position of the hyperplane x4 = 0, is of course
artificial and can be modified provided that the domain Q% := Q\ Qg coincides with a part of Que.
Note however that changing I'y may also change the periodicity cell Cy.

2.2 Setting of the problem and related difficulties

We wish to solve the Helmholtz equation

—V - (AVu) —w?bu=f inQ
(2)
AVu-v=20 on 0f2

where the frequency w belongs to R and



e the source term f is in L?(2) and has a compact support. Without loss of generalities, we
suppose that its support is included in Qg;

e the medium is characterized by the anisotropy tensor A € (L>°(Q))4*?) satisfying
J0<c<C, VEERY a. e xcQ, clé]® < (AX)EE) <O €

and the coefficient b that is a L*°-function, positively bounded from below. Both A and b
are L-periodic in Q*. More precisely

A|Q+ = AP|Q+, b‘Q+ = bp‘Q+ where V x € Qoo’ Ap(X + Led) = AP(X), bp(X+ Led) = bp(X).

The difficulty for solving (2) (from both mathematical and numerical points of view) comes from
frequencies w such that w? lies in the (purely continuous) spectrum ¢ of the unbounded operator
A> in the space L*(2°°) defined by

D(A®) = {u e H(Q2®), V- (A, Vu) € L2(Q®), A, Vu - v|pg~ = 0},

(3)
Vue DA®), A%u=-b"V-(A,Vu),

This operator appears naturally when one deals with the propagation of waves in the purely
periodic waveguide 2°° but it will also play a role in our analysis. The set o> is a countable union
of closed segments of R that "go to co”. We shall describe it in much more details in Section 2.3,
see (9).

The fact is, when w? ¢ 0>, except for exceptional frequencies, called resonances corresponding to
so-called trapped modes — defined in (28) in Section 2.4 — (2) has a unique solution in H'(€) which
is moreover nicely exponentially decaying at infinity (cf. the end of Section 2.3). At the contrary,
when w? € 0>, a solution of (2) cannot be expected to vanish at infinity : one says that waves
propagate up to infinity in the waveguide. Furthermore (2) is not sufficient to define u uniquely.
Even if one considers only bounded solutions, the solution, if it exists, is defined up to some finite
dimensional kernel. That is why a behaviour at infinity, which is no longer a decay condition,
needs to be added : this is the so-called radiation condition. Several radiation conditions can be
used to obtain uniqueness (and hopefully existence) but only one of them is physically relevant
: the outgoing radiation condition. Such a condition is obtained by imposing that the physical
solution should be the one obtained by a limiting absorption procedure. We shall not deal with
this aspect of the theory in this paper so we refer the reader to [8, 10, 19].

Remark 2.2. We have imposed Neumann boundary conditions on OS2 but all what we will do can
obuviously be extended to any other boundary conditions which satisfy the periodicity properties of the
problem in Q. The framework of our method can be used to deal with Mazwell’s or elastodynamic
equations or other wave propagation models, up to specific technical difficulties that could appear in
the analysis.

2.3 The outgoing radiation condition

As explained in the introduction, the question of the radiation conditions has been addressed by
several authors : [10, 19] for periodic waveguides, [15, 8, 19] for periodic half-waveguides , [30, 31]
for general domain with periodic outlets at infinity. In all cases, this radiation condition relies on



the notion of Floquet modes.

Floquet modes.

Propagating Floquet (or Bloch) modes of the periodic waveguide Q> are functions of the form
(4) w(Xs, 2q) = O(Xs, 24) €77, where ® € H] ., L-periodic,® #0, k& }—%, ﬂ

which are non trivial solutions of

(5) —b;lv-(Apr):chw, in >, A, Vw-v=0, ondQ~.

Functions of the form (4) are called k— quasi-periodic. As the reader might anticipate, one cannot
expect to find nonzero functions of the form that are solutions of (5) for any value of k. In fact,
only finitely many values of k are possible. To see that, it is fruitful to exploit, as in [10], the link
between the study propagating Floquet modes and the spectral theory of the operator A> defined
in (3).

In the sequel, given u € L*(Cy), we shall denote by u € L7 () its periodic extension to Q2.

Then, we can define the space H,,.(Co) as the closed subspace of H'(Cy) defined by
(© Hl,0(Co) = {ii € L2(Ca) | Vu € L2, (%))
In the same way, we can define the closed subspace of H(div,Cp):

(7) Hyer(div,Co) = {V € L*(Co)* / V - v € L ()}

loc

For simplicity, we shall often use the same notation w for a function defined in Cy and its periodic
extension to 2°°. In this article, this can be done without any risk of ambiguity.

Next, for any k € | — /L, 7 /L], we introduce the unbounded operator A>(k) in L*(Cy) defined by

D(A=(k)) ={ue H,

per(CU) / Ap(V —k ed)u S Hper(div, Co),
(8) A, (V —1keq)u-v=0o0ndC, NI},
Vuée DA®(k), A®(Kku=—b"(V—1ikeq) (A, (V —1ikeq)u),

p

As a self-adjoint positive operator with compact resolvent, A4 (k) has a discrete spectrum

o(A*(k)) = { (k),n € N} where lim \,(k) = +o0

n—-4o00

whose associated eigenvectors @, (+; k) form an orthonormal basis of L?(Cy).

The curves in the (k,w) plane with equation w® = X\, (k) are called dispersion curves of the infinite
periodic waveguide.

Thanks to the Floquet Theory [23], we know that

(9) o = U An([_% %D? An([_% %]) = [an, bn], an — +o0.

neN



Is it easy to see that w defined by (4) is a Floquet mode, i. e. solves (5), if and only if w? is an
eigenvalue of A (k) and ® an associated eigenvector. Thus, Floquet modes can exist if and only if,
w is propagative frequency that is to say w? € 0. As a consequence, for a propagative frequency
w, the only possible wavenumber k of a Floquet mode must belong to the set of the propagative
wavenumbers

(10) K(w):={ke]l—n/L,x/L] ] IneN, (k) =w?} (#£0by (9)).

It is kwown that the set K (w) is finite. For k € K(w) fixed, the Floquet modes at the frequency w
which are k—quasi-periodic, form a finite dimensional vector space, namely

(11) Flw, k) = {w(xs,xd) = B (x4, 24; k) ¥4 O(- k) € Ker (A (k) — w2)}.

One shows easily that if w is in F(w, k) then @ is in F(w, —k) which implies that the set K (w)
is symmetric with respect to the origin. Let us now denote F(w) the space spanned by all the
k—quasi-periodic Floquet modes when k describes K (w)

(12) Flw) := @ F(w, k) is finite dimensional
keK (w)

By construction, any function in F(w) solves (5) and if w € F(w), w € F(w) too. When w? is not
in the spectrum ¢, there is no propagative mode and we shall set F(w) = {0}.

Energy flux of Floquet modes : left-going and right-going modes.

The energy flux of a function w in F(w) is defined as
(13) q(w,w) = Im/ (A, Vw - eq) W dxs
Tg=a
where, as any w € F(w) solves (5) the integral is independent of a (Green’s formula). Moreover,

(14) Vw e Flw), qw,w)=—q(w,w).

Of course w +— q(w,w) defines a quadratic form on F(w) to which we can associate a hermitian
sesquilinear form (in the spirit of [32])

- ~ 1 —= ~
(15)  V(w,w) € F(w)? qlw,w)= 5 Im/ <(Ap Vuw - eq) 0 dxs + (A, VI - eq) w) dxs.
Tg=a
On the other hand, one easily sees that the L%-inner product in C,
(16) (w, @), = / by w @ dx
Co

defines a scalar product in F(w) and we can introduce the self-adjoint operator Q € L(F(w))
defined by

(17) V(w,w) € F(w)? (Qu,w) = q(w,w).

Of course, Q is diagonalizable in an orthonormal basis of F(w) and if w is a normalized eigenvector,
the corresponding eigenvalue is A = ¢(w,w). Then, as a consequence of (14), we see that the
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number of strictly positive eigenvalues of Q equals the number of its strictly negative eigenvalues.
Even more, if w is an eigenvector associated to A, w is an eigenvector associated to —\.

Let us now define the so-called cut-off frequencies or thresholds as the frequencies for which one
of the propagating Floquet mode has a null energy flux. More precisely, this set of frequencies,
denoted oy, is defined by

(18) o = {w?, Jw satisfying (4 — 5) / q(w,w) = 0}.

In [10], this set is shown to be a discrete subset of 0> : it correspond to the values of A, (k) at the
points k where the slope of the dispersion curves k € R — A, (k) is horizontal.

If w? is not in oy, we deduce from what preceeds that 0 is not an eigenvalue of Q. As a
consequence, the dimension of F(w) is 2N (w) where N(w) is the number of strictly positive
eigenvalues of @ and we can write the orthogonal decomposition

(19) Flw)=F (w) @ F (w), Frw):=span{w e F(w), +q(w,w) >0}

We can introduce an orthonormal basis (for the scalar product (16)) of F*(w) (resp. F~ (w)) made
of eigenfunctions of Q associated to strictly positive (resp. strictly negative) eigenvalues of Q

(20) FE(w) = span {wi, ... ,w]j\:,(w)} with + q(w]i,wj:) >0, and w; =wj.

Let us mention that by the definition (17) of Q, the eigenfunctions satisfy the so-called bi-
orthogonality relations

(21) Vi#L  q(w],wf)=0 and q(w;,w;)=0.
To each wji € F*(w), we can associate a wavenumber +k; € K(w) and an index n; such that

(22) Ao, (£k;) = w?  and wt B, (- +kj) eikiza

j =

Moreover, in [10], it is shown that q(wj.[, v) = £ A, (k).

The w; (resp. he w; ) are called the right propagating (resp. left propagating) modes. Finally, for
all k € K(w), the space F(w, k) defined in (11) is described by

(23) F(w, k) = span{w, k; = k} @ span{w;, —k; = k}

The outgoing radiation condition and related boundary value problem.

Let us define now the operator

(24)  A=-b"'V-(AV), D(A) ={ue H(Q), V- (AV:) € L*(Q), AVu-v|,, =0}

We can now define the radiation condition for Problem (2).

Definition 2.1. A solution u of (2) satisfies the outgoing radiation condition iff there exist
o (w,a) € H'(QF) x R such that e**¢w € H'(QT),

o N(w) complex numbers {af,... ,ax(w) } such that

8



N(w)
(25) u:w—l-Za;rw;r in QO
=1

The above radiation condition means that, in a certain sense, u is exponentially close, when
rq — +00 to a linear combination of outgoing modes

For this reason, and for simplicity of the notation, the above radiation condition will be rewritten

N(w)
+ ot
(26) U Zl a; wj.
j:

We can now define the correct version of the problem we wish to investigate which consists in
looking for u € H} _(€) such that

loc

([ V- (AVu) —w?bu=f in €, (1)
(27) AVu-v=20 on 02, (17)
N(w)
3(af,. .. ay,) € CN®) such that u e oo 2 1 af wi. (i)
-

\

Note that when w? ¢ .., N(w) = 0 and the condition (27)(iii) is nothing but a condition of
exponential decay at infinity.

2.4 About the well-posedness of the problem

The problem (27) is well defined for w? ¢ oy,. However, to show its well posedness, one needs to
exclude other frequencies called resonances and associated to the possible existence of trapped
modes. This set o is defined via an eigenvalue problem (the homogeneous version of (2)).

W? € Os <= Jv#0¢€ HYQ) such that

(28) —V-(AVv) —w?bv=0 inQ
AVv-v=0 on 0f)
Roughly speaking, the associated trapped modes v are confined in a neighborhood of .

Remark 2.3. By using analytic Fredholm theory (Steinberg’s theorem) (mimicking for instance
the approach of [15] for the half-waveguide problem), it is possible to show that the set of resonances
O res s discrete in R\ oy,

We can now state the uniqueness result for (27).

Theorem 2.4. If w? & 0, U oy, the solution of (27) is unique.

9



Proof. For the ease of the reader, we give the proof of the uniqueness result that exploits the
properties of the energy fluxes of the Floquet modes explained in Section 2.3. Let us consider a
solution u of (27) with f = 0 . Multiplying (27)- (i) by @, integrating in Qr = QN {z, < R} for
R > 0, applying twice Green’s formula and using that @ satisfies also (27)-(i) with f = 0 in Qg,
one gets

/ Ay Vu-equdx, =0
rq=R
As u satisfies the radiation condition, it can be rewritten as in (25) and we deduce that

N(w

N(w) N(w) )
Z laf|? q(w]) + Zlm/ A, Vw - eqafw) ds + Im/ A, V(afw)) - eqwds
j:1 n=1 .Z’d:R J,‘d:R

n=1

+ Im A, Vw-equwds =0
z4=R
As w is exponentially decaying at infinity, the three last terms of the equality tend to 0 when R
tends to infinity. We end up with

N(w)
> laf P qlwy) =0
n=1

where q(w;f) > ( by definition of the right propagating modes w]f This implies that a;“ = ( for all
n. Sou=w € H*(Q) is solution of (27) with f = 0. As w? ¢ o, this implies that u = 0. O

The existence result is not as easy to prove. Thanks to the above uniqueness result, it suffices to
prove that the problem is equivalent to (or can be reduced to) a Fredholm type problem. Using
the Kondratiev’s theory, the framework of weighted Sobolev spaces and Fredholm’s alternative, it
was proven in [30, 31] that (27) is well posed for w? ¢ & U oy, As this proof is not constructive,
one can hardly see how it can lead to a numerical method. The DtN approach that we shall
develop in this paper, precisely aims at giving a numerical method and a by-product is that it is
an alternative proof of the existence result for (27) : see Theorem 3.8, Section 3.2.

3 Reduction to a bounded domain

The objective of the next two sections, which are the main sections of the article is to provide a
problem posed in the domain g (cf. Section 2.1 and Figure 2) which is equivalent to the problem
in the sense that it provides, under the assumptions of Theorem 2.4 the restriction to €2y of the
solution of (27). The idea is to replace the presence of the half-waveguide Q% by a boundary
condition, called transparent condition, on the artificial boundary I'y. Moreover, as a by-product,

we shall provide a method that allows us to reconstruct the solution in the infinite half-waveguide
Qt.

There are many ways to write a transparent condition. In the spirit of what was done in [16] for
the dissipative case we shall look for a transparent condition of DtN form, namely of the form

(29) AVu-eq+Au=0,

where A is a Dirichlet-to-Neumann (DtN) operator, that maps H'2(T'y) into H~'/?(T), and
requires to be appropriately defined.

10



In the recap on the mathematical analysis of problem (27), we were led to exclude two particular
sets of values of the frequency w that correspond to real physical obstructions to the existence
and uniqueness of the solution of (27), namely

e the thresholds frequencies w? € oy, see (18) that are only related to the purely periodic
waveguide 2°°. We recall that oy, is discrete.

e the resonances are associated to so-called trapped modes which depend on the material and
the geometrical properties of {2 and more precisely of the bounded region where the perturbed
half-waveguide € differs from the periodic waveguide Q2> : these correspond to w? € Oyes.
This is again a countable set which can be empty and generally expected to be finite (even
though we are not aware on mathematical results in this direction).

For the presentation of the DtN method, we shall be led to exclude two additional, but artificial
set of frequencies, namely, by order of their apparition in the forthcoming section

e the edge resonances <= w* € oy, (see (32, 33)): these are associated to edge states which

are the equivalent, for the half-waveguide problem with Dirichlet condition on I'y, of the
resonances for the original problem (2). The set cretige is again countable and generally
expected to be finite.

e the Dirichlet cell frequencies <= w? € e (see (60, 61)). These correspond to the case
where w? coincides with one of the eigenvalues of the ”Dirichlet” problem posed in the unit
cell Cy : they form a sequence tending to +o0.

Contrary to o, and oy, the sets aétige and o are artificial in the sense that they do not come
from the physics of the original problem but are linked to the method that we have chosen to
achieve the reduction to a bounded domain, in our case the DtN method. These are typically
the equivalent of the famous interior eigenvalues that appear when one wants to solve a classical
obstacle (Dirichlet) scattering problem in a homogeneous medium by an integral equation approach
using a single layer potential. To emphasize this fact, we have used the bold letter o for the two
sets 0, and oyy,.

As it will be seen in Section 3.1, the exclusion of these artificial frequencies is required to develop
the rigorous theory but this is not a real problem in practice since one avoids these frequencies
when changing the position of the artificial boundary T'y (see also Assumption A, Section 3.1 and
Remark 4.2) .

Alternative solutions are Neumann-to-Dirichlet (NtD) (resp. Robin-to-Robin (RtR)) transparent
conditions. In the case of dissipative media, these as presented in [8] for the NtD method and [9]
for the RtR one (see also Remark 3.2). Note that the artificial frequencies for the NtD method are
a priori different from the ones for the DtN method. They even do not exist anymore if one uses
the RtR (Robin to Robin) method (cf. Remark 3.2 again). We have chosen to present the DtN
method essentially for the simplicity of its exposition and of its implementation, in particular with
respect to the RtR method.

3.1 The half~-waveguide problem and definition of the DtN operator

Considering the problem (27) and since the source term f is supported inside {2y, in order to
characterize the restriction to Q7 of the solution u of (27), it is natural to introduce the following

11



Dirichlet half-waveguide problem, with data ¢ € H'/?(Ty)

( -V (A, Vut) —w?b,ut =0 in Q7F, (1)
A, Vut v =0 on 02 N 09, (17)
(30) ut = on Iy, (141)
N(w)
3 (af,...,ak,) € CV such that . Zl af wi. (i)
\ =

Assuming that (30) is well-posed, it is clear that, provided that ¢ is the trace of u on 'y, i.e.
© = ulr,, then v = u*(¢) in Q7. From the continuity of u and A, Vu - eq across I'y we deduce
that u satisfies the DtN condition (29) provided that the operator A is defined by

(31) Vo e HY2(Ty), Ap = —AVU+(<p)-ed‘FO e HY2(Ty).

In order that (30) is well posed, we need to exclude a (possibly empty) set of parasitic frequencies,

denoted a:dge, which is related to the eigenvalue problem

V- (A, Vo) —w?b,vt =0 inQF,
(32) A, Vot -v=0 on 00T NN,
vt =0 on Iy.

The set o, is then defined as

edge

(33) ol ={w eR, Fovt € H(QT), vt # 0 satisfying (32)}.

edge

In the literature, the set oy, is often called the set of edge-resonances (sce [17, 34] for instance).

The associated trapped modes are confined in a neighborhood of the boundary I'y. According, to

[15], the set 0y, is discrete in R \ oy

Remark 3.1. Assume the periodicity cell satisfies x + %ed €ceC & —x+ %ed € Cy and the
coefficients A, and b, have similar symmetry properties :

(34) Ap(x—i— %ed)P: ]P’Ap(—x—l— %ed), and bp(x—l—éed) = bp(—x—i— éed)

where P is the linear involution (symmetry) in R? such that Pe; = e; for i < d, Peq = —eq. Then
using a symmetry argument, it can be shown that the set of edge resonances is empty (this is linked
to the absence of the point spectrum of the periodic operator A>, proven in [29, 38, 11]). Moreover,
in that case, the proof of Theorem 3.3 becomes straightforward thanks to the image principle.

Remark 3.2. The assumption w? & 0 is exclusively linked to the introduction of the Dirichlet-
to-Neumann operator defined thanks to the half-waveguide problem with a Dirichlet boundary
condition (u™ = ). This can be avoided by introducing instead Robin-to-Robin transparent
boundary conditions that have the form

(35) (A, Vu-v+au) + A (A, Vu - v —au) = 0.

with typically o = w. The corresponding half-guide problem is of the same type than before with the
Dirichlet boundary condition on I'y replaced by a Robin boundary conditions(A,Vu™ -v+iaut = ¢).
For a > 0, the corresponding operator has no discrete spectrum.
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Let us now study the well-posedness of the half-waveguide problem (30). We shall follow the
approach of [19], that itself was based on the ideas of [15]. Their result were proven for A, =1 but
its extension to A, non constant does not pose any additional difficulty. Both papers conclude
to the well-posedness of (30) except for a countable set of frequencies. The result [19] was more
precise than the one of [15] in the sense that it identified the set of frequencies to be excluded to
the set a;ge. However, by a thorough investigation in the proof of [19], we found a small mistake :
correcting this mistake leads to exclude also another set of frequencies, as we explain now.

This leads us to introduce the second half-waveguide Q= which is the complement of Q7 in the
whole periodic domain °°, unbounded in the direction z4 < 0:

Q" :={x€0®/z,<0} (remember that Q" :={x€Q® /z,>0})

+

Similarly to O cdge

we introduce the set oy, associated with the halt-waveguide €27

O cdge = {W*eR, Fv € H(Q), v # 0 satisfying (36)}

—V - (A, Vo) —w?b,v” =0 inQ,
(36) A, Vo v =0 on 92~ N ON>,
v- =0 on I'y.

Again, the set o, is discrete in R™ \ o, ([15]). Note that, except if the symmetry conditions of

Remark 3.1 are satisfied, the sets o-;(—ige and o have no reason to coincide !

edge

We can now state a first result about (30). In the following, cedee = U;;ige U Ocgge-

Theorem 3.3. If w? & 0.4,cU0y, for any p € HY?(Ty), there exists a unique solution ut = u*(p)
in H. (Q7) of (30). Moreover, for any compactly supported C* function x, the application

loc

© — xut(p) is continuous from HY?(Ty) in H'(QF).

Proof. For the uniqueness, the proof is very similar to the one of the Theorem 2.4 and will not be

detailed here. Simply note that one has to use that w? ¢ a;ge in order to conclude.

For the existence, the proof, adapted from [15, 19] consists in reducing the resolution to a
clever combination of two type of well-posed problems namely

e Homogeneous coercive Dirichlet half-waveguide problems
(37) ~V - (A, Vu) +w?b,uf =0in QF, uf =gon Ty, uf € H(QT)
for a given g € H'Y/?(Ty).

e Non-homogeneous full waveguide time harmonic problems
(38) —V (A, Vug) —w?byuy = f in Q% wu, is outgoing, uy € Hy.(Q)
for a given f € L2(0®) := {w € L2 () / (1 +a2)z w € L2(Q™®)}.

loc

Here saying that us is outgoing refers to radiation conditions for z; — —oo and x4 — +00 :

N(w)
- - N(w) - +, +
(39) F(ag,... ay) €C such that u T E 1 a; wy .
=

13



In (37) and (38) and all the problems that appear in this proof, Neumann boundary conditions are
imposed on 9. The idea is then to construct the solution u™ of (30) as a difference of solutions
of such problems :

(40) ut = u2‘9+ - ui‘r S HIIOC(QJ’_)?
where the data (g, f) remain to be specified. We observe that

(i) Thanks to the (well known) exponential decay of u{ when z; — +oco, the function u™ is
automatically outgoing when x4y — +00.

ii) From (37-38), we see that —V - (A, Vu') —w?b,ut = f —2w?b, v in Q. As a consequence,
(ii) p p p U +
in order that u™ be solution of (30), we must have

(41) f=2w?byuf in QF,
which is compatible with f € L?(2) thanks again to the exponential decay of u] .

Defining f in Q~ is somewhat arbitrary and several choices are possible (see Remark 3.4).
Let us follow the choice made in [19] that, by symmetry with respect to the construction of
fin QT consists in taking

(42) f=2w*b,uy inQ,
where u; solves the homogeneous coercive Dirichlet half-waveguide problem
(43) ~V - (A, Vuy) +w?byu; =0in Q°, uy =gon Ty, u; € H(Q).
(iii) It remains to play on the boundary data g in order to ensure the Dirichlet condition which
leads to uy — uf = ¢ on ['y. This last step gives us an equation satisfied by g.

Let us put some formalism around the above description. We denote Sy € L(H"?(Ty), L3(2))
the solution operator associated to (37) in Q" and to (43) in ™, more precisely

(44) VY ge HY*I,), Sig:=uf (sol. of (37)) inQ*, Syg:=uj (sol. of (43)) in Q.

Let Sy € L(L3(Q2®), HL.(Q2®)) and Ty € L(L3(Q>), H'/*(T')) be respectively the solution operator
associated to (38) and its composition with the trace operator on I'g. In other words

(45) YV feLi(Q®), Syf:=uy, Tof:=S,f|r, where uy is the solution (38).

Let us recall that the fact that Ss is well defined follows from known results for the full waveguide
problem when w? ¢ oy, (see for instance [15, 10, 19]). Moreover, for any compactly supported
function x, the map f — x Sy f is continuous from L#(Q°°) in H'(Q*). It also follows from the
above references.

Finally, we introduce T € L(HY?(T'y)) defined by

(46) T :=TyoBoS;, where B e L(L}(Q)) is the operator of multiplication by —2w?b,,.

14



a). We now set u; := Sig, by (41, 42) and u|g+ = uf, f = Bu; = BS1g. Thus uy = Sof =
Sy B S1g. Therefore, (iii) means that looking for ™ in the form (40) leads to solve the problem

(47) Find g € H*(I'}) such that g—Tg=¢

b). Reciprocally, reproducing the above approach and calculations in the opposite sense, one easily
checks that if ¢ is solution of (47), then ut := Sy B S1g|a, — S1 gla, is solution of (30). In other
words, the existence of g yields the existence of u™.

The analysis of (47) results from the following next two steps and Fredholm’s alternative :

Step 1 : T is compact. Let (g,), be a bounded sequence in H'/2(T'y). By continuity of the
operator BSy, v, := BSig, is bounded in L#(Q>). Let us introduce the open and bounded subsets
of 0, K5 := Q> N{—6 < x4 <&}, which contain I'y for any 6 > 0, Sy € L(L3(Q>), HL (),
wy, = Sy B S1g, is bounded in H'(Kj;). Let us set W,, = x Vw, where y € C°°(R) such that
X(zq) = 1 for |z4| < 0/2 and x(x4) = 0 for |z4] > 0. As V x W,, = Vx x Vw,, we deduce that
(W,,),, is a bounded sequence in the Hilbert space (implicitly equipped with the natural graph norm)
H(rot, K;) = {v € L*(K;)?, V x v € L*(Ks)?}. Let us also introduce H(div, A, K;5) = {v €
L*(Ks)%, V- (Ayv) € L*(Ks)}, again a Hilbert space for its graph norm. From (38), we deduce that
(W,,)n is a bounded sequence of Hy(div, A, K5) := {v € H(div, K5), A,(x)v-v =0o0n 0Ks}. We
can now use a compactness result for vector fields, which is well-known from the theory of Maxwell’s
equations (see [1, Theorem 8.1.1] for instance): the embedding H(rot, Ks5) N Hy(div, A, K5) C
L?(K5)? is compact. Thus, up to the extraction of a subsequence, (W,,),, converges in L?*(Kj)
which implies, since x = 1 in K59, that (Vw,), converges in L*(K; /2). Up to another subsequence
extraction, we conclude that (w,), converges in H'(Ks/). Since, by definition of T', T'g,, = wy|r,,
the convergence of (T'g,), in H'/?(Ty) follows from the trace theorem.

Step 2 : uniqueness for (47). Suppose that g € H'/2(Ty) is such that ¢ — T g = 0. Then,
as already mentioned, see point b) above, u* := S5(B S19)|a, — S1 gla, is solution of (30) with
u™|r, = 0. By uniqueness for (30) (since w? ¢ Oeqge), u™ = 0, thus Sy(B S1g) = S1 ¢ in Q.

Symmetrically (we omit the details) u™ = Sa(B S19)|a_ —S1 gla_ is solution of the "same” problem
that (30) but in Q7 : apart from changing Q% into 7, the w;-r must be changed into the w; in the
radiation condition (7v). Then, because w? does not belong to Oqge (this is what was omitted in
[19]) we can conclude that = = 0, in other words that Sy(B S1g) = S1 ¢ in _.

Thus, setting v := Sy(B S1g), we have shown that v = S g. From the definition (44) of S;, we
deduce that vy = v|g+ satisfies, cf. (37, 43)

(48) ~V (A, Vvi) +w?b,ve =0 in QF, vy € HY(OQF).
On the other hand, from the definition (45) of Sy, we know, see (38), that
(49) ve Hlloc(Qoo)? V- (AP VU) < LIZOC(QOO)'

Joining (48) and (49), we deduce that v € H'(Q®) and =V - (A, Vv) + w?b,v = 0 in Q. Thus
v =0, then S; g = 0 and finally, again by definition of Sy, g = (51 ¢)|r, = 0.

The continuity property of ut () follows from the existence proof (this is left to the reader). [
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Remark 3.4. There are of course infinitely many possible ways for extending f in such a way that
f still depends linearly on g, leading to an alternative definition of the operator Sy. The simplest
choice would be, for instance flo- := Sigla- = 0. The rest of the proof would be the same, the
difference concerning only the uniqueness result of Step 2, which would leads values of w? inside a
new set of resonances, a priori different from o

edge”

+
edge

The result of Theorem 3.3 is somewhat frustrating because, if the exclusion of the set o is
obviously needed, the set o4, of edge resonances for the half-waveguide (2~ should not have any
influence on the existence result for the problem posed in €2,. Its exclusion is artificial : it is
clearly a technical artefact due to the method of proof (see also Remark 3.4).

In the following, we propose an attempt to avoid the exclusion of o_y,.. The idea is that, if we
move the position of the interface between €)_ and €2, , the corresponding edge resonances should
move accordingly, a fact that we could then exploit. To express this in more mathematical terms,

let us introduce for a € [0, L)
(50) Q, ={zeQ®/zy<a}l, Qf ={2e€Q®/zs>a},

to which we can associate (in an obvious manner that does not need to be detailed) two set of

£ .(a). Our new result will rely on the following:

edges resonarces Uedge

Assumption A :Vw € RF, there exists a € [0, L) such that w* ¢ Geqge(a) = 05g,.(a) U og,.(a).
Even though we did not prove it, we are convinced that the above assumption always holds.

Conjecture C : The property of Assumption A is always satisfied.

Theorem 3.5. Under assumption A, if w?* ¢ o, Uoy, for any ¢ € H'*(Ty), there exists a

unique solution in H} () of (30) which depends continuously on ¢ as in Theorem 3.3.

Proof. The only difference with Theorem 3.3 is that we claim that Problem (30) is also well-posed
for w? € o,,.. Indeed, if w? € O oqger frOM Assumption A, we know that there exists a € [0, L) such
that w? ¢ Ceqge(a). By Theorem 3.3, the half-waveguide problem (30) set in 0} is well posed. In
consequence, we can define a corresponding DtN operator that we denote here A,. Then the result
will appear as a particular case of Theorem 3.8 (see Remark 3.9). O

3.2 Reduction of the problem in a bounded domain and analysis

In this section, we use the DtN method to analyze the problem (27). Of course, under assumption
A, without loss of generality, we can assume that the position of I'y is chosen in such a way
that w? ¢ Geqge S0 that, according to Theorem 3.5, the DtN operator A is well defined by (31).
According to the previous section, it is now natural to consider the problem posed in €2

—V~(AVUO)—w2bu0:f il’lQo,
(51) AVUO -v=20 on E)QO \ F(),
AVuy-eq+ Aug =0 on ['y.

The problem (51) is "equivalent” to the original problem (27) in the sense of the following lemma
whose (obvious and standard) proof is left to the reader.
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Lemma 3.6. Ifu is solution of (27), then ug := ulq, is solution of (51). Reciprocally, if uy := ulg,
is solution of (51) then the function u defined in 0 by:

(52) ula, = uo,  ulor =u' () with ¢ = ug|r,,
is solution of (27).

As a consequence of this lemma, the well posedness of (27) is reduced to the one of (51). The
variational formulation of (51) is given by

ao(ug, v) :/ fodx, Yve& HY(Q),
(53) ;
with  ag(u,v) = / (AVu- VU —w?bud) de + <A(u\p0),vlro>ro’

Qo

where, here and in the rest of the paper, (-,-)r, denotes the duality product between H~'/2(T) and
H'2(Ty). By Riesz theorem, there exists Aq € £L(H"(€)) such that ag(u,v) = (Agu, v)g, with
(-,-) the usual scalar product in H'(€)). Thus, the resolution of (51) relies on the invertibility
of .Ao.

Lemma 3.7. The operator Ag € E(Hl(QO)) is the sum of a coercive operator Af and a compact
operator Ky.

Proof. Of course, the decomposition of A, relies on the one of ag. The only non trivial point is
the decomposition of the bilinear form associated to the DtN operator, namely (Ay,¥)r,.

Let (¢,v) € H%(FO)Q. Let us multiply by x u* () the equation (30) satisfied by u™(p), where
X (z4) is a smooth positive 1D function with support in [0, 1) such that x = 1in [0, 1/2]. Integrating
the result over Q1 and using Green’s formula, we obtain

(A Pr, = / X Vit () - Var () de + / (Vx - Vit () v (@) da

(54)
_ / ybut () ut () da

which suggests to decompose ag(u,v) = ag (u,v) + ko(u, v) with

ag (u,v) := /Q (AVu-Vu+w?buv) dx—l—/Q x Vu© (ulr,) - Vut(v|r,) dz dx

+

ko(u,v) := /m(VX -Vt (ulr,)) u™ (v]r,) — w2/

Q4

xbut(ulr,) ut (v|p,) de — 2w2/ buv dz.

Qo

Let AJ and Ky the bounded operators in H'() respectively associated to ag (u,v) and ko(u,v)

through Riesz theorem. Since ag (u,v) is coercive, A{ is coercive.

[t remains to prove that Ky is compact. It suffices to prove that, if (u,,v,) converge weakly to (u,v)
in H'(Qp), then, up to the extraction of a subsequence, kq(u,,,v,) converges to ko(u,v). Indeed, if
u, converges weakly to u, by continuity of Ky, v, := Kqu,, converges weakly to v := Kyu and

1KCo (tr, — u)||?{1 = ko(un — u,v, —v) — 0.
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Since (uy,,v,) are bounded in H'(€)y), by Rellich theorem, we can assume that (u,,v,) converge
strongly to (u,v) in L?(€). As a consequence

(55) —2w2/ bu, v, dr — —2w2/ buv dx
QO Q0

By the trace theorem, ¢, := uy|r, and ¥, = v,|r, converge weakly in Hz(Iy) towards ¢ := ulp,
and v := v|r,. From Theorem 3.5, the map ¢ — u+(90)|co is continuous from HY2(T'y) in H*(Cp)

so that u*(apn)‘cg and u+(¢”)|co are bounded in H'(Cy) (as defined in (50)), up to an extraction,
we have

u+(gon)‘co — u+(<,0)}co, u+(wn)‘co — u+(w)’CO, weakly in H'(Cp) and strongly in L*(Cy)

Since y is adequately compactly supported, by weak-strong convergence arguments,

[ vt e ds — [ (Vv e) o' @) do
Q Q
(56) + +
S xbute)ut )i — G [ bt @) ds
04 Q4
The conclusion easily follows from (55), (56) and the definition of kq(u,v). O

Theorem 3.8. Under assumption A, if w* & 0 s Uo g, the problem (27) admits a unique solution.

Proof. According to Lemma 3.6, we simply need to show the well-posedness of (51), and by Lemma
3.7 and Fredholm’s alternative, we simply need to prove the uniqueness of the solution of (51).

Let ug be a solution (51) for f = 0. By Lemma 3.6, the function u given by (52) is solution of (27)
for f =0, Thus by the uniqueness theorem 2.4, u = 0, thus uy = ulg, = 0. O

Remark 3.9. The approach of this section (Lemmas 3.6 and 3.7 and Theorem 3.8) can clearly
be used for proving Theorem 3.5. Even though it is somewhat paradozal and fussy, it suffices to
see the domain of QF as the union of QF \ﬁ: and the half-waveguide QF | where a is such that
w? & 0egge(a) so that the DN operator for QF is well-defined! More precisely, it suffices to make
the substitutions

+

+\0of + +
Qo becomes Q7 \ Q,, Q7 becomes Q, s becomes T odge:

The only remaining difference is the boundary condition on Ty (seen here as a part of OQ1) which
1s a non homogeneous Dirichlet condition instead as a homogeneous Neumann condition. However,
the reader will easily convince himself that this has no influence on the proof.

4 Construction of the DtN operator

In this section, we use the DtN method to build a numerical method for solving (27). We consider
that the artificial boundary I'g, hence the domain Q7, is imposed. Thus we have to assume that

(57) w2 ¢ O-:(_ige'
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4.1 Structure of the solution

Theorem 4.1. Ifw? ¢ o, Uy, let ut(p) be the unique solution of (30) and P € L(H'*(Ty))
be the operator defined by

(58) Ve H2(Ty), Pe:=ut (o).

where we have identified H'/?(I'y) = H'Y?(Ty). This operator is compact and its spectral radius is
less or equal than 1. Moreover,

(59) Ve HYT), VxeQt, VneN, ut(p)(x+nleq) =ut (P p)(x).

Proof. Let us first show (59). Let us introduce for ¢ € HY2(Iy), the function v defined by
v(x) = ut(p)(x+ Leq). By periodicity of A, and b,, it is easy to show that v satisfies (30)(i) and
(ii). By definition of P, v satisfies the Dirichlet boundary conditions on I'y

v="P¢ onl.

As ut(y) satisfies the radiation conditions, by Definition 2.1, there exists w € D(A) such that
Ja>0,ewe H(QY), af,... ,aﬁ(w) € C such that

N(w)
u=w+ al wy,
j=1
where by (22), w;f is kj-quasi-periodic. We deduce that
N(w)
v(x) =w(x+ Leq) + Z al et wl(x),
j=1

in other words v satisfies also the radiation condition (30)(i) . Since v = P ¢ on I'y, one then
deduces (see Theorem 3.5) that v = u™ (P ¢) and thus

Voe HY2(Ty), VxeQ, ut(p)(x+ Leq) =ut (Py)(x).
By induction, it is then clear that (59) holds.

Let us now show that P € L(H/?(T)) is a compact operator. In the case A,(z) = I, this appears
as a consequence of an interior elliptic regularity result. In the general case, the proof is a little bit
more elaborate but uses the arguments as in the proof of Theorem 3.5 (Step 2). We show that, for
any bounded sequence (ip,,),, of H'/?(Ty), the sequence (P, ), admits a converging subsequence in
H'Y2(T'y). Indeed, for such a sequence, u*(y,) is bounded in H'(K) for any open bounded subset
K of Q. Let us introduce the open subsets of Q, K := Q" N {|ag — L| < ¢} which contain Ty
for any d. Let us set Wy, = xVu™(¢,) where y € C*(R) is a smooth cut-off function such that
x =1 for |z — L| <§/2 and x =0 for |z — L| > 0. By using the same arguments than at the
end of the proof of Theorem 3.5, we show that there exists a subsequence of (Wy,),, still denoted
(W), for simplicity, which converges in L*(K;"). In particular Vu™*(¢,), converges in L*(K),)
and up to another subsequence extraction, u™(p,) converges in H 1(K(;L/Q). Then, by trace theorem,

P, converges in H/2(T).
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Finally, let us prove that spectral radius of P satisfies p(P) < 1. Since P is compact, it suffices to
show that the modulus of any eigenvalue is less than one. The proof is done by contradiction. Let
A be an eigenvalue of P and v an associated eigenvector and suppose that |[A\| > 1. Then using
(59) , for any n € N, u™(¢))|c, = A"u™(¥)]e, , so that

Hle,
/ WP = [ @R - oo

Co n—-+4o0o

which is in contradiction with the radiation condition. O

4.2 Cell by cell construction of the solution

Once the operator P is known, the solution u™(¢) of (30) can be reconstructed in the whole domain
Q7" by solving problems posed in bounded domains only. In order to give an explicit reconstruction,
we follow the method proposed in [16], which leads us to assume that, from now on

(60) w2 ¢ Ocell -— O'(AC)
where the unbounded operator in L?(C), A€ is defined by

D(AC) = {U, S Hl(CO)7 V (A Vu) - L2(CO O’ APVU . U‘@Qmmaco — 0}7

u‘r ury
(61) o e S
Vue D(A"), A"u=-0b,"V-(A,Vu),

When w? ¢ o.q1, we can consider, for any data ¢ in H'/?(I'y), the cell problems
—V (A, Ve') —w?b,ef =0 inCy
(62) P p
ApVef-z/:() on 02> N 0C,

with the boundary conditions on I'y and I'y

(@), =¢ and (p)|, =0
(63) L )
© ‘Fo =0 and e (go)|Fl = .
Of course, these problems are well posed and there exists a constant C'(w) > 0 such that
(64) Vo € H2 (o), e (@)l < CW) 1@l mey): ¢ € {01},

Remark 4.2. Let us remark that we have to exclude the resonances of the Dirichlet cell problem
to define the solution of the cell problem without dissipation. Similarly to Remark 3.1 and 3.2, this
set of forbidden frequencies has been introduced artificially. If the frequency of interest is in this set,
it 18 possible to move the periodicity cell —which corresponds to move the artificial boundaries on
which the DN conditions is imposed— or by introducing cell problem with Robin boundary conditions
instead of Dirichlet boundary conditions.

From (59) written for x € I'y, we have

VneN, ut(p)|, =P p.

I,

By identifying all the cells C, to Cy, we have then, if w? & oeen

(65) VneN, u+((’0)|0n — BO(P"@) + Gl(Pano).

The formula (65) is useful if one knows how to compute numerically the operator P. That is why
we need a more tractable characterization than its definition (58).
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4.3 Characterization of the propagation operator
Let us define then the local DtN operators for £,k € {0,1}, T% € L(HY?(Ty), H*/?(Ty))

(66) Vo € H (o), T™e=(-1)""AVe (¢) el

where we have identified H'/?(I'y) = HY?(I'y) and H~Y/?(I'}) = H~'/?(Ty). We have in particular
for £,k € {0,1} and for all o, in HY?(Ty)

(67) (T* ety = [ AVe (o) VD) -y () F00)

Let us first show the following properties of the local DtN operators 7.

Proposition 4.3. We have

(68) TO) =T, [T =T [T =T [T =T
(69) T and T are compact operators from HY?(Ty) into H~/*(Iy)
and finally

(70) T, TH and T + T are Fredholm operators of index 0.

Proof. (68) can be obtained by using simply Green’s formulas. Since €°(p) and e'(p) are solutions
of (62-63) for all ¢ in H'/?(Ty), we have for all £,k in {0, 1}

Vo, € HY2(To), (A Vel (p) - v, e ()ac, = (e (), ApVer (1) - v)ac,
This yields for / =k =0 to
Vo, € H2(Lo), (T, 4)r, = (0, T%)r,

since €”(y) satisfies vanishing Neumann boundary conditions on 9Cp \ (I'o UT;) and similarly for
{=k=1. For / =0 and k = 1, we obtain

Vo, € HY2(Lo), (T"0,¢)r, = (0, T )r,

and similarly for £ =1 and k = 0.

For the proof of the compactness of the operators 7% and 79, it suffices to use the same arguments
than the one used for the compactness of the propagation operator P (see the proof of Theorem 4.1).

Let us now show that 7% is a Fredholm operator of index 0, more precisely that it is the
sum of a coercive operator and a compact one (the proof for 7! is similar). By (67), we have

T00 _ 400 4 k00

where A% and K% are in € L(HY?(Ty), H '/%(T'y)) and for all o, in H/?(Ty)

MW%WMZL&NwawﬂW+%&@&WLWm%sziAﬁ+U%&@@W)
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By continuity of the trace application, A% is coercive thus invertible. Due to (64) and the compact
embedding of H*(Cp) in L?(Cy), the map K is compact. Thus, there exists C' > 0 such that

Ve H ), C(T, )y 2 llelinnmy = 1€°(0) 172y

Since a similar inequality holds with 7!, and using the Cauchy-Schwarz inequality, we deduce
that for all o in H'/2(Ty)

lellmrzmey < C (T + T Hell-1200) + l€° (@) 2oy + le" (@)l z2eo))

We can now use Peetre’s lemma [35] (see also [25, Lemma 5.1]) to deduce that the operator
T 4+ T is Fredholm. Since it is self-adjoint, its index is necessarily 0. O

Given P € L(HY?(Ty)) and ¢ € HY?(Ty), let us define u(p) € L2 .(Q0) by

(71) VneN, u(p)le, = 60<Pngp) + el(Pn-&-lSD).

We then have the following lemma (partly a reciproque of (65)). Its proof is a direct consequence
of the properties of ey(¢) and e;(¢) and is left to the reader.

Lemma 4.4. The function u(yp) given by (71) belongs to H} (27) and satisfies

loc
(72) VneN, —V-(A,Vu)—w?bu=0inC, (A,Vu) -v=0 ondC,N o>

However, the formula (65) is not sufficient to ensure that u(yp) solves the equation in all Q.
Obtaining such a property is precisely the object of the

Theorem 4.5 (Stationary Ricatti equation). The function u(y) € H}

loc

(Q0) defined by (71) satisfies
(73) —V - (A, Vu(p)) —w?bu(e) =0 Q, (A, Vu)-v =0 on dQ"\ T,

if and only if P s solution of the stationary Ricatti equation

(74) T(P)=0, where¥X € L(H*(Ty)), T(X)=TYX*+ (T +7T")X + 7"

Proof. Thanks to lemma 4.4, u(y) satisfies (73) if A, Vu(y)-eq is continuous, in the sense of traces,
across each interface I',,. From the definition of the local DtN operators (66), and the identification
of each C, to Cy, one deduces from the expression (71) that this condition is equivalent to

(75) vn 2 17 vs@ < Hl/Q(Fo)’ —TOlpn_lso_TOOPnSO:TlO Pn@‘{’Tlan—‘rl@
In particular, (75) for n = 1 gives =T — TP = 710 P24 TH P that is to say (74). Conversely, if

(74) holds, multiplying it by P"~! (on the right), we get —7°t pr=t — 700 pn — 710 pn 4 11 pntl
that is to say (75). O

Corollary 4.6. The propagation operator P is solution of
(76) Find P € L(HY*(T,)) such that T(P)=0andp(P)<1

where T (+) is defined by (74).
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This corollary does not characterize uniquely, in general, the propagation operator. To go further,
it is necessary to distinguish between propagative and non propagative frequencies. Indeed, when
w is not a propagative frequency, i. e. when w? ¢ 0>, the corollary admits a reciproque. The key
point is that, as already mentioned at the end of Section 2.3 , the radiation condition degenerates
and Problem (32) is well-posed in H*(Q").

Before going further, let us point out a property of any solution of the Ricatti equation (74) .
Lemma 4.7. If P is a solution of (74), then P is a compact operator in HY/?(Ty).

Proof. According to Proposition 4.3, we can write T +7 ! = A+K, where A € L(HY?(Ty), H~'/%(Iy))
is invertible and K is compact from HY2(I'y) in H~Y/2(Iy). If P is solution of (74), we can write

(A+K)P=-T"OpP? 7%

Thus P = A~} (ICP Y 7'01) and the compactness of P follows from the ones of K, 7°
and T°! (see Proposition 4.3). O

Theorem 4.8. Let w? ¢ oy U aedge U dee. When moreover w? ¢ o> the problem (76) admits a
unique solution and this solution satisfies p(P) < 1.

Proof. Corollary 4.6 gives that P is a solution of (76). Moreover, we can show that p(P) < 1.
Indeed, since P is compact, it suffices to show that the modulus of any eigenvalue is strictly less
than one. Let A be an eigenvalue of P and ¢ an associated eigenvector. We have

/m %ZN/ lut( %ZN/ lut (Pp) %ZNW”/ lut(

where we have used (59). Since u™(¢) € L?*(QT), |A\| < 1. Let us show now that P is the only
solution of (76). Let P be a solution of (76) with spectral radius less than one. Let for any
¢ € HY(Ty), u(p) be defined by

u(@)le, = e"(P"p) + e (P o).
Theorem 4.5 gives that u(yp) satisfies (72) in Q. Finally, we know that

(77) [Py = £(P),

If p(P) < 1 this implies that for some o/ > 0 such that e~ € (p(P), 1) and n large enough:

—a'n

1P| 2y < €7,

so that by definition of u(y) and by (64)

lu(@) ey < C e @l

Thus, it is easy to see that for 0 < a < o/, e*®du(p) € H' (1) and u(yp) is in particular solution
of (30). Thus, by Theorem 3.5, u*(¢) = u(yp) for all ¢ and P = P.

Let us finally show that p(P) < 1. If not, then p(P) = 1. As P is compact by Lemma 4.7, if
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p(P) = 1 there exists an eigenvalue p with p = e’*£. Let ¢ # 0 be an associated eigenvector and
consider u(p) € L2 _(2°°) defined as in (78) (except that n varies in Z instead of N), i. e.

loc
(78) VneZ, u(p)le, =" (Php) + e (P"p) = ™t ((p) + ™ e (Py))
From this expression, it is easy to see that
(79) ® := ek () is L-periodic.
Moreover, arguing as for Theorem 4.5, we know that u(y) defined by (71) satisfies
(80) —V - (A, Vu(p)) —w?byu(p) = 0in Q*, (A, Vu) v =0 on 9Q>.

From (79) and (80), we deduce that u(y) is a propagative Floquet mode as defined in (4-5). This
is in contradiction with the fact that w? ¢ o> (see Section 2.3). O

It remains to treat the more interesting and more delicate case of the propagative frequencies. In
such a case, the solution defined by (71), with P a solution of (76), does not necessarily provide
a solution of (30) because there is a priori no guarantee that the radiation condition is satisfied.
As we shall see, there is no longer uniqueness for solutions of (76). We need to add additional
conditions to (76) in order to characterize the operator P. These new conditions refer to particular
spectral properties of P and that it is why we study the possible eigenvalues of the operators P
solutions of (76). As a useful preliminary result, let us mention the

Proposition 4.9. Let w? € 0\ (0, Uoy) and let
(81) o) = wf|, € H(Ty), 1<j<Nw),

where the w}L 's are the rightgoing propagating Floquet modes defined by (20-22). Then the set
{9, 1 <j < N(w)} generates a vector space of dimension N(w) and each @] is an eigenvector of
P associated with an eigenvalue of modulus 1. More precisely :

(82) V1<j<Nw), Pgf=e"lel

where k; is the wavenumber associated to w defined in (22).

+

Proof. The first (obvious) observation it that since w? ¢ oy,

U o, if one takes ¢ = ¢, then the
solution u* () of (30) is nothing but w; , that is to say

(83) ut(py) = wy,

In other words, by definition (58) of P and in view of (4),
(84) Poj =wflr, = e* it wf|n, = e*it of

To conclude that gpj is an eigenvector of P, it is thus sufficient to show that goj #0. If gp}“ was
equal to 0, w;r would be a non zero solution of (30) with vanishing trace on I'y : this is impossible
by well-posedness of (30) for w? ¢ oy

To conclude that {go;r, 1 < j < N(w)} generates a vector space of dimension N (w), they are linearly
independent. Assume that )~ a; ¢ = 0 and consider w := Y~ o w;". The function w satisfies (30)
with a vanishing Dirichlet conditions on I'g, by well-posedness of this problem (see Theorem 3.5)

for w? ¢ O-:(_ige’ we conclude that w = 0. Since {w;,1 < j < N(w)} are linearly independent, we
conclude a;; = 0 for all j. O
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Considering (76), it is natural to introduce the ”generalized eigenvalue problem”

(85) Find X € C such that Ker 7 () # 0.

Corollary 4.6 implies that the eigenvalues of P are contained in the set of solutions of (85) :
(86) Aeo(P) = KerT()\) #0.

and more precisely

(87) Po=Xp, o0 = T\ p=0.

Our goal is to characterize which subset of the solutions of (85) coincides with the spectrum of P.
Let us first show that the solutions of (85) naturally come by pairs (A, 1/A) where, without any
loss of generality |A| < 1.

Proposition 4.10. For any A # 0, one has the property:
KerT(A\) #0 <= KerT(1/\) #0.

Proof. This is linked to the properties of the local DtN operators 7 given in Proposition 4.3.
Indeed, we can deduce from the properties (70) that VA, 7 ()\) is a Fredholm operator and then

KerT(\)#0 < KerT(A)*#0
From the properties (68), we deduce that for all A # 0
[T =NRTHHMTO+ T+ T = T/,
The result follows easily. O

On one hand, when (A, 1/X) is a pair of solutions of (85) with |A| < 1, then the following result
states that, as expected, A is an eigenvalue of P.

+

cdge Y Ocetts For any |A| < 1, one has the property:

Proposition 4.11. Let w? ¢ oy, Uo
(88) KerT(A\)#0 = Xeod(P).

Proof. Let ¢ # 0 € Ker T()) and consider the function v(p) € L2 () constructed cell by cell as

loc
(89) VneN, (e, =" () + X" el().

By construction (and from the definition of €°(¢) and e(¢)), =V - (A, Vu(p)) — w? b, v(p) =0
in each cell C,, and v(y) is continuous by definition across each interface I',,. Moreover, because
T (N =0, AyVu(p) - eq is continuous cross each interface I',. Thus

—V - (A, Vu(p)) —w?b,v(p) = 0in QF.

Moreover, |A| < 1 implies that v(¢) € H'(Q"). In particular it satisfies the radiation condition
given in Definition 2.1 with af = 0 for any 1 < j < N(w). By Theorem 3.5, we have that
v(p) = uT(p) and thus, by (58), that v(¢)|r, = Py. However, by construction (use (89) for n = 0),
v(@)|r, = Ap. We conclude that Py = . O
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On the other hand, as we are now going to see, when w is a propagative frequency, i.e. when
w? € 0>, (finitely many) couples ()\,1/)) of solutions of (85) with |A| = 1 exist, the solution of
(76) is not unique. As a matter of fact, it is not easy a priori to know whether A or 1/X is an
eigenvalue of P. We shall see below, one and only one of these two values is an eigenvalue of P
and give a criterion to determine which one.

Proposition 4.12. Let w? € 0\ (o, U a:fjge U o). The generalized eigenvalue problem (85)
admits exactly N(w) pairs of solutions (X, 1/\) with || = 1 which are

(90) {(e®il emml) 1< j < N(w)}
where the k;’s are the rightgoing propagative wavenumbers defined in (22).
(91) Vk=kj or —kj, KerT(e"™) = span{o]/ ke =k} ® span{p; | ke = —k}.

Proof. Step 1. We prove first that e**L is solution of the generalized eigenvalue problem (85).
By definition of the k;’s (see (22)), wjE is £k;-quasi-periodic thus

E| o L
Fl

90] and w:l:‘ :i:21k: L +

Iy ®j -
Thanks to (5) and by definition of the operators ¢ — e“(¢), ¢ =0, 1,
Wl = O6F) + L () and ], = EEO(g2) 4 ()

From the continuity of the normal derivative of wj[ accross I'; and the definition (66) of the T%’s,
we conclude that

T (e*™") o =0.

Step 2. Reciprocally, let A be a solution of (85) with modulus 1. There exists k € | —7/L,7/L]
such that A = e**L and there exists ¢ # 0 such that

(92) T(e’kL) =0
Let us define u(p) € L2 as
u(@)le, = Ce™ ((p) +e* e'(p)), VneN,

where C' is defined such that ||u(¢)| 12, = 1. By definition of € and e', u(yp) is solution of
(5) in each cell C,. By construction u(yp) is continuous across each I',, and because of (92), the
co-normal derivative of u(y) is also continuous across each I',,. Finally, e=*%d u(¢p) is L—periodic
by construction. In conclusion, u(y) is a propagative Floquet mode in the sense of (4-5) which is
k-quasi periodic. Thus u(y) belongs to F(w, k) defined by (11) and described by (23). Thus

5 04wa+ E ozgwe,

L ko= L,—ko=
and we deduce that ¢ € span{¢, /k, = k} @ span{p, [k = —k}. O

We are now in position to characterize P through its eigenvalues of modulus 1.
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Theorem 4.13. Let w? ¢ oy U a;zge U - The propagation operator P is the unique solution of

(93) Find P € ﬁ(Hl/Q(TO)) such that T(P)=0, p(P) <1,
that satisfies
(94)  VA€o(P)with |\ =1, Yp&Ker (P—=XI)\{0}, Im{((T®+AXT"¢,¢)r, <0.

Proof. Step 1. We know (Corollary 4.6) that P is a solution of (93). Let us now show that it
satisfies (94). By Proposition 4.9, each gpj = w;-r|p0 is an eigenvector of P associated to \ := e**s%.
As a consequence of (93), any A € o(P) is a solution of the quadratic eigenvalue problem (85) (cf.
(86)). Therefore, thanks to Proposition 4.12, we have the double inclusion

[R5 1 <5 < N@)} € o(P)n o] =1} € {551 < j < N(w)).

Let us now show that none of the {e=**i L} can be an eigenvalue of P. By contradiction, assume
that e="*% € ¢(P). Then by Proposition 4.12 again, and more precisely (91), the corresponding
eigenvector would necessarily be ¢; = wj |r,, i. e. Py, = e kil ¢; - Let us now consider u*(gp})7
as (65), we obtain

u+(90j—)}cn _ 60(7371@]-_) Toe (Pn+1¢j—) _ 60<e—znkjL %—) + el(e—l(n-i-l)kjL %—)
which we can also write, as w; is (—k;)-quasi-periodic,
ut (7)), = eo(wilr,) +ex(wyIr,p) = wy,

the last equality coming from the fact that w; solves (5). This is of course a contradiction since
u*(gp}) is supposed to be outgoing. We have thus shown that

o(P)N{lzl =1} = {51 <j < N(w)}.

Now let us show the property (94). By (87), Ker (P — e 1) C Ker T(e'*) and by (91) and
since any (; is not an eigenvector of P, we have Ker (P — ekl T ) = span {¢, , k= k;}. Let now
¢ € span {p;, ke = k;}

o= Z appy from which we define v(¢) = eg (gzﬁ) + ehil e ((;5)

ko=k;

Since, the function w} satisfies wﬂco =eo(p)) + et er(of), v(9) = Zke:kj agw, . Proving (94)
amounts to proving that

V1<j<Nw), Im((T"+eM T, ¢)r, <0
By definition of the local DtN operators (66), it is not difficult to check that
(95) I (T + M5 T)¢, )y = —a(v(9), v(9)).
If the set {¢, k, = k;} has only one element (¢ = j) then q(v(¢),v(¢)) = |a;|*q(w],w;) <0 a

property which results from the definition of the rightgoing propagative modes, see (20). In general,
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one has to use the bi-orthogonality property given in (21) which can be written in terms of the ¢,
as follows

(96) Vi£g, (TP+e™ T, goj>ro =0,
to deduce that

<(7—00+€zk L7—10 45 ¢ Z |az| 7—00+€zk LTIO)Wv%Oz Z |a£| qwg,wé) < 0.

Step 2. Let us now show that P is the unique solution. Let P be a solution of (93-94) and let us
prove that P = P. The proof is similar to the proof of Theorem 4.8. We introduce the function
defined in Q% by

(97) u(p)le, = €"(P"p) +e' (P ).

If we can show that u(¢) = u™(p), then we shall conclude as in the proof of Theorem 4.8 that
P =P. Thanks to Theorem 4.5, we know that u(y) satisfies (30)(i),(ii) and (iii). It only remains
to prove that u(yp) also satisfies the radiation condition (30)(iv) and conclude with the uniqueness
result for (30). This is where (94) will come into play.

The condition (30)(iv) relies on the behaviour of u(yp) when x4 — +00, i.e. the behaviour of
u(p)|e, when n — +o00. According to (97), we study the behaviour of P" when n — +oo.

This behaviour is of course related to the spectrum of P. On the other hand, the condition (94)
involves the eigenvalues of P of modulus one, in other words o(P) N {|z| = 1}, which is a finite set
since P is compact (Lemma 4.7). These are the object of the forthcoming analysis.

For the sequel, we introduce the finite dimensional space

(98) Ei(P):= & Ker(P-AI)

Ao (P)N{|z|=1}
This space satisfies obviously P E1(P) C Ey(P).

Step 2.a : Description of o(P) N {|z| =1} and E;(P). According to T (P) = 0, reasoning as
in Step 1, we know that any A € o(P) N {|z| = 1} is solution of the quadratic eigenvalue problem
(85) and by Proposition 4.12,

Pyn{lz| =1} c {1 < j < N(w)},

and
Ey(P) C span {¢},1 <j < N(w)}.

However, in the same way that we proved the inequality (95) for goj, one proves that
(99) Im (T + 5 T 07 )r, = — q(w; ,wy) >0,

Therefore by (94), we deduce that E;(P) does not contain any of the ¢, in other words
(100) Ei(P) Cspan {p],1 <j < N(w)}
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Step 2.b: Each eigenvalue X in o(P) N {|z| =1} is semi-simple
This amounts to prove that for any A € o(P) N {|z| = 1}

(101) Ker (P —\I)*> =Ker (P —\I)

—ak; L

Let us prove that algebraic multiplicity of A = e**” is 1. The proof for A = e is the same. If

(101) were not true, there would exist 1 # 0 ( a generalized eigenvector) such that
(P—e®i)249p =0 and (P —e™t)ey #£0.
As (P — e*il)qp € Ker(P — e*il), according to Proposition 4.12 and (100), we deduce that
(P—e*typ = > af¢f.
0/ky=k;

We then easily compute by induction over n > 1 that

(102) VneN, P =eily4penbhl Z al o
0 ko=k;

Let us now define the function v(¢)) € L3 (QT) by

loc
(103) VneN, v)e, = ¢ (P”LZJ) + ¢t (P”“@/}),

which belongs to H} () and satisfies (30)(i)(ii)(iii) by Theorem 4.5 again. Let us compute the

energy flux of this function, as defined in (13)

q(v(¥),v(¥)) = Im/ ) (Ap Vo(y) - eq) v(t) dxs.

Since v(v)) satisfies (30)(i)(ii), we recall that the above integral is independent of n which gives,
using (103) and the definition (66) of the operators T4,

(104)  VaeN, Im((7+ M Ty, ¢ =T (T + M) Py, Py

Using the expansion (102) and the bi-orthogonality property (21) in (104), we compute that, for
all n,

n2 Z ‘az‘Q q<wzr’w;) — nlm <6ijL(TOO+elkjLTlo)'¢y Z CLZFQO€+>
kp=k; kp=k;

+ n1m< Z ajgoj,elka(TOO+eZkaTlo)w>

Cko=k;

To

(105)

Dividing (105) by n and making n — +o0, we deduce that, for all £ such that k, = k;, ¢(w, , w/}) = 0.
This is impossible since w? ¢ o ,.

Step 2.c : Spectral decomposition of u(y). Since the spectrum of P is discrete and the subset
situated on the unit circle has no accumulation point, according to [18, Theorem 6.17], we can
introduce the Riesz’s projector II; (see [7, 36]) defined by the Cauchy integral

1 . _
(106) I = — [ (P—2)"'dz, cs={(1+8/2)¢e”,0€0,2n]} U{(1—5/2) e ™. 0¢€]0,2n]}
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where ¢ is less than the distance between o(P) N {|z| # 1} and the unit circle. From Step 2.b., we
have Im II; = F;(P) since the Riesz’s projector is a projector on a generalized eigenspace. We
then define the second projector I, = I — II; with image Fs(P) := Im Il,, and using [37], we can
assert that

(107) HY*(Ty) = Ey(P) @ Eyo(P), P Ey(P) C Ey(P).

These two projectors thus satisfy the properties

(108) I =1I;, ILP=PI; j=12 ILIb=II;=0

from which it is easy to deduce that, defining P; =11, P = PII;,

(109) VYneN, P'=P'+ P

therefore, according to (97), u(¢) can be decomposed as

(110) ulp) = ui(p) +uz(p),  wi(p)le, =’ (Fip) + e (Pfp), VneN, j=12
Note that each P; is a solution of the Riccati equation so that, by Theorem (4.5),

(111) u(p) € Hp.(Q), =V - (A, Vu(p)) —w?byu(p) =0, in QF, (A, Vu)-v =0 on o0\ Ty.

Step 2.d : Behaviour at infinity of u(y). By construction, the spectrum of Py is o(P,) =
{0} U (o(P)Nn{|z| < 1}) so that the spectral radius of P, p(P,), satisfies p(P,) <1—6 < 1.

Since p(P,) = liT |P||%, where || - || is the norm in L(H'Y?*(Ty)), we deduce that for all n
m—r—+00

(112) P} < C e ™, for some C,a’ > 0.
Then, according to (110) and (111), it is easy to see that for 0 < o < o
(113) e*T 4 uy(p) € HY(QM).

Since P, = PIIy, for n > 1, P! = P"II, thus ui(p)|c, = e®(P"II1p) + ' (P""11,p). Since
Ilip € E(P) Cspan {¢;,1 < j < N(w)}, we can write

N(w)
(114) V=1, w(p)le, = Y a; ((Prg))+e' (P"e))) Z aj w

Jj=1

where the last equality comes from w;” = u*(¢}), cf. (83), and formula (65). Joining (110), (113)
and (114), it is clear that u(y) satisfies the outgoing radiation condition (Definition (2.1)). This
concludes the proof. n

4.4 The DtN reduction method and corresponding algorithm

In this last section, we put together all the pieces of the puzzle that we began in Section 3.2 and
continue up to section 4.3.
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According to Section 3.2, we first wish to compute the solution u of (27) inside the bounded
domain €2y by solving the problem

—V - (AVuy) —w?buy = f in Qy,
(115) AVuy-v=0 on 9 \ T,
AVuo-ed+Au0:O on Fo.

From Lemma 3.7 and Theorem 3.8, we know that this problem is well-posed and from Lemma 3.6
we know that its solution ug characterizes the restriction of u to €2y. This lemma also says that
the restriction of u to QT = Q \ Qq is then given by u™(p), see (30), with ¢ := ug|r,.

From the practical point of view the problem is that finding u™ (), and thus the operator A which
is defined from u* () amounts to solving a problem in an infinite domain, namely Q. However,
the content of Sections 4.1 to 4.3 allows us to circumvent this problem, through the introduction of
the local DtN operators T (see (66, 67), the propagator P characterized by Theorem 4.13, and
the cell by cell reconstruction formula (65) for u*(¢). The last piece of the puzzle is a practical
formula for the operator A. Such a formula is an immediate consequence of

Proposition 4.14. Let w? ¢ oy U J;ge U 0 e, the DN operator A is given by

(116) A=T%+TP.
where P is the propagator, characterized by Theorem 4.13, and the T are the local DtN operators.

Proof. From , we know that, in the first cell Co, u*(p) = eg(¢) + €1(Pp). Thus
Ap = —A,VuT () - ealr, = —A,Veo(¢) - ealr, — A, Veo(Py) - ealr,

and the conclusion follows from the definition of 7% and 71°. |

We then propose the following algorithm for the solution of (27) (at the continuous level - see
Section 5.1 for the discrete counterpart).

e Step 1 : Compute the DtN operator A:

— solve the two cell problems (62-63);
— compute the local DtN operators 7%, ¢,k € {0,1} defined in (66);

— compute the unique solution P of spectral radius less than 1 satisfying the stationary
Ricatti equation (93) such that the unitary eigenvalues satisfy (94) (cf. Theorem 4.13);

— compute the DtN operator A by formula (116);
e Step 2 : Solve the problem (51) in Qy;

e Step 3 : Reconstruct the solution of (27) in Q7 cell by cell, using the formula

(117) Vn € N, u+(¢)|cn = 2 (P"p) + ! (P ).
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5 Numerical approximation : algorithm and results

5.1 Finite element approximation and related algorithm

We now describe in some details, the discretization of the algorithm of section 4.4 in the case d = 1
(however, the generalization to d = 2 is quite straightforward). The discretization of the various
PDEs to be handled is chosen to be based on the Lagrange finite element method.

For the cell problems, we shall consider a conforming triangular mesh 7;(C) whose ”trace” on I/
defines a 1D mesh T, (IV) of V. A useful property that we shall ask to this mesh is

(118) The mesh T},(f2) is periodic, that is to say T,(I'1) = Tr(To) + L eq

where, implicitly, each mesh is identified to the set of its edges. In the following, we denote
Vi(Q) € H'(Q) the usual approximation subspace based on Py-Lagrange finite elements (for some
degree k > 1) and define the corresponding trace spaces (also of Py-Lagrange type, but in 1D)

(119) Vi(T9) = {on|rs [ ve € Vi(Q)} € HYA(Ty).
The interest of the periodicity assumption (118) lies in the following observation
(120) (118) = one can make the identification V},(I'y) = V},(T'y).

In the following, we shall denote N := dim V}(I'g) and we explain below how we construct a
discrete DtN operator Ay, which is decomposed into several steps according to Section 4.4.

Definition of the discrete local DtN operators. These will be defined as operators 7, in
L(Vi(To)), £,k € {0,1}?, thanks to the identification (120). In some sense, we use the same finite
dimensional subspace V},(Ty) for the approximation of both infinite dimensional spaces H'/?(T)
and H~Y2(I'y). We simply need to define T %y, for any ¢, € Vj,(T'y). This is done consistently
with the definition (66) of 7%y, in a weak (or variational) sense :

e We introduce e} (o) € V() the function issued from the standard Lagrange finite element
approximation of the boundary value problem (62, 63) for ¢ = ¢, (we omit the details).

e We define T,%*¢p;, from

(120) ¥y € VlTo), (T, = [ (8aVehlon) - ek On) - o byehn) )

Co

In practice, given a basis {¢},..., N}, for instance the usual finite element basis, each T;* is
represented by a N x N matrix.

Definition of the discrete propagation operator P;,. Again, this operator will be searched
as an element of £(V},(I'y)). Of course, in view of (93), this operator will be searched as a solution
of the Riccatti equation
(122)

Find Py, € ﬁ(Vh(FO)) such that 7,(X) := T,/ P} + (Thoo + TH)Ph + T =0and p(Py,) < 1.

More precisely, in view of the characterization of the continuous propagation operator P as the
unique solution of (93) that satisfies (94), we use a spectral approach to characterize the operator
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Pp, as "the good” solution of (122). The approach is as follows.
We introduce the following quadratic eigenvalue problem seen as an approximation of (85):
(123) Find A € C such that Ker 7,(\,) # 0.

The determinant det 75, (\) is a polynomial of degree 2N and, for simplicity of the presentation,
we shall assume in the following that

(124) All the roots of det 7,(A\) = 0 are simple.
This situation is of course generic and is the one that one encounters most often in practice.

Since the matrices T,%*, £,k € {0,1} are easily shown to satisfy the same adjointness properties as
T%., ¢,k € {0,1} as described in Proposition 4.3, it is easy to show that for any \ # 0

Ker T,(A\) #0 <= Ker T,(1/)\) # 0.

As a consequence, the set S}, of solutions of (123) can be described as follows
(125) Sp={(0 AT, A, AV NI <L Ay # X for j # 5
A consequence of (124) is that

V1<j <N, dimKer 7,(}\;) =dim Ker7,(\; ') = 1
and one can find, for each j, (¢;, ¢;) € Vi(I'o), normalized in L*(I'g) for instance, such that
(126) Ker 7,()\;) = span ¢;, Ker 77L()\j_1) = span ¢j,
Let us partition {1,2,---, N} as

(1,2, N} =I,n1L, whereje I, <= |\ =1

Let us define
(127) cn(pn) = Im (T3 + AT, )pn, n)r, for any @, € Vi(To).

When j € I, according to Theorem 4.13, we expect that one and only one of the two numbers
(cn(), en(3)) is strictly positive.

If (124) holds then we can now construct the operator Pj, by constructing a system of hopefully
linearly independent {11, s,- - , ¥y} of Vi (T'g), so that they form a basis of V},(I'g), in which the
operator Py, will be diagonal. More precisely

(i) For i € I, we set ¢; := @; and Pptp; == \; 95
(128) V; = @; and Ppap; i= Ay if en(ip;) <0,
¥j =3 and Py := ANy if en(]) < 0.

The operator Py, is then fully defined if we assume that {1y, 19, - ,¥n} is a basis of V,(I'y).

(ii) For i € I,, we set {
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Definition of the discrete DtN operator A,. According to (116), we simply define
(129) A =T + T, Py € L(Vi(To)).

The discrete problem in bounded domain €),. As for the cell problems, we shall consider a
conforming triangular mesh 7, (€2) whose trace on Iy coincides with the 1D mesh 7, (I'y) introduced
previously and we denote V4, (€Qg) C H*() the usual approximation subspace based on Pj-Lagrange
finite elements of degree k. According to Section 3.2 and more precisely (53), the discrete solution
in Q, denoted uY, will be the solution of the variational problem

Find uop, € Vi(£) such that agp(uop,v) = fon, Yo, € Vi(Qp), with

(130) o

V (un, vn) € Vi(Q0)%,  aop(un, vy) = / [A Vuy, - Vo, — w? buhﬁh] + (Apup vp)r,
Qo

The discrete solution outside €)y. According to (117), once uq, is computed, we can construct
an approximation wuy, of the exact solution u, cell by cell, with the formula

VneN, uple, =ep(Pron) +e (Pron)  with @ := ugalr,.

5.2 Numerical experiments

In this last section, we report on two series of numerical experiments done in the 2D case (d = 1).

Numerical experiments 1: This concerns the case of a locally perturbed periodic waveguide.
More precisely, we consider the following problem

(131) {—Au—w2bu:f in

Vu-v=>0 on 0f).

where €2 is a locally perturbed periodic waveguide whose shape is represented in Figure 3, the
periodicity cell C is such that C C (1/2,3/2) x (0,1), f, represented in Figure 3 (top figure), is a
compactly supported source such that

(132)  f = 25x0q, (71, 72) exp(—100(x7 + (x5 — 1/2)?)), with Qp:=QN{-1/2 < x; < 1/2},
and b, represented in Figure 3 (bottom figure), is a local perturbation of a periodic coefficient:

10 if (2 — 1)2 + (25 — 0.5)2 < 0.22

1 else

Supp(b — b,) C Qy, b{Qo =1, bp}c = {

In Figure 3, the domain € is delimited by white lines. As the domain has two periodic outlet
at infinity, one has a priori to solve not one half-waveguide problem but two (independent) half-
waveguide problems set in QF := QN {+x, > a} in order to compute two Dirichlet-to-Neumann
operators A* and restrict the computation in €

—Aug — w?bug = f in Qp
(133) Vu-v=0=0 on 09 N 98;
+Vug-eq + AT ug =0 onT* :={(z,y),r = +a}
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Figure 3: The compactly supported source term (top figure) and the local perturbation of the
periodic coefficient (bottom figure) represented in the locally perturbed periodic waveguide 2 that
are considered in Problem 131.

However because of the position of the artificial boundaries I'*, the symmetry in z; of the period-
icity cell, one can show that the associated propagative operators are equal and the same holds for
DtN operators: PT =P~ =P and AT =A" = A.

In order to illustrate the theoretical results of the paper and the algorithm presented in the
previous section, we consider different values of w: three values, w! = V29, w? = /360,w3 = V418
are such that (w!)? ¢ 0™, i.e the w!’s are not propagative frequencies and three values, w) =
10,w? = 20,w? = 50 are such that w) € 0, i.e the w)’s are propagative frequencies, where we
recall that ¢ is the essential spectrum of the underlying periodic operator (defined in (3)). The
position of these values with respect to the essential spectrum (in blue) is represented in Figure 4.
Note that the essential spectrum is obtained from a numerical computation (this is done only for
the illustration, this computation is not necessary in our algorithm).

Figure 4: Essential spectrum (in blue) and position of the non propagative frequencies w’ and the
propagative ones w;.

For each frequency, we use Pi-Lagrange finite elements with A = 0.005. As described at the
end of Section 4.4, we solve the two cell problems, compute the discrete local DtN operators and
finally solve the discrete Ricatti equation by solving the discrete quadratic eigenvalue problem,
as described in Section 5.1. We represent, for the values of the frequencies mentioned above, in
Figure 5 the eigenvalues of the discrete propagative operator Pj, and some of the solutions of the
quadratic eigenvalue problem which are not eigenvalues of P,. We recall that for non propagative
frequencies, the solutions of the quadratic eigenvalue problem are strictly inside the unit cell or
strictly outside: the operator P, is constructed from the eigenvalues, which are strictly inside the
unit circle, and their associated eigenvector. Whereas for propagative frequencies, a finite (and
even) number of the solutions of the quadratic eigenvalue problem are on the unit circle. For each
of theses values, we compute the associated quantity defined in (127): this is an eigenvalue of Py, if
and only if this quantity is negative.
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Figure 5: The eigenvalues of the discrete propagative operator Py, (filled circle) and some other
solutions of the quadratic eigenvalue problem (empty circle) for the values of the frequencies
represented in Figure 4

We can finally compute the DtN operator and solve (133). The solution can be reconstructed in the
whole waveguide, as explained in (117). The solution of the values of the frequencies represented
in Figure 4 is represented in Q N {—6.5 < 24 < 6.5} in Figure 6. Note that all the solutions
are symmetric with respect to the axis 1 = 0 and x5 = 1/2. This is due the same symmetry
property of the domain €2, the source term f and the coefficient b (see Figure 3). Note also that
the solutions for the non-propagative frequencies decay when x; — +oo: each solution is actually
exponentially decaying at the infinities and its exponential rate is linked to the modulus of the
largest (in modulus) eigenvalue of the associated propagative operator (see Theorem 4.8 and its
proof). Note for instance that w = w?, the decay of the solution is really clear whereas for w = w!
or w3, the decay of the solution is not obvious (for theses cases, the largest eigenvalue has a modulus
closed to one).

Numerical experiments 2: This concerns the case of the junction of two different half-
waveguides. More precisely, we consider the solution of (131) for the domain €2 whose shape is
represented in Figure 7, the source term f, represented in Figure 7 (top figure), is given by (132)
(same as the first numerical experiment) and the coefficient b, represented in Figure 7 (bottom
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figure), is 1—periodic in Q N {z; < —1/2} and given by

b ~ )10 if [z, +1] < 0.4 and |z, — 0.5 < 0.4
‘Qﬂ{—3/2<:c1<—1/2} - 1 else:

it is 1—periodic in Q N {z; > 1/2} and given by

b‘ﬂﬂ{1/2<m1<3/2} =1+ 16exp(—((z1 — 0.9)* + (22 — 0.4)*)/0.2%)
and finally
bl, =1,
0

The waveguide has two different periodic outlets at infinity (different geometries and different
coefficient). One has to solve the two different (independent) half-waveguide problems in order to
compute the two propagative operators P,f corresponding to each half-waveguide (the eigenvalues
of the two propagative operators are represented in Figure 8 for w = 20). Note that the considered
frequency w = 20 is a propagative frequency for each half-waveguide. Note also that there are
much more propagative modes for the left half-waveguide than for the right one. Finally, the DtN
operators can be computed, Problem (133) can be solved and the solution can be reconstructed in
the whole waveguide. The solution for w = 20 is represented in Q2 N {—6.5 < x; < 6.5} in Figure 9.

_._] )
0
_.m] )

1

Figure 7: The compactly supported source term (top figure) and the coefficient (bottom figure)
represented in the junction of two different half-waveguides €2, the associated solution is represented
in Figure 9 for w = 20.
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