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ON WEYL’S TYPE THEOREMS AND GENERICITY OF
PROJECTIVE RIGIDITY IN SUB-RIEMANNIAN GEOMETRY

FREDERIC JEAN, SOFYA MASLOVSKAYA, AND IGOR ZELENKO

ABSTRACT. H. Weyl in 1921 ([8]) demonstrated that for a connected manifold
of dimension greater than 1, if two Riemannian metrics are conformal and have
the same geodesics up to a reparametrization, then one metric is a constant
scaling of the other one. In the present paper we investigate the analogous
property for sub-Riemannian metrics. In particular, we prove that the analo-
gous statement, called the Weyl projective rigidity, holds either in real analytic
category for all sub-Riemannian metrics on distributions with a specific prop-
erty of their complex abnormal extremals, called minimal order, or in smooth
category for all distributions such that all complex abnormal extremals of their
nilpotent approximations are of minimal order. This also shows, in real an-
alytic category, the genericity of distributions for which all sub-Riemannian
metrics are Weyl projectively rigid and genericity of Weyl projectively rigid
sub-Riemannian metrics on a given bracket generating distributions. Finally,
this allows us to get analogous genericity results for projective rigidity of sub-
Riemannian metrics, i.e. when the only sub-Riemannian metric having the
same sub-Riemannian geodesics , up to a reparametrization, with a given one,
is a constant scaling of this given one. This is the improvement of our results
on the genericity of weaker rigidity properties proved in recent paper [5].

1. STATEMENT OF THE PROBLEM AND MAIN RESULTS

In Riemannian geometry, projectively (or geodesically) equivalent metrics are
Riemannian metrics on the same manifold which have the same geodesics, up to
reparameterization. The local classification of all pairs of projectively equivalent
Riemannian metrics under natural regularity assumptions was maid by Levi-Civita
in 1896 ([7]). This paper is devoted to the projective equivalence of more general
class of metrics, the sub-Riemannian metrics and is a continuation of our recent
work [5].

A sub-Riemannian manifold is a triple (M, D, g), where M is a smooth connected
manifold, D is a distribution on M (i.e. a subbundle of T M) which is assumed to
be bracket generating everywhere in the sequel without special mentioning, and g
is a Riemannian metric on D, and thus defines an Euclidean structure on every
fiber of D. We say that g is a sub-Riemannian metric on (M, D). Consider the
optimal control problem of minimizing the corresponding energy functional E(y) =
f g(¥,7) dt on the space of absolutely continuous curve tangent to D. The geodesics
of the sub-Riemannian metric g are projections of the Pontryagin extremals for this
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problem. Sub-Riemannian Pontryagin extremals and the corresponding geodesics
can be of two types, normal or abnormal.

The normal Pontryagin extremal of the sub-Riemannian metric are integral
curves of the Hamiltonian system for the corresponding Hamiltonian &, living on
a mnonzero level set of this Hamiltonian. The Hamiltonian h : T*M — R of the
sub-Riemannian metric g is defined by

1 *
(1.1) ha.p) =5 lpllz, g €M, peTiM,

where

Ipllq = max {(p,v) : v € D(q), g(q)(v,v) =1},  peT;M.
The abnormal Pontryagin extremals live in the zero level set of h, or, equivalent,
on the annihilator D+ of the distribution D, i.e.

Dt ={(q.p) €T*M :q€ M, peT; M, p|py =0}

Their description is more involved, as they are not the integral curve of the sub-
Riemannian Hamiltonian h, and will be given in section 5. Abnormal geodesics
depend only on the distribution D, not on g, so they are automatically the same
for all sub-Riemannian metrics on the same distribution.

Riemannian metrics appear as the particular case of sub-Riemannian ones, where
D =TM. The classical Riemannian geodesics can be equivalently described as the
normal geodesics coming from the corresponding Hamiltonian (1.1). Riemannian
metrics do not have abnormal geodesics. We thus extend the definition of projec-
tively equivalence to sub-Riemannian metrics in the following way.

Definition 1.1. Let M be a manifold and D be a bracket generating distribution
on M. Two sub-Riemannian metrics g1 and go on (M, D) are called projectively
equivalent at g € M if they have the same geodesics, up to a reparameterization,
in a neighborhood of qg.

The trivial example of projectively equivalent metrics is the one of two constantly
proportional metrics g and cg, where ¢ > 0 is a real number. We thus say that
these metrics are trivially (projectively or affinely) equivalent.

Definition 1.2. A sub-Riemannian metric g on (M, D) is said to be projectively
rigid if it admits no non-trivially projectively equivalent metric.

It is still a widely open problem to classify all pairs of projectively equivalent
sub-Riemannian metrics. A much easier task is to study whether the projectively
rigid sub-Riemannian metrics form a generic set in the space of all sub-Riemannian
metrics on a connected manifolds. In studying this question one naturally arrives
to the following weaker (intermediate) notion of rigidity.

Definition 1.3. A sub-Riemannian metric g is said to be conformally projectively
rigid if any metric projectively equivalent to g is conformal to g.

In our recent paper [5] we proved the following genericity results for conformally
projective rigidity:
Theorem 1.4. Let M be a smooth manifold and D be a smooth distribution on

M. A generic sub-Riemannian metric on (M, D) is conformally projectively rigid.

Theorem 1.5. Let m and n be two integers such that 2 < m < n, and as-
sume (m,n) # (4,6) and m # n — 1 if n is even. Then, given a smooth n-
dimensional manifold M and a generic smooth rank-m distribution D on M, any
sub-Riemannian metric on (M, D) is conformally projectively rigid.

The latter theorem is based on the following result also proved in [5].
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Theorem 1.6. If D is a bracket generating distribution on a connected manifold
M such that the nilpotent approximation of it at every point of an open and dense
subset of M does not admit a product structure, then any sub-Riemannian metric
on D is conformally projectively rigid.

In light of these results, it is natural to ask whether conformally projective
rigidity can be replaced by just projective rigidity in both of these theorems. In
the Riemannian case H. Weyl in 1921 ([8]) demonstrated that for dim M > 1,
if two Riemannian metrics are conformal and have the same geodesics up to a
reparametrization, then one metric is a constant scaling of the other one.*

Definition 1.7. A metric g is said to be Weyl projectively rigid if any metric,
which is simultaneously conformal to g and projectively equivalent to g is constantly
proportional to g.

So, in this terminology the Weyl theorem says that for dim M > 1 any Rie-
mannian metric is Weyl projectively rigid. While in Riemannian case the proof of
this result is rather trivial, it is not known yet whether the same statement is true
for all sub-Riemannian metrics. The main problem that arises in trying to prove
this statement for the general sub-Riemannian case is the presence of abnormal
extremals. The main objective of the present paper is to study under what condi-
tions are sub-Riemannian metrics Weyl projectively rigid. Studying the solvability
of the equations for projective equivalence, one inevitably arrives to the questions
of divisibility of certain polynomials on the fibers of the cotangent bundle T*M,
so it is natural to complexify the picture by complexifying not only the fibers of
T*M but the manifold M itself which is possible, at least locally, under assumption
that M is real analytic. This leads naturally to the necessity to consider the notion
of complex extremals and geodesics. Very roughly speaking, we show that a real
analytic sub-Riemannian metric is Weyl projectively rigid either if the underlying
distribution does not have too much complex abnormal geodesics through a point
or does not have too much complex non-strictly normal geodesics, i.e. complex
normal geodesics which are simultaneously abnormal. Our condition are already
enough to prove the Weyl projective rigidity for appropriate generic class of sub-
Riemannian metrics in real analytic category (see Theorems 1.12 and 1.18) below)
so that it is possible to replace conformally projective rigidity by projectively rigid
in Theorems 1.4 and 1.5.

Now we will describe our results in more detail. Assume that (M, D,g) is a
real analytic sub-Riemannian structure. Locally (i.e. in a neighborhood of any
points of M) we can consider a complex manifold CM, a complezification of M, by
extending the transition maps between charts, which are real analytic by definition,
to analytic functions. We can extend locally the (real-analytic) distribution D and
sub-Riemannian metric g to the (complex) analytic distribution CD and a field of
symmetric forms ¢€ on each fiber of this distribution.

We can also consider the (complex) cotangent bundle T*CM of CM whose fibers
are complex vector spaces. We can extend the sub-Riemannian Hamiltonian h
defined by (1.1) analytically to the complex Hamiltonian h® on this bundle and
consider the corresponding complex Hamiltonian vector field. The complex normal
extremals are by definition the integral curves of this vector field and the complex
normal geodesics are projections of these integral curves to CM.

Remark 1.8. Note that after the complexification the zero-level set (h©)~1(0) of
the complex sub-Riemannian Hamiltonian hC is strictly larger that the annihilator

Mn fact this is a simple consequence of the Levi-Civita classification in [7] which was written
much earlier than [8] but we prefer to relate it first to H. Weyl as the great founder of both
conformal and projective geometry.
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CD* . The integral curves of the complexified Hamiltonian lying in (h¢)~1(0)\CD*
play the same role as null geodesics in the pseudo-Riemannian geometry and, in
particular, they are the same, up to reparameterization, for all sub-Riemannian
metrics from the same conformal class. We will call them and their projections to
CM the complex null normal extremals and geodesics, respectively.

Also, we can define Jacobi curve and the corresponding osculating flag for every
complex normal extremal. Further, manipulating with the annihilators (CD)* of
the complex distribution CD in the complex cotangent bundle of CM, similarly
to the standard real case, we can define complex abnormal, and consequently the
strictly normal sub-Riemannian geodesics (see section 5 for more detail).

We also need the notion of a corank of a geodesics. From now on by dimensions
we will mean complex dimensions. Given a complex normal geodesic v of a sub-
Riemannian metric g we say that a complex Pontryagin normal extremal projected
to v as parameterized curve is a Pontryagin normal lift of v. Given an abnormal
geodesic 7y of a distribution D we say that a complex Pontryagin abnormal extremal
projected to v is a Pontryagin abnormal lift of . The projection of this lift to the
projectivized cotangent bundle PT*M will be called the projectivized Pontryagin
abnormal lift of v. The corank of a complex normal geodesics 7y of a sub-Riemannian
metric g is by definition the dimension of the affine space of the normal Pontryagin
lifts of «y. The corank of a normal geodesic is a nonnegative integer.

The corank of a complex abnormal geodesic v of a distribution D is by definition
the dimension of the (vector) space of all its abnormal lifts. The corank of an
abnormal geodesic is a positive integer.

Remark 1.9. Note that if (y(t),pi(t)) and (v(t),p2(t)) are two distinct normal
lifts of a normal geodesics v (which are either both null or both non-null), then
(7(t), p2(t) —p1(t)) is an abnormal lift of 7. Similarly, if (y(¢), p1(t)) is an abnormal
lift of a geodesic v and (7y(t),p2(t)) is a normal lift of ~, then (y(t),p1(t) + p2(t))
is a normal lift of ~.

From the previous remark it follows that a normal geodesic v is simultaneously
an abnormal geodesic if and only if its corank is greater than 0 and in this case the
corank of v as normal geodesics is equal to the corank of v as abnormal geodesics.

Further, if given positive integers k and s, there exists a nonzero number ¢ €
C and a (s + # + 1)-dimensional submanifold of the c-level set (h€)~!(c) of the
complexified sub-Riemannian Hamiltonian A which is foliated by complex normal
extremals of corank x, then we say that the projections of these extremals to M
form an s-parametric family of complex normal geodesics of corank k.

Also note that the nilpotent approximation (even of a smooth but not real an-
alytic sub-Riemannian structure) is always real analytic as it is a left-invariant
structure on a nilpotent Lie group. The following two theorems are our main re-
sults on Weyl projective rigidity in terms of normal geodesics:

Theorem 1.10. Assume that (M, D, g) is a smooth sub-Riemannian manifold such
that its nilpotent approximation at every point of an open and dense subset of M
satisfies the following property: for every positive k € N, there is no (n —2 — K)-
parametric family of corank k non-strictly normal complex geodesics through a point.
Then the metric g is Weyl projectively rigid.

Theorem 1.11. Assume that (M, D, g) is a real analytic sub-Riemannian manifold
such that there is no open set U in CM with the following property: for some positive
integer k < n— 2 through any point q € U there is an (n — 2 — k)-parametric family
of corank k non-strictly normal complex geodesics. Then the metric g is Weyl
projectively rigid.
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These two theorems will be proved in section 4, based on more general but
technical Theorem 3.2, proved in section 3.

The conclusion of Theorems 1.10 and 1.11 for a sub-Riemannian structure holds
in particular when either the sub-Riemannian structure is smooth, and its nilpo-
tent approximation do not have complex non-strictly normal geodesics or the sub-
Riemannian structure is real analytic and does not have complex non-strictly nor-
mal geodesics. The latter holds generically. It follows from the complex analog of
[3, Proposition 2.22], which has literally the same proof. To summarize, we have
the following result on genericity of the Weyl rigidity:

Corollary 1.12. Let M be a real analytic manifold and D be a real analytic distri-
bution on M of rank greater than 1. A generic real analytic sub-Riemannian metric
on (M, D) is Weyl rigid.

Now we formulate our main results on Weyl projective rigidity in terms of com-
plex abnormal extremals. We will use the notion of an abnormal extremal of min-
imal order, introduced in [2], see Definition 5.2 below. The condition of minimal
order implies in particular that on a set of full measure such abnormal extremal
is tangent to a prescribed line or equivalently, on a set of full measure the germ
of the extremal at any point of this set is uniquely determined by this point. The
following two theorems will be proved in section 5.

Theorem 1.13. Assume that D is a smooth distribution on a connected manifold
M such that its nilpotent approzimation at every point of an open and dense subset
of M satisfies the following properties: every complex abnormal extremal of the
nilpotent approximation is of minimal order. Then any smooth sub-Riemannian
metric on D is Weyl projectively rigid.

Theorem 1.14. Assume that D is a real analytic distribution on a connected
manifold such that every complexr abnormal extremal of D is of minimal order.
Then any real analytic sub-Riemannian metric on D is Weyl projectively rigid.

The direct consequence of Theorems 1.6 and 1.13 is the following.

Corollary 1.15. If D is a smooth bracket generating distribution on a connected
manifold M such that the nilpotent approrimation D of it at every point of an
open and dense subset of M does not admit a product structure and every complex
abnormal extremal of D is of minimal order, then any smooth sub-Riemannian
metric on D is projectively rigid.

Based on the last corollary we can easily find many new classes of distributions on
connected manifolds for which all sub-Riemannian metrics on them are projectively
rigid (before this statement was known for contact distributions only ([9])). For
example, this will be true for the following distributions, for which it is easy to see
that all possible nilpotent approximations satisfy conditions of Corollary 1.15:

(1) Engel distributions, i.e. rank 2 distributions on 4-dimensional manifolds
with the small growth vector (2,3,4);

(2) Rank 2 distributions on 5-dimensional manifolds with the small growth vec-
tors (2,3,5);

(3) rank 3 distributions on 5-dimensional and 6 dimensional manifolds with the
small growth vectors (3,5) and (3,6), respectively;

(4) Rank 2 distributions on 6 dimensional manifolds with the small growth vec-
tors (2,3,5,6);

(5) Rank 2 distributions on 7 dimensional manifolds with the small growth vec-

tors (2,3,5,7) or (2,3,5,6,7).
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Remark 1.16. Conditions of minimal order in Theorems 1.13 and 1.14 can be re-
placed by much weaker but much more technically formulated condition, see sub-
section 5.5.

Further, the main result of [2, Theorem 2.4] states that all (real) abnormal
extremals of a generic smooth rank m distribution are of minimal order and corank
1. This result can be literally extended to the complex abnormal exttremals of real
analytic manifolds), because the genericity condition in [2, Theorem 2.4] is given by
the complement of algebraic conditions with respect to the fibers of T*M so that
the complexification can be done. So, the following theorem holds.

Theorem 1.17. All complex abnormal extremals of a generic rank m real analytic
distribution distribution are of minimal order and corank 1.

Combining this theorem with Theorem 1.13 we get one more genericity results
on the Weyl rigidity.

Corollary 1.18. Let m and n be two integers such that 2 < m <n. On a generic
real analytic rank m distribution D on a connected n-dimensional real analytic
manifold M any sub-Riemannian metric is Weyl projectively rigid.

Finally, as immediate consequences of Theorems 1.4 and 1.12 and Theorems 1.5
and 1.18, respectively, we get the following two genericity results for projective
rigidity, improving the main results of [5].

Corollary 1.19. Let M be a real analytic manifold and D be a distribution on M.
A generic real analytic sub-Riemannian metric on (M, D) is projectively rigid.

Corollary 1.20. Let m and n be two integers such that 2 < m < n, and as-
sume (m,n) # (4,6) and m # n — 1 if n is even. Then, given a smooth n-
dimensional manifold M and a generic smooth rank m distribution D on M, any
sub-Riemannian metric on (M, D) is projectively rigid.

2. THE FUNDAMENTAL ALGEBRAIC SYSTEM IN THE CONFORMAL CASE

2.1. Equations for orbital diffeomorphisms in local coordinates. In this
subsection, following [5], we introduce orbital diffeomorphisms between extremal
flows and explain their relation to the projective equivalence, then deduce the
equations for orbital diffeomorphisms in local metric for projective equivalent and
conformal sub-Riemannian metric. All formulas here can be directly derived from
the corresponding formulas in [9] and [5], where the general case (of not necessary
conformal but projective equivalent sub-Riemannian metrics) is considered. To
make the presentation self-contained we derive all formulas here in the particular
conformal case.

Let M be a manifold and D be a bracket generating distribution on M. We
consider two sub-Riemannian metrics on (M, D) that are both conformal and pro-
jectively equivalent. Let us denote these metrics by g and a?g, where o : M — R is
a never vanishing smooth function. Let h; and hso be the sub-Riemannian Hamil-
tonians of g and a?g, respectively. Obviously

1

1
Denote H; = hy'(1/2) and Hy = hy'(1/2) the respective E—level sets of these
Hamiltonians. Also let 7 : T*M — M be the canonical projection.
One says that hy and he are orbitally diffeomorphic on an open subset V; of Hy
if there exists an open subset V5 of Hy and a diffeomorphism ® : V; — V5 such
that @ is fiber-preserving, i.e. w(®(\)) = m(\), and ® sends the integral curves of
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ﬁl to the reparameterized integral curves of }_ig, i.e., there exists a smooth function
s = s(A,t) with s(X,0) = 0 such that ®(e*"1\) = e*"2(®(N)) for all A € V; and
t € R for which e* ) is well defined. Equivalently, there exists a smooth function
¢(\) such that

(2.2) d® o hy(N) = c(A\)ha(®(N)).
The map ® can be extended as a mapping ® from 7% M\ k] *(0) to itself by rescaling,

_ A
d(N\) = /2 (N <T(A)> .

The resulting map is called an orbital diffeomorphism between the extremal flows of
g and a?g. In the considered case, from (2.1) and the fact that ® is fiber-preserving
it follows immediately that the function c¢(A) in (2.2) coincides with the function
aom(N)), i.e. we have

(2.3) d® o hi(\) = a o (M) ha(B(N)).

In [5] we established the relationship between projective equivalence of sub-
Riemannian and orbital equivalence of the corresponding sub-Riemannian Hamil-
tonians. In particular, in Proposition 3.4 there we proved that there exists a local
orbital diffeomorphisms ® between the Hamiltonian vector fields associated with g
and o?g near generic? point of T*M.

Now we will work in coordinates on fibers of T*M induced by an appropriate
local moving frame on M. Fix a point ¢o € M and choose a frame {X1,..., X, } of
TM adapted to D at gg such that Xy,...,X,, is a g-orthonormal frame of D. At
any point ¢ in a neighborhood U of gy, the basis X1(q), ..., X, (¢) of T,M induces
coordinates (u1, ..., u,) on T, M defined as u;(q, p) = (p, Xi(q)). These coordinates
in turn induce a basis dy, , . . . , O, of Ta(T; M) for any A € 77'(q). Fori=1,...,n
we define the lift ¥; of X, as the (local) vector field on T*M such that 7..Y; = X;
and du;(Y;) = 0 V1 < j < n. In this way the local frame {X;,...,X,} on M
induces the local frame

(2.4) (Vi) Yo, Ouysnn s 00}

on T*M. By a standard calculation, we obtain hy = £ 3> u? and

(2.5) Zqu +Z Z c; uzukau

i=1 j,k=1

where cfj, i,j5,k € {1,...,n} are the structure functions of the frame {X1,..., X, },
defined near gy by

(X, X;] ZC”Xk

- - —
Further, from (2.1) it follows that hy = —2h1 + hl(%) and so

[e3

(2.6) hy = (Z uY; + Z Z c”u ukau]) Zé (Z u?)@uj.

i=1 j,k=1 j=1 i=1

Finally, let us denote by ®;(\), ¢ = 1,...,n, the u;~component of ®(\) on the
fiber, i.e. ®;(\) = u; o (). From (2.1) it follows that

(2.7) D = auy, fork=1,...,m

2In fact in the original formulation in [5] we used the term ample instead of generic, see
[Definition 2.9] there, but we do not really need this technicalities here.
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Substituting this into (2.3) we get the following:®

Lemma 2.1. The map ® is an orbital diffeomorphism between extremal flows of
sub-Riemannian metrics g and o?g if and only if the components ®p11,..., P,
satisfy the following system of equations:

(2.8) Z ¢k (P — qug) = Z(Xi(a)uj - Xj(@u)u;, j=1,....,m
k=m+1 i=1
(29) ﬁl(q)k — auk) = Z le(q)l — aul)+
l=m+1

+Z(Xk(0é)uzsz(Oé)Uk)’u“ k:m+15"'7na
i=1
where qji, = Y ey cfjui.

Equations (2.8)-(2.9) are obtained by straightforward calculations in the moving
frame (2.4) after plugging equations (2.5), (2.6), and (2.7) into (2.3). Equations
(2.8) are obtained by comparison of the components of d,,, of both sides of (2.3) with
j=1,...,m, while equations (2.9) are obtained by comparison of the components
of 9,, of both sides of (2.3) with k=1,...,m + 1.

2.2. Fundamental algebraic system. Now following [5] again we replace the
system (2.8)-(2.9) that contains derivatives of the unknown functions @y, k =
m+1,...,n by the (infinite) linear algebraic i.e. without derivatives) system for
that unknown function that we call the fundamental algebraic system. The process
of obtaining the latter can be seen in a sense as the infinite prolongation of the
subsystem given by (2.8) using in each step of the prolongation the equations from
(2.9).

In more details, in the first step one differentiate each of m equations from (2.8)
in the direction of h; and replace each ﬁl(fbk — auy) in the resulting expression
by the right-hand side of (2.9). In this way we get new m equations which are
linear in ®; — auy. In the next step we differentiate these new m equations in the
direction of h; and replace each 51 (P, — auy) in the resulting expression by the
right-hand side of (2.9) to obtain new m equations which are linear in ®; — cuy.
The fundamental algebraic system is obtained by repeating this process infinitely
many times. Setting & = (Upm41, ..., Upn) and P = (Pt1,- .-, Pp), the fundamental
algebraic system [5, (3.8)] writes as

(2.10) A(® — atl) = d,

where A is the matrix defined recursively in [5, (3.10)] and d is a column vector
with an infinite number of rows which can be decomposed in layers of m rows as

3From now on to simplify the notation in all relation involving functions on open sets of T* M
« actually will mean oo .
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where the coefficients df, 1 < j < m, of the vector d* € R™ are defined by

m

df = (Xi(a)u; — X;(a)uq)u;,

=1

= @)+ Y aly Y ui (Xi(o)uk — Xe(a)u).
k=m+1 1=1

(2.11)

Note that by [5, Proposition 3.11] the matrix A(u) is injective at a generic u.

2.3. Sufficient conditions for Weyl rigidity in terms of solutions of the
fundamental algebraic system. The fundamental algebraic system (2.10) im-
plies that the coordinates of ® are rational functions on the fibers. Proving that
g and a?g are proportional actually amounts to prove that these coordinates are
polynomial, as stated below.

Proposition 2.2. If there exists a local orbital diffeomorphism ® which is poly-
nomial on the fibers, then g and o®g are locally constantly proportional, i.e., « is
constant.

Before giving the proof of this result, we need to study the consequence of the
fundamental algebraic system on the nilpotent approximation.

Fix a regular point gy and denote by (M ,ﬁ) the nilpotent approximation of
(M, D) at go. We argue as in the proof of [5, Theorem 7.1], with the same notations.
In particular {Xl, . ,Xn} is a frame of TM adapted to D such that Xi,..., X,
is g-orthonormal and A is the matrix of [5, Proposition 3.10] constructed by using
{X1,..., X} as a frame.

Lemma 2.3. There exists one, and only one, solution ¥ = (U, 41,...,0,) s of
AV =d,
where, for any s € N and 1 < j < m, Czj is defined by

m

dj = Z(Xi(a)(%)“j — Xj(@)(qo)ui)ui,

it = ha(d) + Y a5 wiXi(0)(go)uk.

k=m+1 i=1
Proof. An easy induction argument based on equations (2.11) shows the following
result, similar to [5, Lemma 7.4]: for any s € N and 1 < j < m, there hold:

e for every ¢ € M near qo, dj is a polynomial in u1, . .., u, of weighted degree
deg,, (d}) < 2s;
e the homogeneous term of highest weighted degree in d;(qo) is Jj

It results from (2.10) that (A d) is not of full rank, thus also the matrix (fl ci)

is not of full rank. Since A is of full rank at a generic u by [5, Proposition 3.11],
there exists a unique element in ker (/1 J) of the form (¥, —1), which ends the
proof. (I

Using all equations above it is easy to show that ¥ has the following properties.

(i) Each Uy, k=m+1,...,n, is a rational function which is:
e homogeneous of degree 1 w.r.t. the usual degree;
e w-homogeneous with deg,, (V) = wy — 1.
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(ii) For j =1,...,m, we have
(2.12) Z ZéfjuZ\Pk = Z(Oziuj — odug)ug,
{k:wk:Q} =1 1=1
where o/ = X;(a)(qo)-
(ili) For k=m+1,...,n, we have

(2.13) ﬁ(\ﬂk) = Z Zczkuﬂl’l Za UpUs; .

{l:wj=wi+1} i=1

Lemma 2.4. Assume that the map ¥ given in Lemma 2.3 is polynomial. Then

Xi(a)(qo) =+ = Xm(a)(go) = 0.

Proof. By hypothesis, every ¥y, k =m + 1,...,n, is a polynomial. Moreover, by
Property (i) above, Uy, is a linear function of u and depends only on the coordinates
u; of weight w; = wy, —1. To simplify the notations, we use the following convention:
given a positive integer s, an index ks denotes an index of weight wy, = s and ) k.
denotes Z{ks g, =} With this notation we have, for every kg,

(2.14) Uk, = Y Choko  Uka s

where the coeflicients ey x, , are real numbers. Taking the derivative along h we

obtain

s—1

Sl

(2.15)

m
Al
(Ug,) = Z Z Ekoks 1 Ca,_, Willl,-

=1 ks_1,ls
On the other hand, plugging (2.14) into (2.13), we get
. m
(2.16) h(T,) Z Z czk el Ui, Zo/ukui.
=1 lsals+1 i=1

Fix an index ¢ € {1,...,m}. By identifying the coefficients of the monomial u;uy,
n (2.15) and (2.16), we obtain the following equality,

Ak _ ~kst1 i
E Cksks1Cik,_, = Cikey, Chkspiks — O,
kst1

and, after a summation on the ns — ns_1 indices ks,
Z éfg3715k5k571 = Z Az]z+15k5+1ks — (ns — TLS,1>Oéi.
ks—laks k81k3+1
Set Ki(s) = > 4. ki Zk "€k, 41k, - Then the above equality writes as
Ki(s —1) = Ki(s) — (ns — ns_1)a’ for s > 1.

Note that K;(r) = 0 since r is the nilpotency step. Hence,

(2.17) Ki(1) = —(n, —n1)a’ = —(n —m)a’.

Now, by plugging (2.14) in (2.12), we have, for j =1,...,m:

m m
ko ) — Lo ITAYTY
E E Cit Ehakey Willlyy = g (a'uj — o ui)u,.

ko,kq1 i=1 =1
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Given anindexi € {1,...,m}, the identification of coefficient of u;u; in this equality
gives

K ;
D E2eny = (1= 0y)al,
ko
and by summation on the indices j = ki, we obtain

Ki(1) = (m — 1)’
This equation and (2.17) imply af = 0, which ends the proof. O

Proof of Proposition 2.2. Assume ® to be defined on an open subset U of T*M.
Fix a regular point qo in 7(U) and let (M , f)) be the nilpotent approximation of
(M, D) at q0.

Let & be a nonzero maximal minor of A. It is a w-homogeneous polynomial which
is the homogeneous part of highest weighted degree of the corresponding minor
(same rows and columns) 0 of A, which is nonzero as well. It results easily from
(2.10) that, for k = m+1,...,n, we have Oy —auy = pi/d where dy, (pr) < dy(8)+2,
and Uy = pi/ 5, where py is the homogeneous part (eventually zero) of weighted
degree d,,(0) + 2 in pg. From the hypothesis of the theorem, pi/d is polynomial,
therefore ¥y, = ﬁk/g is polynomial as well and by Lemma 2.4 we get X;(a)(g0) = 0,
i=1,...,m.

Since regular points form an open and dense subset of 7(U), the functions X;(«),
i = 1,...,m, are identically zero on w(U). The family Xi,...,X,, being a Lie-
bracket generating family, we thus obtain that « is locally constant. (I

2.4. A remark on Lemma 2.3. Let & be the real-valued function on M defined
by

In a system of privileged coordinates z at go such that X;(z;)(qo) = d;j, & writes
as

&= alq) + ZZiXi(a)(QO)-

The existence of the mapping ¥ in Lemma 2.3 may be interpreted as follows.

Lemma 2.5. There exists a fiber-preserving map d : T*M — T*M such that,
on a neighbourhood of every ample covector (w.r.t. §), ® is smooth and sends the
integral curves of the Hamiltonian vector fields of the metric § to the ones of 62§.

Proof. Note that d is the vector d constructed by using {Xl, e ,Xn} as a frame
and & as conformal coefficient in (2.11). Let ¥ be the solution of AV = d and set

qA)k:(iuk, kzl,...,m,
qA)k:\I/kjL&uk, k=m+1,...,n.

Define ® : T*M — T*M as the fiber-preserving map such that uo® = (i)l, ce i)n)
It results from [5, Proposition 3.13] that ® sends the extremal flows of § to the one
of &2§ near any ample covector. O
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3. THE MOST GENERAL SUB-RIEMANNIAN WEYL TYPE THEOREM

In this section we formulate the most general technical version of the sub-
Riemannian Weyl theorem that we were able to obtain. The versions of the sub-
Riemannian Weyl theorem (Theorems 1.10 and 1.11) formulated in the Introduction
will follow from its proof.

We start with the following.

Definition 3.1. Given an open subset U of CM the function § on the complexified
cotangent bundle T*U is called a polynomial with respect to the fibers over U if, in
the canonical coordinates induced by some local coordinates in U, f is represented
as a polynomial with respect to the fibers with coefficients being holomorphic func-
tion of the base U. Further, given a point qo € M a germ over qo of polynomials
with respect to the fibers of cotangent bundle is an equivalence class of such polyno-
mials so that two polynomials are equivalent if they coincide over a neighborhood
of a point qp.

Theorem 3.2. Assume that (M, D, g) is a real analytic sub-Riemannian manifold
such that there is no non-constant polynomial & with respect to the fibers of T*U
over some open set U of CM, such that an open subset of the zero-level set of ¢ is a
manifold foliated by complex normal extremals each of which projects to non-strictly
normal geodesics. Then the sub-Riemannian metric g is Weyl projectively rigid.

Proof. Consider the map ¥ = ® — au, which is a solution of (2.10). Then by
Proposition 2.2, to get the conclusion of our theorem we only need to show that ¥
is polynomial with respect to the fibers near a point gq.

Given a positive integer k& denote by Ay the truncation up to the kth layer of
the fundamental matrix A from (2.10). By [5, Proposition 3.11] we can choose
k > n —m large enough so that at least one minor of size (n —m) x (n —m) in Ay,
is not identically zero.

From now on we work on the complexified manifold CM. The corresponding
complexified cotangent bundle T7*CM can be identified locally with C™ x C* (where
qo is identified with 0). Let O, be the set of germs of holomorphic functions on
CM ~ C™ at 0. Under the above identification, a germ of polynomials with respect
to the fibers of T*CM in the sense of Definition 3.1 can be seen as polynomials on
(the second copy of) C™ with coefficients in O,. Since O, is a factorial ring (or
unique factorization domain), the set O,[z1,...,2,] of these polynomials form a
factorial ring as well (see for instance [6]), which mean that every element can be
written as a product of irreducible elements, uniquely up to order and units.

It results from (2.10) that for any nonzero minor ¢ of A we have

(3.1) \Ili:%, m+1<i<n,
where 0 and p; are polynomial in O,[z1,..., 2,]. Canceling the greatest common
factor of the collection of polynomials {0, ppm+1,...,Pn}, We get a collection of
polynomials {0, pm+1,- .., Pn} with the greatest common factor equal to constant
and such that

pi
(3.2) 5
Besides, substituting (3.2) into (2.9) we get
(3.3) h(8)p; is divisible by 4.

Let us show that under the assumption of Theorem 3.2 § is constant. Assum-
ing the converse, there is an irreducible polynomial 61 in Oy[z1,. .., z,] such that
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5 = 07{p, where s is a positive integer and p is a polynomial such that p and d;
are coprime. By constructions, there exists j € {m + 1,...n} such that p; is
not divisible by §;, otherwise J; is a nonconstant common factor of the collection
{8, Dm+1s---+Dn}- N

Consider this particular j. Although the polynomials p; and ¢ are not coprime
in general, if we further reduce the expression (3.2) for ¥; to the lowest terms (i.e.
such that the numerator and denominator will be coprime), then the denominator
will be divisible by d;. Note that in (3.1) we can use any nonzero maximal minor &
of Aj, and the expression for ¥; in the lowest terms is unique and does not depend
on the initial choice of the nonzero maximal minor §. Hence, d; is a common divisor
of all maximal minors of Ay.

From (3.3), there holds

h(8)p; = (spéfflﬁ(él) + 5?5(1}))@ is divisible by 0 = &%p,
which implies that (spﬁ(él) + 515(1)))@ is divisible by d1p, and so that

pp;h(61) is divisible by 4.

Since p; and p are not divisible by the irreducible polynomial d;, we conclude that
h(8y) is divisible by ;.

Denote by S; the zero-level set of §; (it is an analytic subset of T*CM ~ C™ xC"
near the fiber {0} x C"). We have shown that h(8;) is zero on S;. Note that,
although ¢, is irreducible over O, its restriction to some fiber might be reducible
over C. However, the restriction on the generic fiber (in the domain of definition
of 41) is irreducible. This implies that dd; is not identically zero on S;. Indeed,
assume the converse. Since d; is not constant, there exists k such that a%kél is not
zero but %51 = 0 on &;. By applying the Hilbert Nullstellensatz to each generic
fiber 6;;61 must belong to the radical of the ideal generated by the restriction of
01 to the same fiber, but this is impossible as degree of the polynomial a%jél is
smaller than degree of ;.

99, 961 \4

Bu s m) is not equal

to zero. By constructions this is an open (and dense) subset of S;. Then, by

Denote by S the subset of &1, where the vector (

constructions, Sy is a submanifold of &7 and h is tangent to So. Therefore, any
complexified normal extremal of (M, D, g) starting at a point of Sy will stay in S,
for sufficiently small time and S is foliated by normal extremals.

Consider such a normal extremal A(t), ¢ € [0,T], in Sz, so that d1(A(¢)) = 0.
Given any A\ € T*CM define the filtration {J)(\k)}keN as follows. First, set J/(\O) to
be the tangent space to the fiber of T*CM at A, i.e.

JO = {u e T\(T*M) : mov = 0},

where, as before, m : T*CM ~— M denotes the canonical projection. Note that
J©) defines a distribution on T*CM called the vertical distribution. Finally, define
recursively

J/(\k) = J)(\k_l) + span{(ad i_i)kV(/\) : V is a local section of J(O)}.

4Here we could impose a weaker condition dé; # 0 but we will need the given stronger condition
in the next section
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Since 47 is a common divisor of all maximal minors of Ay, due to [5, Lemma 3.12]

there holds dim J)(\](C:;l) < 2n for all t € [0,T7], and so

(3.4) dim J{{ "™ < 2n vt € [0, 7]

(recall that from the beginning we have taken k > n—m). Further, for ¢ in an open

)

and dense subset of [0,7] the dimensions of the spaces J/(\?T_)m are constant for

every 7 sufficiently close to t. This and (3.4) imply that for these times ¢ we have,

for any s € N, dim Ji‘zz) < dim J/(\?t;m) < 2n. As a consequence, v(+)) = w(A(+)) is a
non-strictly normal geodesic of (M, D, g) (it results from [1, Prop. 3.12] since our
sub-Riemannian manifold is analytic). This completes the proof of our theorem as

we can take Sz as the required open set in the zero-level set of § and U = 7(Sz). O

4. PROOF OF THEOREMS 1.10 AND 1.11

First we prove Theorem 1.11. Assume by contradiction that the metric g is
not Weyl projectively rigid. Then by Proposition 2.2 ¥ is not a polynomial with
respect to the fibers and we can repeat the arguments of proof of Theorem 3.2 in
the previous section to find a polynomial d; such that the open set So of the zero-
level set of d; is foliated by non-strictly normal complex geodesics. We consider
two cases separately.

Case 1 &> does not belong to any level set of h. Then there exists a nonzero

¢ € C such that S is transversal to the c-level set of h at some point Ag. By

99,1 99,1 : :
IRRRRE _Bun) is not zero. Then for every point

q € M sufficiently close to m(\g), the intersection of an open subset of Sy (that for
simplicity of notation will be called S in the sequel) with the fiber Ty CM and the
c-levels set of h is of dimension n — 2 .

It gives rise to a (n — 2)-parameters family of complexified normal extremals
which project to non-strictly normal geodesics passing through gq. The corank of
these geodesics may vary, but there is an integer , an € > 0, and an open subset
V of S N T,CM N h='(c) such that for every A € V the extremal {e!"\, [t| < ¢}
projects to a geodesic of corank k. Thus we proved that there exists, for at least
one positive integer k, an (n — 2 — k)-parametric family of corank s non-strictly
normal complexified geodesics through a point, which contradicts our assumption.
This concludes the proof of Theorem 1.11 in the considered case.

Case 2 Sy belongs to a c-level set of h for some ¢ € C. Note that Sy and h=1(c)
have the same dimension, so S is an open subset of h~*(c). Then for every point
g € m(8S2) the intersection of an open subset of Sa (that for simplicity of notation
will be called Sy in the sequel) with the fiber T CM is of dimension n — 1. Then
we can arrive to a contradiction in the same way as in the last paragraph of the
previous case.

Now let us prove Theorem 1.10. Let (M, D,g) be the nilpotent approximation
of (M, D, g) at qo, and ¥ be the map given by Lemma 2.3. If we will show that ¥
is polynomial, then the conclusion of the theorem will then follow from Lemma 2.4
and the same argument as in the end of the proof of Proposition 2.2. To prove that
¥ is polynomial we can literally repeat the arguments of the proof of Theorem 3.2
and of the previous two paragraphs for the nilpotent approximation (M . D, 9).

construction of Sy the vector (
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5. PROOF OF WEYL’S TYPE THEOREMS IN TERMS OF ABNORMAL EXTREMALS

5.1. Abnormal extremals and their properties. First, describe the complex
abnormal extremals of a distribution D of rank m. The construction is the com-
plexification of the standard geometric construction of usual (i.e. real) abnormal
extremals from Optimal Control Theory (for details, see for example [2] and [4]).
Let o be the 2-form on T*CM which is the complexification of the standard
symplectic structure on T*M. Also denote by (TCM)* the zero section of T*CM.

Definition 5.1. An unparametrized Lipschitzian complex curve in CD*\(T'CM)~+
is called an abnormal extremal of a distribution CD if the (complex) tangent line
to it at almost every point belongs to the kernel of the restriction o|cpr of o to
CD* at this point.

Directly from this definition it follows that any abnormal extremal belongs to
the set

Wp := {\ € CD* : ker(o|cpe (V) # 0}

Since codim D+ = rank D = m, from the elementary properties of skew-symmetric
matrices and forms it follows that

W CD+ if m is odd,
P ecnt: (/\"—’"/Q(ﬂcm))(x) =0} if m is even,

where A\*(o|cpr) denotes the sth wedge-power of the form o|cp.. Note that for
every odd rank distributions and for generic even rank distributions
2n —m if m is odd,

5.1 dim Wp =
(5-1) D {Qn—m—l if m is even.

Note that in general for even rank distribution D the set WD is not smooth at every
point but it is smooth for generic distributions of this class.
Now define the following subset Wp of Wp as follows:

Wp:={\¢€ WD : ker(J|WD ()\)) is one-dimensional}.

(for the detailed description of the set Wp in terms of a local basis of distribution
see [4]).

By constructions, the kernels of o|w, form the characteristic complex rank 1
distribution C on Wp and the complex integral curves of this distribution are com-
plex abnormal extremals of the distribution D. Moreover, these are all complex
abnormal extremals which lie entirely in Wp. Following [2], we give the following
definition.

Definition 5.2. We say that a complex abnormal extremal I" and the corresponding
abnormal geodesics are of minimal order if the set ' Wp has a full measure in T'.

Remark 5.3. Since Wp is open, the set I' N Wp is open in T'.

5.2. The key lemma making the passage from normal to abnormal ex-
tremals. First we prove the following.

Lemma 5.4. Let D be a real analytic distribution such that every complex abnormal
extremal of D is of minimal order. Assume that for a sub-Riemannian metric g on
D there exists a nonzero polynomial § with respect to the fibers of T*U over some
open set U of CM , such that an open subset of the zero-level set of § is foliated by
complex normal extremals of g which are lifts of non-strictly normal geodesics. Then
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there exists a submanifold Sy of codimension one in the projectivization PT*CM of
T*CM foliated by complex abnormal extremals of D. Moreover, we can choose Sy
such that it belongs to the projectivization PWp of Wp.

Proof. Let S be a smooth part of the zero level set of §. Given A € S take the
geodesic -y, obtained by the projection to M of the sub-Riemannian extremal pass-
ing through A and let A, be the affine space of all normal lifts of 7,. Note that
Ay can be seen as an affine subspace of T;‘( /\)(CM , as any lift is uniquely defined
by its intersection with 777 ,)CM. Also, clearly A € A()), and by the non-strictly
normal assumption, dim Ay > 0. This dimension may vary, but there is an integer
k > 0 and an open subset V' of S such that dim Ay = & for every A\ € V. Further,
let By = SN .Ay. Let £\ be the vector space corresponding to the affine space
Ay and PE, its projectivization. In the sequel, given an element e # 0 of a vector
space, [e] will denote the line generated by e, i.e. the element of the corresponding
projective space. Note that the line [A] in T;(A)M does not belong to B, because
two extremals passing through two different points of the line [A] project to the
same unparametrized curve, but the parametrizations on this curve, induced by
these two projections, are different (one is a non-unit scalar multiple of the other
one).

Let us distinguish the following pair of alternative properties:

(1) By is a (k — 1)-dimensional manifold;

(2) By is a k-dimensional manifold;
It is easy to see that, maybe after shrinking V, either property (1) or property (2)
hold simultaneously for every A € V.

Take some codimension 1 submanifold W of V. If k > 1 we take W being
transversal to By for every A. For every A € W choose f(\) € Ay smoothly in
A and such that the restriction of the map A — [f(\) — A] to the set By NW is
injective. The latter is possible because

(5.2) dim (B,\ n W) < dim PEy,.

Indeed, the right hand-side of (5.2) is equal to kK — 1, whereas the left hand-side
of (5.2) is equal to k — 2 if condition (1) holds with x > 1; or to K — 1 if either
condition (2) or condition (1) with x = 1 holds.

By Remark 1.9 there is a projectivized abnormal lift I'y of -y passing through

[f(A\) — Al. Let
So = U L.

AW

The imposed injectivity conditions ensures that to different normal extremals, fo-
liating S, different abnormal extremals are assigned. However, in general the map
A = [f(A) — A] on the whole W is not injective so that the family {T'x}xew of
curves in general do not foliate Sy, because some of them intersect. However, now
we can use the assumption that all abnormal extremals are of minimal order: fix
Ao € W, then there exists A € I'y, N PWp, where PWp is the projectivization of
Wp. By Remark 5.3 there exists a connected neighborhood V of A in So N PWp
and this neighborhood is foliated by (connected components) of I'y N V. This is
the codimension one submanifold of PT*CM desired in the lemma.

O

5.3. Proof of Theorem 1.14. Assume by contradiction that the metric g is not
Weyl projectively rigid. Then by Theorem 3.2 there exists a polynomial ¢ such that
the open level set S of its zero-level set is foliated by non-strictly normal complex
geodesics. Then we can choose a codimension 1 submanifold Sy of PT*CM as
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in Lemma 5.4. This means that dimSy = 2n — 2. On the other hand Sy is a
submanifold of PWp and by (5.1) for m > 1 we have

o2n — 2 = dimSy < dimPWp < 2n — 3,
which leads to the contradiction.

5.4. Proof of Theorem 1.13. Now let us prove Theorem 1.10. Let (M,D,g)
be the nilpotent approximation of (M, D,g) at qo, and ¥ be the map given by
Theorem 3.2. If we will show that ¥ is polynomial, then the conclusion of the
theorem will then follow from Lemma 2.4 and the same argument as in the end of
the proof of Proposition 2.2. To prove that ¥ is polynomial we can literally repeat
the arguments of the proof of Theorem 3.2 and of the previous subsection for the
nilpotent approximation (M, D, j).

5.5. A refinement of the condition of minimal order. Assume that there
exists a nested set collection {Wg)}ivzo in PDL such that the following conditions
hold:

(1) W =Wp;

(2) Wé”” C Wg) for every i € {0,... N —1};

(3) The set Wg) = WS)\WSH) is a manifold and d; := dim Wg) is strictly
decreasing with respect to i, 7 € {0,... N —1};

(4) e If d; is odd, then the kernel of restriction of the canonical symplectic

) )

form o to Wg is one-dimensional at every point of Wg ;

e If d; is even, then the subset Wg) of Wg), consisting of all points for

which the restriction of o to Wg ) has nonzero kernel, is a codimension

one submanifold of Wg ) such the kernel of the restriction of o to V_Vg )

is one-dimensional at every point of Wg)

Definition 5.5. We say that a complex abnormal extremal I" and the corresponding
abnormal geodesics have weakly minimal order if there exist ¢ € {0,..., N} such

that the set I' N Wl()i) has a full measure in I

Obviously a complex abnormal extremal of minimal order has also weakly min-
imal order (it just corresponds to ¢ = 0 in Definition 5.5)

From the proof of Lemma 5.4 it follows immediately that we can replace the
condition that all abnormal extremals of D are of minimal order by the condition
that all abnormal extremals of D have weakly minimal order in the formulation of
Lemma 5.4 and consequently in the formulations of Theorems 1.13 and 1.14 and
Corollary 1.15.
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