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LOCAL TRANSPARENT BOUNDARY CONDITIONS FOR WAVE
PROPAGATION IN FRACTAL TREES (I). METHOD AND
NUMERICAL IMPLEMENTATION

PATRICK JOLY * AND MARYNA KACHANOVSKA *

Abstract. This work is dedicated to the construction and analysis of high-order transparent
boundary conditions for the weighted wave equation on a fractal tree, which models sound propaga-
tion inside human lungs. This article follows the works [9, 6], aimed at the analysis and numerical
treatment of the model, as well as the construction of low-order and exact discrete boundary con-
ditions. The method suggested in the present work is based on the truncation of the meromorphic
series that represents the symbol of the Dirichlet-to-Neumann operator, in the spirit of the absorbing
boundary conditions of B. Engquist and A. Majda. We analyze its stability and convergence, as well
as present computational aspects of the method. Numerical results confirm theoretical findings.

Key words. Wave equation, fractal, metric graph, Dirichlet-to-Neumann operator

AMS subject classifications. 35L05, 66M12, 34B45

1. Introduction. Modelling sound propagation in a human lung is important
for medical diagnostics, see e.g. the Audible Human Project [1], [17] and references
therein. Because the physical phenomenon of wave propagation in a lung is highly
complex and multi-scale, its computational tractability relies on the use of simplified
models. One of such models is based on the geometric representation of a bronchiolar
tree as a self-similar network of tubes, see [15, 5, 16]. An asymptotic analysis of the
3D wave equation posed on such a network, with respect to the thickness of the tubes
tending to zero, leads to a weighed 1D wave equation on a self-similar infinite tree,
see [10, 18]. This model is somewhat non-standard, and its mathematical analysis
was performed in [9], which gave rise to many ideas of the present paper.

Because such a tree has infinitely many edges, to perform any kind of numeri-
cal simulations, we need to be able to truncate the computational domain. This is
classically done via introducing ’absorbing’ boundary conditions, which, in turn, are
based on an approximation of the Dirichlet-to-Neumann (DtN) operator. The princi-
pal difficulty lies in its time non-locality. One of the methods for approximating the
DtN, based on the convolution quadrature [12, 13], was proposed in [6]. Since the
cost of this method is quadratic in the number of time steps, in this work we suggest
an alternative method to approximate the DtN, which follows the classical ideas of
Engquist and Majda [4], namely, approximation of its symbol by rational fractions.

Compared to the classical case of free space wave propagation, there are multiple
additional difficulties associated to the model we study. In particular, it describes wave
propagation in highly heterogeneous media, and exhibits multi-scale phenomena. As
a result, no closed form expression for the Green function is available. Nonetheless,
in [9] it was shown that the symbol of the DtN operator is a meromorphic function,
which satisfies a certain non-linear equation. This symbol can be represented as a
convergent series of rational functions with simple real poles. To approximate the
symbol of the DtN, we truncate this series at several first poles that are closest to the
origin. This approximation leads to high-order approximated transparent boundary
conditions and can be realized via local operators in the time domain. We prove the
stability of such boundary conditions and perform the error analysis; moreover, we
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2 P. JOLY, M. KACHANOVSKA

demonstrate how to choose the number of poles to achieve a desired accuracy.

This article is organized as follows. Section 2 introduces the notations and the
problem. Section 3 contains the description, stability and convergence analysis of the
method. Section 4 deals with the error control and the complexity of the method. In
Section 5 we present numerical aspects of the method and numerical results. Finally,
Section 6 is dedicated to conclusions and open problems.

Let us mention that this article is companion of [8], where we develop a quanti-
tative error analysis for the approximate high-order transparent boundary conditions
introduced in the the present work.

2. Problem setting. This section is not new, and presents a shortened version
of the corresponding section in [6]. The definitions can be found as well in [9].

2.1. Notation. Given p € N,, let T be a p-adic tree (a collection of vertices and

edges), which satisfies:

e 7T is rooted, i.e. there exists a vertex M* designated as a ’root’ of the tree;

e the root vertex M* is incident to a single edge (the 'root edge’) of the tree;

e every edge of the tree has p children edges (p-adicity); this in particular

implies that the tree has infinitely many vertices and edges.

For such a tree we can introduce a notion of a generation. A generation G" is a set of
edges that is defined inductively in the following way: GY contains a root edge only;
G™*! contains all children edges of the edges from G”. The p" edges belonging to G*
will be denoted by £,, 1, k =0,...,p" — 1. The edge X, ; has p children

(21) En+1,pk+j7 Jj=0,....p—1L

m
By 7™ we denote the subtree of 7 containing the first m + 1 generations, i.e. |J G*.
=0

Ho

Mot

H1ko

FIGURE 1. Left: A self-similar p-adic (p = 2) infinite tree. In blue we mark the edges that
belong to GO, in red the edges of G, in green the edges of G2. Right: Distribution of weights on the
edges of a 2-adic infinite self-similar tree.

We will study metric trees, i.e. trees in which edges are identified with segments
on the real line. Thus, to each of the edges ¥, , one can assign a length ¢, ; > 0.
This allows to define a notion of a distance d(M, M*) between the given vertex M
and the root vertex M* as a sum of lengths of the edges that connect M to M*.

To define a notation for the vertices, similar to %, ; for edges, let us consider an
edge X, . Provided that it is incident to two vertices My, My, let us set My, ;, =
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argmaxy e, ar,y A(V, M*). This notation allows to identify all the vertices in a
unique manner; a respective illustration is provided in Figure 1, left.

Besides its length £, ;,, with every edge X,, ;, we associate another quantity, namely
a weight w, r > 0 (see also Remark 2.3). W.l.o.g., we assume that poo = 1.

In what follows, we will consider self-similar (fractal) trees, see [9, Definition 2.3].
To define them, let a := (ag,...,ap—1) € (RF)P and p := (o, .-, pp—1) € (RF)P.
Then the length/weight of the edge X,,11 pr+; (see 2.1) is related to the length/weight
of its parent edge X, ; according to the following law:

b1, phtj = iln i, Hnd1pk+j = Mjln.k j=0,...,p—L

This is illustrated in Figure 1, right.
We will call a reference tree the tree, for which the length of its root edge £g,o is
equal to 1. Unless stated otherwise, we will always assume that 7 is a reference tree.
Additionally, we will assume that |a|s = maxa; < 1.

J

REMARK 2.1. This assumption implies that with some C > 0, d(M, j, M*) < C
forallmeN, j=0,...,p" — 1.

REMARK 2.2. When p=1, T can be identified with a bounded interval on R.

REMARK 2.3. We refer to [11, 18] for the physical meaning of the weights pin k
in an asymptotic modelling of the human lung. The simplified model of a human lung
that we consider has the following parameters: p = 2 and for all i, a; =~ o = 0.84, see
[20, p.125] and p; = p =~ 0.8, see [20, p.123] and the asymptotic analysis in [11, 18].

2.2. The weighted wave equation on a fractal tree. In order to introduce
the model under consideration, we define a parameterization of an edge %, ; by an
abscissa s € [0, £, ;]. The parametrization is introduced so that ¢, ; is associated to
the vertex M, ;. We additionally introduce a measure on X, ; as a usual Lebesgue
measure on the interval [0, £, ;].

Let s be an abscissa on the tree 7 (for each edge ¥,, ; defined as above); formally,
let us define the weight function p on 7 as follows: p(s) = pn,j, s € X, ; (with an
obvious abuse of notation). We look for an acoustic pressure u : 7 x Rt — R. On
each edge, u satisfies the wave equation with a source term: u,, ; = u|zw solves

(2.2) 6fun7j — 8§un,j =fn; onX,;, ji=0,...p" =1, n>0,
(2.3) u(M*,t) =0, wu(.,0)=0dwu(.,0)=0.

The above introduces an infinite system of PDEs; they are coupled through the fol-
lowing continuity (C) and Kirchoff (K) conditions at all the vertices, see (2.1) (with
an obvious abuse of notation)

(C) un,J(Mn,jat) :un-‘rl,pj-‘rk(Mn,jat)v k= O?"'ap_ la
p—1
(K) asun’j(Mn,jﬂ t) = Z Kk asun+1,pj+k<Mn,ja t), Jj=0,...p" =1, n>0.
k=0
This problem needs to be equipped with the boundary conditions, obviously, at the
root vertex M* of the tree, as done in (2.3), but also at the ’infinite’ boundary of the
tree. This becomes clearer if one recalls that when p = 1, the tree T can be identified
to an interval on the real line, cf. Remark 2.2. If, additionally, pg = 1, the problem
(2.2, 2.3, C, K) reduces to the IVP for the wave equation on an interval, whose well-
posedness necessitates defining boundary conditions at both ends of the interval. This
will be done in the weak form, by using a proper Sobolev space framework.
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2.3. Dirichlet and Neumann BVPs for (2.2, 2.3, C, K).
2.3.1. Sobolev Spaces. For a function v : T — R, let

oo p"—1

(2.4) Jro=35 [ motsras
T

n=0 k=0 Sk

Let C(T) be a space of continuous functions on 7, and
Co(T) ={vel(T): v=0onT\T™, forsomem € N}.

Next, we introduce the following three Hilbert spaces of functions on 7. First of all,

Li(T) ={v: vlg, € L2(Bny), lvlzery < ook, Ilvl* = lvligs () = /ulvl2~
T

We will denote by (.,.) the associated scalar product. Next, the weighted Sobolev
space Hllt is defined in a natural way:

H,(T) == {v e C(T) NLL(T) : 050l < 00}, Nvllfps 7y = llvll® + 1950

Similarly, we define the corresponding spaces Li('Tm) and H}L(Tm) on a truncated

tree T™. The associated Li—scalar product will be denoted by (.,.)7m, and the norm
by ||.|l7=. The remaining space, by analogy with H{, is defined as the closure:

-,

HL’O(T) =Co(T)N HL(T)

REMARK 2.4. We work with real-valued function spaces, and indicate explicitly
where complex-valued function spaces (and complex scalar products) are used.

2.3.2. The BVP problems. First of all, let us introduce the two additional
spaces (for brevity denoted in what follows by V,, V4):

Va(T) = {v € H,(T) : v(M*) =0}, Vo(T) = {v e H,(T): v(M*)=0}.

These spaces differ from HL(T) (resp. from HL’O('T)) by the condition at M*.

As discussed in the end of Section 2.2, let us define the Neumann and Dirichlet
problems for (2.2, 2.3, C, K), with 'Neumann’ ('Dirichlet’) referring to the conditions
at the fractal boundary of the tree.

DEFINITION 2.5 (Time-domain Neumann problem). Find

uy € C(RY; V)N C’l(RJF;LZ(T)), s.t. uy(.,0) = Opun(.,0) =0, and
(N) (021, v) + (Dstuin, Dsv) = (f,v), for allv € V.

DEFINITION 2.6 (Time-domain Dirichlet problem). Find

uy € C(RT;V4) N C’l(RJF;LZ(T)), s.t. up(.,0) = Orup(.,0) =0, and
(D) (afubvv) + (asumasv) = (fvv)v Jor all v € V.
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It is easy to see that the above problems imply (2.2, 2.3, C, K); they are well-posed if
feLi (R Li(T)), cf. [6, Theorem 1]. It appears that in some cases the solutions

loc
to (N) and (D) coincide. To explain this result in more detail, let us introduce

()= S (2 = () = S
i=0 i=0 "

With the above definitions, we have

THEOREM 2.7. [9] If (pa) > 1 or (m/a) < 1, the spaces H}L70(7-) and H;(T)
coincide, and thus u, = uy. Otherwise, H}L’O(T) C HL(T), and uy # Uy.

2.4. Transparent boundary conditions. Because the tree 7T is structurally
infinite, in order to perform the numerical simulations, it is necessary to truncate
the tree to a finite number of generations. However, imposing simple Dirichlet or
Neumann boundary conditions at the boundary of the truncated tree 7™ does not
allow to reach a reasonable accuracy unless m is sufficiently large, cf. [9]. Because
the computational costs increase exponentially with m (since at the m-th level there
are p™ branches of the tree), this leads to a significant computational overhead. The
main goal of this section is the definition of transparent BCs, which allow to perform
accurate simulations on trees 7" with m arbitrary small.

Our construction is based on the results of [9] (see also [6]). In what follows, we
fix m > 1. We will assume that

ASSUMPTION 2.8. The source term f(.,t) is supported in T™ ! for all t > 0.

2.4.1. Notations. We denote by I';;, :={M,,,; : j=0,...,p" — 1} = RP™ the
‘outer’ boundary of 7™.
Let V,(T™) :={v e Hi(Tm) :v(M*) = 0}. For v € V,(T™), we define its trace:

(2.5) Y Vu(T™) =R, v = (W(Mpo), s 0( My pm 1)) -

Let us additionally introduce, for v € V,,(T™), fi, fo : R = R, h € RP",

p"—1

(2.6) /fl(ﬂ)f2(a)h’7mv = Z J1(tm,5) fa(@m ) jo(Miy, 5).
Ty J=0

2.4.2. Transparent boundary conditions: definition. Our goal is to com-
pute the restriction of the solution u4 to the tree 7™. This means that we need to
solve (2.2, 2.3, C, K) for n = 0,...,m, equipped with certain boundary conditions at
T';,. These boundary conditions should be chosen so that the exact solution u, satisfy
them (hence the name ’transparent’). We will express them using DtN operators:

(27) *,LLm’jasumJ(Mm,j,t) = Bfn,j(at)um’j(MmJ,t), ] = 0, N ’pm — 1,

where Bj, ;(9;), a € {0,n}, is the exact DtN operator associated to the point M,, ;
(see Remark 2.9 for an explanation of the notation By, ;(9;)). To clarify the meaning
of By, (), let us introduce the following space:

Hy 1o (RY) := {v € Hjpo(RY) : 0(0) = 0}

Then BY, () € L(H ;,.(RY), L7, (R)), cf. [7]. To define its action, let us first fix

loc
g€ H& (RF). Let Tr := Tmt1,pjtk, k= 0,...,p—1, be a p-adic self-similar infinite

loc
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subtree of 7', whose root vertex is My, ; and the root edge is ¥y, 11 pj+k, cf. (2.1).
Then the DtN operator is defined as:

p—1

(2.8) B (009 == pmjtk0sul 1 (M j,.),
k=0

where u8 , € CH(RT; L} (Tx)) satisfies:

L ifa=0,u), € C(RT; HLO(’E)) solves the Dirichlet problem:

(073 g, v) 75, + (951 1, Osv) T, =0, for all v € Vy(Tx),
(2.9)
uz’k(Mm,j,t) =g(t), u;k(.70) = Btuz’k(.,O) =0.
2. ifa=muy, € C’(RJF;H}L(E)) solves (2.9) with V; replaced by V.

Next, we show that all the operators By, j(é)t) can be expressed with the help of a
single operator Aq(9;), which is the DtN map in the root vertex of the reference tree.

2.4.3. Reference DtN operator. Provided g € H&loc(]R*), let us define the
reference DtN operator on the reference tree T (i.e. o0 = 1) as follows:

Aa(Or)g(t) = _asu; (M*,t),  where
L. if a =0, the function uj € C(R*; H}L’O(T)) N C%R*;LZ(T)) solves
(0Fud,v) + (Bsud, dsv) =0, for all v € V3,

ug (M*,t) = g(t), ug(.,0)=du)(.,0)=0.

(2.10)

2. ifa=mn, uj € C’(R*;H}L(T)) N Cl(]RJr;Li(T)) solves (2.10) where V4 is sub-
stituted by V.

As the coefficients of (2.10) are independent of time, A,(d;) is a convolution operator.

REMARK 2.9. The notations Aq(0;), By, ;(0¢) are adapted from the convolution
quadrature theory, cf. [14], and indicate that the respective operators are convolution
operators. A convolution operator K(0;) is defined as (where the integral below is
understood in the sense of a convolution of causal tempered distributions)

(K(0:)g)(t) = /k‘(t —7)g(r)dr, g:RT =R
0

The Fourier-Laplace transform of its convolution kernel, namely
(2.11) K(w) = Fk:= /ei“’tk(t)dt, weCr={zeC: Imz >0},
0
is called the symbol of the operator K(0:). We will use the boldface to distinguish

between the operators and their symbols. Moreover, given v > 0, we will use the
notation K(vy0;) for a convolution operator with a symbol IC(yw).
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2.4.4. Transparent BCs via the reference DtN. According to [9], the op-
erator By, ;(9;) can be expressed as follows:

(2.12) Bfn}j(at ,um,jam ) Z e\ a0ty 0y).

The above follows from the Kirchoff conditions (K) and a scaling argument (recall
that a,, ; is the length of the edge X,, ;). The expression (2.12) indicates that ap-
proximating By, ;(9;) relies on approximating Aq(9;).

2.4.5. The problem posed on the truncated tree 7™. As explained in the
beginning of Section 2.4, to compute numerically the solution to (D) (or (N)), we
will use the transparent boundary conditions, constructed in the previous section.
Consistently with the notation (2.5), let us introduce

(2.13) B2,(9r) = diag (B 000, By 1 (31)) -

After integration by parts applied to (D) (resp. (N)), the variational formulation with
the transparent BCs reads: with a € {0, n},

find u%, € C(RT; V,(T™)) N C'(RT; Li(Tm)),

s.t. ul (.,0) = Ol (.,0) = 0 and, for all v € V,,(T™),

(2.14) (O g, v) 7 +(<9SU$‘”,8sv)Tm+/Bﬁl(at)’vmufmmvz (frv)rm

I'm

In [6] it was proven that this problem is well-posed and that uf, = ug|zm.

THEOREM 2.10 ( Theorem 2.6 in [6]). For all f € LlOC(R+;Li(T)) that satisfies
Assumption 2.8, the problem (2.14) has a unique solution which is the restriction of
the solution uq, a =0 (resp. a=mn) to (D) (resp. (N)) to T™ .

3. Approximation of the transparent boundary conditions. As shown in
Section 2.4.4, with (2.12) the question of approximating B2, (9;) can be reduced to the
question of approximating A4(9;). However, the associated convolution kernel is not
known neither in the time nor in the frequency domain. This section is dedicated to
a design of a tractable approximation of the reference DtN. It is organized as follows:
in Section 3.1 we provide an approximation of Aq(d;) and analyze its error. Section
3.2 deals with the stability analysis of the respective coupled formulation, and Section
3.3 is dedicated to the error analysis.

3.1. Principal idea: truncated reference DtN operator.

3.1.1. Some preliminaries. The main idea of our approach relies on a repre-
sentation of the symbol of the DtN as a meromorphic series. Let us provide more
details on this. Given a non-negative Hermitian sesquilinear form

OOP*

(3.1) a(u,v) Z Z / fin, k05t Os0ds,

n=0 k= Oznk
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let us define the following operators (where we work with complex-valued functions):
(3.2) Aq: D(A,) — LZ(T), (Aqu,v) = a(u,v),
(33) D(Ay) ={veV,: 3C(v) > 0,s.t. |a(v,g)| < C()llgllrz (7). for allg € Va}.

In a strong form, A, can be recast into the operator pu~!(s)ds(pu(s)9s.) on L2(T),
with the Dirichlet boundary condition at M* and the Neumann (a = n) or Dirichlet
(a =) boundary conditions at the fractal boundary of the tree T.

In [9] the following result was shown (the condition |a|s < 1, see Remark 2.1, is
necessary for its validity, see [18] for a counter-example when |a|o > 1).

THEOREM 3.1 ([9]). The embedding of Ht(T) into Li(T) is compact.

Therefore, the resolvent of A, is compact, thus the spectrum of A, is a pure point
spectrum. We define its eigenvalues and normalized eigenfunctions as

(3.4) Agpan = wi)napa,n, loa.n ‘Lﬁ(T) =1, 0< wﬁ,l < wE,Q <...— +oo,

The eigenvalues do not vanish, as shown in [9, Remark 1.20]. Using a spectral repre-
sentation of the operator A, it is possible to show the following result.

THEOREM 3.2 (Proposition 1.23, discussion after (144) in [9]). The symbol of
the reference DtN operator A4, a € {n,0}, satisfies

+o0 2
Aq. W _ *
(3.5) Aolw) = Aa(0) =D, o555 o = o (Dupan (M)
n=1 an

The above series converges uniformly on compact subsets of C\ {£wg n,n € N, }.
Surprisingly, the values of A4(0) will play an important role in the error analysis.
PROPOSITION 3.3 (Lemma 5.5, Corollary 5.6 in [9]). A4(0) is given by

o if (u/a) <1, then Ay = Ay and Ay(0) = 0.

o if (pa) <1< (p/a), then Ay(0) =1— (p/a)™t and A,(0) = 0.

o if (par) > 1, then Ay = Ay and Ay(0) =1 — (p/a)~ .
Moreover, Aq(0) >0, a € {n,0}.

The representation (3.5) provides an expansion of A, into a meromorphic series.
However, because the eigenvalues of A, are not necessarily simple, the respective
terms of the series (3.5) may have repeated poles. Moreover, in some cases, the
coefficients a4, may vanish. For our purpose, it is more convenient to rewrite the
series (3.5) in a form where the poles are different, and the residues do not vanish.

COROLLARY 3.4 (Corollary of Theorem 3.2). The symbol A4, a € {n, 0}, satisfies

= Au k UJ2
(3.6) Aqg(w) = Aqg(0) =) 0 —2

k=1 a,k
where the poles 0 < Qg0 < Qa1 < ... = +00, the coefficients Aqr > 0 for all
k > 1, and A4(0) is given in Proposition 3.3. The above series converges uniformly
on compact subsets of C\ {£Qq , k € N, }.

Proof. The proof of (3.6) is immediate from (3.5). By Theorem 3.2 the proof of
uniform convergence in C\ {£Qq 4, £ € N, } is a matter of verifying that the series
converges uniformly in Bs(fwq ), where wq, > 0 is not a pole of Ay, for § > 0
sufficiently small. This follows by a direct computation, thus we omit the details. 0O
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3.1.2. Reference DtN in the time domain. The expression (3.6) provides a
convenient way to realize the DtN operator in the time domain. In particular, the

symbol w > ﬁ corresponds to the following convolution operator:
ae — W
w d? d d
A= A+ Q2 A= — A0) = —A(0) =0
7 Qﬁ,e*wz}—g = dt? LY. at? 0) dt 0) ’

where g is sufficiently smooth with g(0) = ¢’(0) = 0. To formalize this result, we need
the following assumption on g:

37  geC*RY), g(0)=...=¢?(0)=0, andg® €L}, (R").

LEMMA 3.5. Let g satisfy (3.7). Let Mg, £ € Ny, solve the system of ODEs:

d*Xa
dt?

dg

dg _ dAqe
dt’ o

dt

(3.8) + Q2 Aoy =

/\a,f(o) (O) =0.

Then -
(1) the series ZAa%/\la,Z(t) converges uniformly on compact subsets of R™.

{=1
(2) if, additionally, for all t >0, |g(t)] < C(1+t"), with some C, n > 0, then

(3.9) Aa(0)g(t) = Aa(0)g(t) + > Aa N (L)
=1

Before proving the above, let us state the following technical lemma.

LEMMA 3.6. The series Sy = ZAMQ;% converges.
=1
Proof. Provided r € (0,8q,1), where Q41 is the smallest positive pole of Aq(w),
the series Sy, = Aq(r) — Aq(0) = > Aaﬂ’z(Qi’é — r2)~1 converges, according to
=1
Corollary 3.4. We conclude by noticing that |Sq| < r=2S, .. 0
Proof of Lemma 3.5. Proof of (1). As ¢’(0) = 0, the solution to (3.8) is given by

t t

Aao(t) = Q;% /sin Qae(t—7) g (T)dr, and X ,(t) = /cos Qae(t —7) g (7)dr,
0 0

o0
Next, we re-express Aq, so that the general term of the series Aa,é}‘:l,e can be
=1
bounded by the general term of the convergent series S, namely AMQ;%. For this we
integrate by parts twice, to obtain

s

t
(3.10) net) = Q792 0) — Q. } / cos Qq ¢t — 7) g® (7)dr,
0
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where we used ¢g(M(0) = ¢ (0) = 0. Hence,
S Aut N0 < s (o / 99 (7)ldr).
=1 =

This proves the uniform convergence of Z Aqgy
=1

Proof of (2). it suffices to prove that the expression in the right-hand side of (3.9) is

F 1 (Aq(w)Fg(w)). This follows by a direct computation, cf. (3.6) (the polynomial

bound on g is used to ensure that w +— Fg(w) is analytic in C). d

)\gl(t)‘ on compact subsets of RT.

3.1.3. Approximating the reference DtN in the time domain. Based on
the results of the previous section, it is natural to approximate the reference DtN
operator by truncating the series (3.9) to N terms:

(3.11) AN (@0)g(t) = )+ ZAM‘““ )

where A\q ¢ are defined in (3.8). The symbol of this operator reads

N A w2
(3.12) A (W) = Aq(0) =) 92722
(=1 u,f —w

To show how the error of truncating (3.11) depends on N, let us introduce the fol-
lowing notation for the remainder of the series S, from Lemma 3.6:

(3.13) ran = Y Qg’ .
(=N+1 "¢

The error then is quantified by the following lemma.
LEMMA 3.7. Let g satisfy (3.7) and Lemma 3.5(2). Then

(3.14) |Aa(Dr)g(t) — AT (D)g(t)] < 2ran / 1g®) (7)|dr, for all t > 0.
0

Proof. Difference of (3.9) and (3.11) yields

Z AN,y

{=N+1

|Aa(8t)g( ) — AN(9))g , from where, by (3.10),

t
oo Aa
[Aa@g) - A¥ @090 < > 2 s+ [19miar
a,l
0

(=N+1

We conclude by bounding |¢‘® ()| by f lg®®) (7)|dr (recall that ¢g(®)(0) = 0). O

The above result shows that the error of the truncation of the DtN operator is con-
trolled by the remainder r, 5 of the convergent series S, and thus, as N — +oo,
converges to zero. In the following section we will prove that approximating A4 (0%)
by (3.11) in the transparent boundary conditions (2.12) and using the respective ap-
proximation in the coupled problem (2.14) leads to a stable problem. Moreover, we
will provide a quantification of the solution error.
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3.2. An approximate problem on 7™: formulation and stability.

3.2.1. Formulation. Let us consider (2.14) with B% (9;) replaced by the trun-
cated DtN operator B&Y (9;), defined as, cf. (2.13),

BN (00) = ding (B3(@0), - By 1(00))

where each Bf:;[}[(at) is expressed via the truncated reference DtN, like in the definition

of B, ;(8;) via Aq(8y), cf. (2.12):

p—1
a,N _ -1 & N .
(3'15) Bm,j (at) = Hm,jQp,y kz_o o A (akam,jat)'

These are the operators with the following symbols, cf. also (3.12) for AY (w):

p—1 N 2
N _ -1 1 M Au,ZW
R (DI P e e

Replacing B2, (d;) in (2.14) by B%N(8;) leads to the following problem: find
up™ € CHRYLE(T™) NCRY; Vu(T™)),

st usN (L, 0) = 9u®N(.,0) =0, and that satisfies, for all v € V,,(7™), the following:
m m 1 g

(817a) (D2, 0)7m + (DusyN, Oyv)7m + / BN 0yt Ao = (f,0) 7,

Fm

where (B&N (0,)ymud;N (1)) € RP™ is defined as follows:

p—1 N
a, a, _ a4 a, Iz dAe
(B3 @™ () = WDy ( () Mg O (1) + > A ®):

(3.17b) D,, = diag (0‘;1}07 o ,a;&pmfl) . Wy, =diag (im0, - bmpm—1)
and the vector-valued functions Ay : RT — RP™ solve
X _

7z T % 200 Dy Ak = Orvmug™, Ak(0) = o (0 =0

3.2.2. Stability of the formulation (3.17). The stability of (3.17) is guar-
anteed by the non-negativity of A4(0), see Proposition 3.3, and of Ay, in (3.16), cf.
Corollary 3.4. To prove this, we introduce an energy associated with (3.17):

dXg i

(3.17¢)

B () = Efu() + ERX(1), where

a 1 a a I B oa
B0 1= 5 (105 O + 1005 0150+ (2) 8a00) [ Ly o).

T,
-1 N

3.18 E“’Nt~—1p A ME B (1)) Yo o ()2

(3.18) m,)\()'_§ZZ af— o A @ + —5= [ A7)
== M e
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THEOREM 3.8 (Stability). Let f € L, ,(R™;L2(T™)). Then, for all T >0,

loc

T
\/Eﬁ;N(t) < C’/ ||f(T)||Li(Tm,)dT, forall 0<t<T,
0

where C > 0 does not depend on N, m, T, o, .

Proof. The proof is classical. It suffices to test (3.17a) with v = d,u®%N. Then,
by (3.17¢), with (.,.) denoting the Euclidean scalar product in RP",

1d jz 2, _ 1
Ny 202 2
WD 0k O™ = 55 ([ B0 + a0, [ LaP).

. Lo
. . . . d a, N a,N
This results in the energy identity %Em" = (f,Ou™ )m. The rest follows by a
straightforward application of a Gronwall’s lemma, cf. [7, Appendix EJ. ]

3.3. Error analysis. Here we study the error of approximating (2.14) by (3.17)
as a function of the number of the terms in the truncated series N, as N — oo. Let
us introduce the following energy norm of v € CO(R*; V,,(T™)) N C1(R™; LZ(T’”)):

Il

o737 = sup ([|0pv(-, 1) [[7m + |0s0(:, t) || 77m) -
t<T

Let us also introduce the error

(3.19) e N = SN 8 (vecall that u%" = ug|y by Theorem 2.10).

The principal result of this section is summarized below.
THEOREM 3.9. Let m,N > 1. Let f € W4’1(R+;L2(Tm)) be s.t. fU9)(0) =0,

loc

Jj=0,...,3, and satisfy Assumption 2.8. Then, with rq n defined in (3.13), the error
(5.19) satisfies for all T > 0,
(3.20) lefi™ lho,zp:7m < Conra, T8 Bsull L1 (0,702 (7))
where Cy, > 0 is given by

o Cm2n™m, n = max(<p,a>, %), if ua> <1,

" Cle2r, if (pa) > 1,

and the constant C > 0 does not depend on T, m, N.
Therefore, for fized T, m, ||6$,;N(T)||Li(7—m) — 0, as N = 4o0.

REMARK 3.10. Theorem 3.9 indicates as well the behaviour of the error e%N as
a function of m (the level at which the tree is truncated). First, remark that the
respective bound can be translated as a bound for ||e%N (t)||Li(Tm): since %N (0) = 0,
we have

(3.21) le™ @)ll7n <t sup [|0-efN ()7
T€(0,t)

Therefore, when N, T are fized, as m — oo, ||52~2N(T)||Li(7m) — 0.

We consider that this is of less importance than the error bound with respect to N,
because the complezity of the resolution of (3.17) increases exponentially with m, since
at each generation there are p™ edges. Concurrently, this complexity is linear in N.
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The proof of Theorem 3.9 relies on two auxiliary trace lemmas that follow from [9].
LEMMA 3.11. Letv € V,,(T™). Then, for allm > 1,

622 [ wabyol? < o 0013 oy 1= max({pa), o)
F’VTL

where Cq e > 0 is independent of m.

Proof. The proof relies on the following inequality from the proof of [9, Theorem
3.24] (in the notation of [9], see also (117), [ po|ym,v|* = |[Hv||2, (gm)):
r "

m? ()" if (na) = fal.

/ua|’ymv|2 < CmHasU”iﬁ(TM)v Cp = ()" 2 ,
T "n|(1|2 7(”7 if <,LLOC> 7é |a|oo

The result follows with C,,, < Cm? max(<ua>m, lae|?2™), C > 0. ad
LEMMA 3.12. Let (po) > 1, and v € H}L(T) = H/114,0(7-)' Then, for allm > 1,

(3.23) [ 1 el < Caleliy o,
I

where Cq,,, 15 independent of m.

Proof. See [9, the end of the proof of Theorem 3.18 and the notation (110)]. 0O

Proof of Theorem 3.9. First, we remark that the regularity condition on f ensures
the required regularity of the solution wug, see [6]. Let us fix N, m.
Step 1. Re-expressing €%¥. By taking difference between (3.17) and (2.14), we

m
see that the error e%% solves the following problem:

find &N € CO(RT; V,(T™)), s.t. e%N(0) = 8,25,V (0) = 0, and

(O35 )+ (025 D)o+ [ (B3 @0y — By (00 vntte) 3 =0,
I
for all v € V,,(T™). Defining
(3.24) ¢ = (B0 — BN (90)) Ymta
we rewrite the above in the form (3.17a):
(O3 o) o+ O™ D)o+ [ BN @ vt o = [ €.
| T

To derive the error estimates, we will use the energy techniques, like in Theorem 3.8.
Let us introduce an energy of the error, cf. the definition (3.18),

1
3:25) €= 5 (10 + 105 + () 8a(0) [ Eprneti®F) + 61,
F’"L
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with €y defined like in (3.18). Like in the proof of Theorem 3.8, we have

d
(3.26) GE0= [ ¥ mome)
T

Integrating the above from 0 to T results in (since eV (0) = 9%V (0) = 0):

m m

T
(321) &) = / o (T (T) / / OGN (D) ymet (1)t

T 0TI,

I (T) 12(T)
Step 2. Bounding the right-hand side of (3.27).
Step 2.1. Bounding I1(T'). From (3.24) and the representation (3.15), it follows

p—1
[(T)| < Z %: / (g |Aév(aka8t)'ymua(T) — Ay (00 Ymua (T ‘ )| [vmes N(T)‘ )
k=0

The goal is to find a bound for the above by bounding (cf. the notation (2.6))

(3.28) Gm,j(t) == Aév(akam’jat)uu(Mm,j, t) — Ag(agam, ;0 ua(Mp, j, ).
ad A ew2
Since Aq(om. iw) = Aq(0) — E z , to bound g, ;, we use the
a(aram jw) a(0) : (Oz,;la;;jQu,e)Q—WQ qm.j

same argument as in (3.14), see also (3.13):

s Agy
lam (O <Y 7,@3% Mg, M g1 o

2 "2 2
=n+1 Yk WQ

= afal, jran [02ua(Min g, )| 1o

Therefore,

p—1 T
s %
(D)) < 2oy Y 2 / [ (Bazatlotmua(o) brnesi (1)) ar
k=0

0 I'm

T

(3.29) —2ro(ua) [ [ (neldyua()l mes ()] dr.
0T

Step 2.2. Bounding I3(T). The same argument as in Step 2.1 yields

t
[ 0¥ Oz 0) < 20 (e / / (o) ey (0)]) . thus
T

(3.30) I1(T)| < 2ro v (nat) / / [ (melotmua(Dl et @) dr .

0 I'm
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Step 2.3. Bounding the right-hand side of (3.27). We use the bounds (3.29) and
(3.30) to bound (3.27) as follows:

&(1) < 2o {ue) [ [ (nelomua(r)l e (1)) dr

Cm
t

0
T
s2ra(na) [ [ [ (nelotymua(m)lmes 0))dr di
0 0T,
t

T
31 <2ran(ua) [ [ [ (neldivmua(n)] (i (@) + e 0)) ) drde,
0 0Ty,

¢
where in the last bound we used 93, uq = [ 02ymua (it holds that 9P~ uq| 0
0

t=0
because of the finite speed of wave propagation and the assumption on the source f).

Step 3. Bounding €N based on (3.31). Naturally, we would like to apply a
Gronwall inequality to the bound (3.31). The cases </,La> < 1 and <p,a> > 1 will be
treated differently. When <ua> < 1, by Theorem 2.7 and Proposition 3.3,

(1) if (/@) > 1, then Ay # An, Ao(0) > 0 and A, (0) = 0.
(2) if (/) < 1, then Ay = Ag, Ag(0) = Ay (0) = 0.

Let us consider the case (2). As Aq4(0) = 0, the boundary term in (3.25) vanishes,
and does not control ,,%" (T'). Hence instead we will use the trace continuity result
of Lemma 3.11. Because this strategy will allow to conclude that the error decays
exponentially fast in m, we will make use of it also in the case (1), when A4(0) does
not necessarily vanish (i.e. when A = Ay).

The obtained error bound is still valid when <ua> > 1, but it is non-optimal
(it grows exponentially fast with m). That is why we deal with the case <ua> >1
separately. Here, by Theorem 2.7 and Proposition 3.3, Ay = Ay, Aq(0) > 0. This
property allows to control the ~,,£%" by the energy £.
Error bound when (pa) < 1. Application of the Cauchy-Schwarz inequality to both
terms of (3.31) yields

([ netotmuar?)* ([ watmes @) dr

Cm T

E(T) < 2rqn{po)

([ wedotymna?)* ([ weme ) ar i

T Cm

+ 2Ta,N<Na>

Pt O
O\w o\“w

Next, we apply (3.22) to the terms with 4, uq and 7,,e%", which yields, with C’ > 0,

T t
&) < Cronm™ [ [ 10.08ua(r)llrn dr (10,25 (D)llrn + 0225 07 )t
0 0

T
< V2 ro " / 1008 uall s 0. ¢y (VET) + VED) )t
0



16 P. JOLY, M. KACHANOVSKA

A Gronwall’s inequality, cf. [7, Appendix E] yields, with C' > 0 (independent of T'):

(3.32) E(T) < CTa,NWQTlm/||3safua||L1(o,t;Li(Tm))dt7

hence the bound (3.20) in the statement of the theorem.
Error bound when <ua> > 1. Like before, we start by applying the Cauchy-Schwarz
inequality to (3.31):

T t . 1
o) < 2ranipa) [ [ ([ uetodvnumP)’ ([ ma et @)F) drdi
00

m T

(3.33)
T t | .
+2rax(ua) [ [ ( /ua3| tmia(D))” ([ et OF) dr .
0 0 I T'm
Remark that, cf. (2.6),

[ ettt < maxat, [ watotvual < ol [ pa ol

m m m

Applying Lemma 3.12 to bound the above, we obtain
(3.34) [ matlotul < 2 ol 0,00l
T
Moreover, cf. (3.26),
[ 1e Rt OF < 2/0) A O (0),
T

Thus, with the above and (3.34), the inequality (3.33) can be rewritten as follows:

T T
E1) < Cronlal2 [ [ 10.0kua(r)lmdr (€3(0) + £5(1) ) at.

00
To obtain the desired estimate (3.20) we proceed like in the derivation of (3.32):
E(T) < CTu,N‘alznT”asafuaHLl(O,T;Lﬁ(T"”))'

Step 4. Convergence. Since lim 7,y = 0 as a remainder of the convergent series,
N—+o00

cf. Lemma 3.6 and (3.13) by combining (3.20) and (3.21), we see that for fixed T, m,
it holds that  lim lem™N (T)]l7m = 0. 0
— 400

4. Error control and complexity estimates. All over the section we fix the
simulation time T and the parameter m and study the behavior of the error with V.
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4.1. Error control. It appears that the error bound provided by Theorem 3.9
s (at least partially) computable. Let us show how

TaN = Z Ao k.7, a€{o,n}, cf. definition (3.13),
k=N+1

which controls the error, can be approximated numerically, provided that Aq i, Qq .
k=1,...,N, are known (see Section 5.1). A direct computation using (3.6) yields

AZ(0) = =2 AgQ3

By Lemma 5.5 and Corollary 5.6 in [9], the left-hand side of the above is known
explicitly. Introducing

=~ (L= ()™, p = 1 (lfad? + G/ + 1) (/o) — ()

we have the following;:
e when (p/a) <1, Al(0) = AJ(0) = A\
e when (pa) <1< (n/a), AJ(0) = Ay and AJ(0) = Ap;
e when (pa) > 1, AJ(0) = A5 (0) = Ap.

Hence, provided Aq  and Qq , k = 1,..., N (approximated numerically), we compute

1 YA
Ta,N = 75 (AZ(O) + QZ ngk> ) ac {D,n},
k=1 " ak

with AZ(0) being given by one of the above expressions.

4.2. Convergence and complexity estimates. The complexity of the method
described in Section 3 depends linearly on the number of poles N in (3.17). The
estimate of Theorem 3.9 shows that in order to ensure that the error in the energy
norm is O (¢), one should choose N = N, ., so that rq v <e. Let

(4.1) Nae = Igéiél*{ra,gv <e}.

In [8] it was shown that Ng . is related to the following quantity:

(4.2) Py(A) :i=#{k : 0 < Qqr < A}

More precisely, Ng . is bounded by

(4.3) P,(Cie™H < Ny < Py(Coe™),  with some Cy > C; > 0.

4.2.1. Asymptotic estimates on N,. and 74 n. As shown by (4.3), to find
an asymptotic upper bound on N, ., it is sufficient to obtain a bound on Py()) as
A — 4o0. For this, in [8] we used the fact that the poles in (3.6) are related to the
eigenvalues wq i of Aq, cf. Theorem 3.2. More precisely, because the eigenvalues wq k
(unlike the poles Qg 1) are counted with multiplicities, it holds that Py(\) < #{k :
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wa,k < A}. This allows to relate bounds of P, to the asymptotics of the eigenvalue
counting function. It is then not surprising that such a bound will depend on the
geometry of the tree 7. To state it, we define (with Y~ =>"):

i

(4.4) ds € (0,00) a unique number s.t. Za?s =

The existence and uniqueness of dy follows by noticing that (0,00) > z +— > af is a
strictly monotonically decreasing function with the values on the interval (0, p).
To state a bound on Py, let us introduce (@) =Y a.

THEOREM 4.1 ([8]). There exists Cy > 0, a € {n,0}, depending on a, u, s.t.,
for all A > 2, it holds:

1. if (@) <1 (ds < 1), then Py(\) < Cy.
2. if (a) =1 (dg = 1), then Py(\) < CaAlog .
3. if (@) > 1 (dy > 1), then Pa(\) < Carf.

With the above theorem and (4.3), we can obtain an upper bound on the number of
poles in the approximation (3.16) required to achieve a desired accuracy e.

THEOREM 4.2 ([8]). There exists CF > 0, depending only on p, o, such that,
for all0 < e <1/2, N, . satisfies:

o if(a)y <1 (ds<1), Ngo. <Cfel.
e if(a)=1(ds=1), No. <CFelloge™!.
e if () >1 (dy>1), Ngo <CFe s,

Next, we present a bound on 74, x with respect to IV, which, together with the results
of Theorem 3.9 allows to conclude about the convergence of the method. This bound
is a corollary of Theorem 4.2.

THEOREM 4.3 ([8]). There exists ¢f > 0, depending only on w, e, such that, for
all N > 2, rq N satisfies:

o if (a) <1 (ds<1), rqn <cf N7L
o if(a)=1(ds=1), rqny <cf N 'logN.
o if () >1 (ds >1), rqn <cf N~
The following result provides a lower bound on P,, Ny, and rq n.
PROPOSITION 4.4 ([8]). With some cp,cpn,cr > 0, €9, Ao > 0, Ny € Ny, it holds:
for alle < eg, A > Ao, N > Ny,
Py(\) > cpA, and, by (4.3), Noo > cpe b, ran >, N5

The above result shows that the upper bound of Theorems 4.1, 4.2, 4.2, in the case
when (a) < 1, is sharp. When (a) > 1, the sharpness of the upper bounds is not
clear, and a numerical investigation is needed.

REMARK 4.5. Since the error bound provided in Theorem 3.9 is only an upper
bound, the lower bound on rq N given in Proposition 4./ does mot imply that the
convergence of the method is at best O(N~1). Nonetheless, in practice, as we will see
in Section 5.3, the bound of Theorem 5.9 is close to optimal.
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4.2.2. Numerical experiments. The goal of this section is to examine numer-
ically the sharpness of the bounds of Theorem 4.1, as this is equivalent, by (4.3), see
also [8], to verifying the sharpness of estimates of Theorems 4.2, 4.3. For this we
compute the quantity Py(\) defined in (4.2); the poles of A,(w) are determined with
the help of the method described in Section 5.1. We consider three cases.

1,500 : T
Py Ry
R XGN
Py(N) 10° B O(Mog ) E
—_—0(N) [ === 00 ]
1,000 |- g [ w
= = | . |
y 8 L
500 | 8 10% . g
I I I I Rl ) ) |
200 400 600 800 1,000 nE 107 1025
A A

FIGURE 2. P4()\) vs its theoretical bounds given by Theorem 4.1 and Proposition 4./ for the case
when >, a; < 1. Left: o = (0.5,0.2), p = (1,2). Right: o = (0.6,0.4) and p = (1,0.5). Remark
that in the right figure the scale is logarithmic.

10 E
E 102.5 [
= 2
[ i el
101 | E < PN
: N A o
[ —_—) | e 4 " oW 8
100 Ll Ll 4 | | |
10° 10* 10? 10" 105 102 1025
A A

FIGURE 3. Comparison of Pa(\), a € {0,n}, and the bounds of Theorem 4.1 and Proposition 4.4
for different values of a. Left: a« = (0.45,0.73), p = (0.5,0.5). Right: o« = (0.8,0.8), = (0.4,0.6).
In this latter case on the plot scale the difference between Py and P, is almost invisible.

Case 1 of Theorem 4.1: d; < 1. We take a = (0.5,0.2), p = (1,2), cf. Figure
2, left. The numerical results confirm the bounds of Theorem 4.1, Proposition 4.4:
P(X) =0O(N).
Case 2 of Theorem 4.1: d; = 1. The numerical experiment for the case o =
(0.4,0.6), p = (0.5,0.3), cf. Figure 2, right, indicates that the upper bound is sharp
in this case: Py(A) = O(AlogA).
Case 3 of Theorem 4.1: ds; > 1. We study two cases:

e a=(045,0.73), u = (0.5,0.5), ds ~ 1.34. See Figure 3, left.

e a=(0.8,0.8), u=1(0.4,0.6), ds =~ 3.11. See Figure 3, right.
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In the first case we see that the upper bound of Theorem 4.1 seems to be sharp, i.e.
Py(X\) = O(A%). In the second case we observe a clear discrepancy between the upper
bound provided by Theorem 4.1 and the actual behaviour of Py()), which is close to
the lower bound (i.e. O())), cf. Proposition 4.4. The reason for this is that ag = o
(i.e. the tree is 'symmetric’); a theoretical justification can be found in [8].

Let us finally remark that in the experiment with a = (0.45,0.73), on the interval
(0,200) we computed more than 3200 poles for the Neumann problem.

Conclusions.  Numerical experiments suggest that when (a) > 1 and when
the tree 7 is not symmetric (i.e. a; # «j, for ¢ # j), the upper bound of Theorem
4.1 is sharp. This can fail in the presence of symmetries. Therefore, we expect the
case dy > 1 to be more difficult for the numerical treatment than the case dy < 1
(this will be explained in more detail in the beginning of Section 5.1). In particular,
in this case the number of poles on intervals of a fixed length (a,a + ¢) increases as
a — +o0. To see this, suppose that Py()\) = CyA% +0(A\%), with Cy > 0, and assume
that the number of poles on (a,a + ¢) is bounded by a constant M > 0 for all a > 0.
This would imply that on the interval (0,nf), there are at most nM poles, and thus
Py(nf) = O(n) as n — 4o0. However, by assumption, Py(nf) = Cq(nf)% + o(ns),
with ds > 1, and thus we arrive at the contradiction.

5. Numerical resolution of (3.17). Numerical experiments. In this sec-
tion we address the numerical aspects of the resolution of (3.17):
e in Section 5.1 we outline one strategy to compute Qg and Aq 1;
e in Section 5.2, we present a stable discretization of (3.17);
e Section 5.3 is dedicated to the numerical experiments.

5.1. Computing poles and zeros in the approximation AY. In order to
use the approximation (3.15), (3.12), it is necessary to be able to evaluate g, the
poles of Ay, and the respective (scaled) residues Aq 1. Because Aq(w) can be efficiently
evaluated for each w € CT using the method described in [6] (and for w € C~, we have
Aq(w) = (Aq(w*))"), it would be rather natural to use classical contour integration
techniques for computing the poles and the residues of A,. However,

e the location of poles is not known. This is aggravated by the fact that the
poles and the zeros of A, interlace (this can be proven rigorously), and thus
a straightforward use of the argument principle does not seem to be possible.
e poles of A, can be located very close to each other (which poses difficulties
in choosing an integration contour for computing residues), see Section 4.2.2.
e evaluating A, close to the real axis may be inaccurate, because of the proxim-
ity to the poles, cf. the error estimates in [6]. Let us remark that in practice
we found this much less of a problem than the two previous issues.
To overcome (at least some of) these difficulties, we suggest to use an alternative
strategy described in the sections that follow.

5.1.1. An auxiliary function. Let us introduce an auxiliary function (which,
since A, (w) is the symbol of the DtN, can be viewed as a Robin-to-Robin operator):

(5.1) ga(w) == (—w M Ag(w) — i) (—w Ag(w) + i)_l

The following proposition relates the location of poles of A, to the points w where
Re gq(w) = 0 and the values of coefficients A4 1, to the derivatives of g4 in these points.

PROPOSITION 5.1. The function g4 is meromorphic in C. Moreover,
(1) if wo is a pole of gq, then Imwy < 0;
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(2) 1ga(w)| =1 when w € R;
(3) let wg € R. Then gq(wo) = 1 if and only if wy is a pole of Aq(w).
(4) the coefficient Aq, cf. (3.6), is given by Aqr = 4i(gh(Qae)) L.

Proof. The function g, is meromorphic because A, is such, cf. Theorem 3.2.

Proof of (2). (2) follows from the property w 'Aq(w) € R for w € R, cf. (3.6).

Proof of (3). We prove =— , while the other implication is immediate. Let
ga(wo) = 1. Assume that wp is not a pole of w™'A4(w). We have wy'Aq(wo) € R;
set z = —wy ' Aq(wp) +4. Then Im z = 1, but gq(wp) = 2*2~! = 1, which implies that
Im z = 0, thus a contradiction.

Proof of (1). By (2), ga(w) has no poles on R, it thus remains to show that it
has no poles in C*. Because, by Corollary 3.4, w — w™tA4(w) is analytic in C*, g,
may have a poles in wy € CT if and only if wo_lAu(wo) = 4. This is impossible by
Theorem 5.9 in [9]: for all w € C*, we have Im(w ™' A4(w)) < 0.

Proof of (4). In the vicinity of the pole €4 ¢ it holds that

_ A VA%
w A (w) = —W +O(1), and
3 , 2A ,gQi 3
(W Aa(w)) = —W +O((W* =03 ) 7).
a,l

Inserting the above into

ga(w) = —

2i (W Aqg(w))’
(T Auw) + )7
we deduce that hgl gé(w):éliAa_}. |

w—rlq 0
One draws two important conclusions from Proposition 5.1:
e to find the poles of A, it suffices to find w € R, s.t. gq(w) = 1.
e to compute Aq ¢ it suffices to compute g/ (Qq.¢).
All of the above requires a method for evaluation of g, on the real axis. For computing
ga we will use the same ideas as in [6] for evaluating A, in CT. We start by writing
a non-linear equation satisfied by gq.

5.1.2. g, as a solution of a non-linear equation. An equation for g, can be
obtained from the equation for A4 in [9].

LEMMA 5.2 (Lemmas 5.3, 5.5 in [9]). The symbol of the reference DtN operator
A=Ay, ae{n0}, is a unique even solution of the problem: find A : C — C, s.t.

~1
wtanw — F, ,(w) = i
5.2 Alw) = — o Fo,()=S 2
(5.2) (w) wtanwFa#(w)—l-w’ n(Ww) Z@i W

that is analytic in the origin, and whose value A(0) is specified by Proposition 3.3.

The above equation allows to obtain an equation similar to (5.2) satisfied by g4. For
this we 1) re-express A, via g4 from (5.1); 2) replace Aq(c;w) in the right-hand side
of (5.2) by the obtained expression; 3) substitute the obtained expression for A, (w)
into the right hand side of (5.1). This procedure yields

-1

sl Gauw) 1 +9u W)
(5:3) ga(w) = e ) Genl® ZO T olaw)
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Using the connection between (5.2) and (5.3) it is easy to obtain the following result.

LEMMA 5.3. The function gq, a € {0,n} is a unique even meromorphic solution
of the equation (5.3) that is analytic in the origin, satisfies gq(w)ga(—w) =1 for all
w € C, as well as the following condition in the origin:

o when (p/o) <1, go(0) = ga(0) = —1.
e when (po) <1< (p/a), ga(0) = —1 and go(0) = 1;
o when (po) > 1, go(0) = ga(0) = 1.

Proof. The proof is left to the reader. Remark that the condition gq(w)g4(—w) =
1 corresponds to the evenness of A,. 0

REMARK 5.4. Because we are interested in calculating g, on the real axis based
on (5.3), it is important to check whether (5.3) is well-defined for all w € R.
First, let us remark that if lim g, ,(w) = 00, ga(wo) is well-defined: gq(wo) = €.
w—rwo

It is possible to prove that lim g, ,(w) = oo if and only if, for some ¢, gq(apwo) = 1.
w—rwo

Second, we remark that the denominator of (5.3) cannot vanish: otherwise this would
have implied that in such points w, gq(w) = oo which contradicts Proposition 5.1 (1)
and the uniqueness Lemma 5.5. We thus rewrite (5.3) for w € R as follows:

(54) ga(w) _ eZiw { %7 ngu(O'ljUJ) 7é 17 V],
1, otherwise.

5.1.3. A method for calculating g, in a point w € R. Let us discuss how
to compute gq(w) in a point w € R. We consider two cases: |w| < r and |w| > r, for
a fixed small enough 7.

Description of the method.

Case |w| < r. By Proposition 5.1, g4 is analytic in the vicinity of the origin. Thus
it can be approximated using the truncated Taylor expansion:

N.
(5.5) ga(w) = g (w) == Z wW"Gan, for a fixed N, >0,
n=0

where gqn, n € N, are the Taylor coefficients of g, in w = 0. They can be found
by power matching from (5.1) and the known recursive expressions for the Taylor
coefficients of A, in the origin given in [9].

Case |w| > r. The expression (5.4) shows that, provided w € R, knowing g,(2)
for |z] < |at|oo|w| (recall that || < 1) allows to compute gq(w). In this sense, the
equation (5.4) resembles (5.2). Hence for computing g,(w), we can employ the same
method as for computing Aq(w) in [6]. We will not present it here, as it is lengthy
and its application to evaluating g, is straightforward. It is based on the two ideas:

1. To compute gq(w), by (5.4), it suffices to compute gq(a;w), for j =0,...,p—1,
and next use (5.4). Remark that |ojw| < |a]oc|w| < |w|. The same reasoning
can be applied to each of gq(ojw), 7 =0,...,p—1.

Further application of this idea allows to reduce the question of evaluation of
ga(w) to the question of computing

o, - i w), i1,...,0 € {0,...,p—1},

where L is such that |a|L |w| < 7. With such L, |, -+, w| < |a|Z |w| < 7.
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2. the values gq(ay, - - -y, w) are then evaluated using (5.5):
(5.6) galai, - i w) & go (o, -y w).
Preservation of the property |g,(w)| = 1. As seen from the above, the method
of [6] is based on a repeated application of (5.4); let us prove that it preserves the
property |gq(w)| = 1.
PROPOSITION 5.5. Let w € R, be fized. Let (gj)fgé € C? be s.t. |gj| =1 for all
0<j<p-—1. Then g € C given by

, Japu(w)—1 ifVi,9; # 1 p=l +q.
5.7 — 2w gaurir VNI - 9
(5.7) g { 1, ' otherwise, Jous ]zz:o Hiq - 9j

satisfies |g| = 1.

Proof. The result being obvious if for some j g; = 1, let us prove it in the opposite
case. A simple computation yields

9|2 = (1 —Regau)® + (Imga,,)?
(1 +Rega,u)? + (Imga,,.)?

It remains to show that Re g,,, = 0. This follows by a direct computation:

p—1
1—|g;|? : :
Re ga,, = Zﬂjm =0, since |g;| =1 for all 5. ]
j=0

Assume that for all 41,..., iz, it holds that [g)* (s, -+~ o, w)| =1 (cf. (5.6)). Since
the approximation of g,, namely g4, is computed by a repeated application of (5.4),
according to the above lemma, it holds that |gq(w)| = 1.

REMARK 5.6. For the moment we have only numerical evidence of convergence
of the method, as well as of its stability when ’g{lv (o, -~-aiLw)‘ =1=+e, fore small.

Complexity. From the results of [6], it follows that for a fixed r > 0, N, € N, the
asymptotic complexity (as |w| — 4+00) of the method scales as O(log? ™ |w]).

5.1.4. Computing poles and residues of A,. Computation of the poles of
A, and the coefficients A, is based on the results of Proposition 5.1. Let us show
how to compute the poles of A, on the interval (0,L). First we subdivide (0, L)
into small intervals and interpolate g, on each of these intervals using the Chebyshev
interpolation. The resulting piecewise-Chebyshev interpolant is denoted by gq.c.

We next find the poles according to Proposition 5.1 (3). The Chebyshev inter-
polants do not preserve the property |gqs(w)| = 1, and therefore, instead of finding the
points where Re gq.(w) = 1, we

1) compute zeros zj of the polynomial interpolant Im g, .(w) (by Proposition
5.1 (2), if Imgq(w) = 0, then Re gq(w) = £1);
2) check whether Regq c(zx) > ¢ > 0. If this is the case, we consider that zj is
an approximation to the pole of Ag.
The coefficients A are evaluated by computing g; .(zx), cf. Proposition 5.1(4).

REMARK 5.7. The reason why we subdivide the original interval (0, L) into mul-
tiple sub-intervals and interpolate g, on the sub-intervals is the following: despite the
fact that g, is smooth, it may oscillate rapidly (depending on the values o, p), and
hence require a high degree polynomial interpolant. This is illustrated in Figure 4.
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It IH

i

3 4 5 Y 342 3.44 3.46 348 35
FIGURE 4. Left: dependence of Regn(w) on w; a = (0.8,0.75) and p = (0.5,0.5). Right: the
close-up for the interval (3.4,3.5). In this case Ay has about 1100 poles on (0,5).

The implementation of this algorithm was done using the Chebfun [3, 19], which
allows to construct a highly accurate approximation of g, . and contains an automated
procedure for choosing the degree of the interpolant, see [2, 19]. If the Chebfun fails
to construct an accurate interpolant, we further subdivide the interpolation interval.

REMARK 5.8. As remarked above, the Chebyshev interpolants do not preserve the
property |gq(w)| = 1, but this does not seem to pose significant problems in practice.

5.2. Discretization. In this section we discuss the discretization of (3.17), start-
ing with the semi-discretization in space, and then show a discretization in time. Next,
we discuss its stability and convergence. All over this section we fix m and N. In the
definition of the discretized quantities, we will omit the indices N, m, a.

5.2.1. Semi-discretization in space. Let Uy C V,(7™) be an extension of
the Lagrange P; space to the case of fractal trees, defined like in [6]. By u(t) €
RMs we denote the respective vector of the degrees of freedom (nodal values) that
approximates u:%(t), and by A (t) € RP" an approximation of A, () € RP".
The mass and stiffness matrices are denoted by M and K (remark that they are
constructed with respect to the weighted Li(T) product). Let also the matrix P be
defined as Pj; = wo (M, ;).

Formulation. The discretization in space of (3.17) in the algebraic form reads:
find u € C*(R*T;RY:), s.t. u(0) = 9;u(0) = 0 and

Mo?u + Ku +PTW,,D,, (n/a) A, (0)Pu
p—1N-—-1 1
(5.8) + PTVVmDm ; Z; Aavi;iatAZk =Mf",
OFN!) + a1 Q2 D2 AL, = Pu, A (0) = 0 Al (0) = 0.

5.2.2. Discretization in Time. Let us describe how we discretize in time the
approximate problem (5.8). To obtain a stable discretization, the main idea is to use
the explicit leapfrog discretization for the volumic terms, and the implicit trape-
zoid rule discretization of the boundary terms. First, however, we introduce some
notation. Provided a time step At, let v™ be an approximation to v(.,nAt). Let

1 ot g
Dap"tz = ————
At

,UnJrl _ ,Unfl D2 ,Un _ Un+1 — 2™ + ,Unfl
20t 0 TA (At)2 ’

" hyja = i QZn + vnil, /2 = vt +2Un+1.

DAt"Un =
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Formulation. For simplicity we will assume that the source term f in (3.17)

satisfies f € C'(R™; Li(’Tm)), £(0) = £ f(0) = 0. The discretization of (3.17a) reads:
given u’ = 0, u' =0 € RV, find (u"), oy C R+, s.t

(5.92) MD3u" + Kuj + P*(p/a) Ao ()W, D, P{u"}y /4

p—1 N

+PTW,,D,, ZZAM’“"“DN (AR =M™,

k=0 i=1

(5.9b) D3, (Al)" +a; 102, D2, {(Agk)"}1/4 = DpPU",
0 1
(5.9¢) (M) = (M) =o.
Stability. The formulation (5.9a-5.9¢) is stable under the CFL condition
At\2 1/

(5.10) Ceorr = ( > ) p(M~V2KM~Y/2)~1 < 1,

where p(A) is the spectral radius of a matrix A. To see this, let us first introduce the
notation: (v,q)a = (Av,q), ||v]|4 = (v,v)a. Let us define

2 2
w7 = 3 ([par ] - (5) st )« gl

M
1 n M TL
b3 /) AO)Pu Ry, +ZAMZ i,
i=1

K

—102
2 o Q2. 2
k "fai h \n+i
+ D, (A} 2
W,.D,, 2 m(i)

E?Zlm HDAt(AZk)nJF%

WD,
The condition (5.10) ensures that E*+1/2 > 0.

THEOREM 5.9 (Stability of (5.9)). Let (W™)nen solve (5.9), and let (5.10) hold
true. Then, with C' > 0 depending on o, p and the problem (Dirichlet or Neumann),

VE1/2 < CAtY || f¥llm,  neN

k=0

Proof. The result is obtained by testing the equation (5.9a) with Dasu™. The
only 'non-classical’ terms are related to A, and can be handled using (5.9b):

(W DwDay ()\ ) , DatPu’ ) = (WmDmDAt ()\?,k)naDZt (Ailk)n)

+ <WmDmDAt ()‘?k)n ) O‘I;lQ?‘ﬂ'D’Q’L {(A?’k)n}l/‘l) .

The above yields :

un+1 _ un—l >
’ At M’

which can be bounded using a discrete Gronwall inequality, see [7, Appendix EJ.

REMARK 5.10. As discussed in [6], the CFL condition (5.10) coincides with the
CFL condition for a Py-discretization of a non-weighted wave equation (since the
weights are piecewise-constant, and u®N satisfies (2.2) on each branch). Moreover,
in our case the CFL condition is not affected by the DtN approximation, because the
related terms are discretized with the implicit trapezoid rule.

R NI
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5.2.3. Remarks on convergence. Like for the CQ discretization in [6], it is
not difficult to demonstrate that (5.9) is of second order in time and first order in
space, when measuring the error in the energy norm, with the constants depending
on the computational time 7" polynomially and on some W*1(0, T’; Li (T™))-norm of
f- The convergence estimates can be shown to be independent of N. As the proof is
classical, we will not state the respective result here.

5.3. Numerical Results. All the experiments of this section are performed on
the reference tree. Moreover, we use the scheme (5.9a-5.9¢) with the mass-lumped
finite elements (and all the norms are computed using mass-lumped matrices). All
over this section, we will omit the indices m and a.

5.3.1. Validity of the method. To validate the correctness of the approach,
we compare it to a highly accurate convolution quadrature approximation of the
transparent boundary conditions, cf. [6]. In particular, we truncate the tree to 3
generations, and compute the solution on the tree 7™, m = 2, with the help of the
N-term transparent boundary conditions. The reference solution u,.s is computed
on the truncated tree 7™*1 (i.e. the tree with 4 generations), with the help of the
convolution quadrature method, with the same discretization parameters. In all the
cases we choose the discretization with h = 10~* and At ~ 9.9-107°. In what follows
we will denote by uf, (resp. wy,,) the solution to (5.9) at the time step n. ~ We

—— N =100
0.1 N =250
N =500
——N =950
Q‘UZ —2
5-10
-2 o
% %8_2 L o r ANV

FIGURE 5. Dependence of the error e defined in (5.12) on time nAt for different values of
the truncation parameter N.

solve the Dirichlet problem for e = (0.3,0.6), p = (0.5,1). As a source we take the
function supported on the root edge of the tree

(5.11) f(s,t) = 10° exp(—o(s — 0.5)% — o(t — 0.5)*)(s — 0.5), o = 10>

The above function is approximately band-limited in time with the maximal frequency
in its Fourier transform being wy,q,» &~ 107 (we cut-off at 10~5-accuracy). This implies
that the maximal frequency present in the Fourier transform of BE ~v,u, cf. (2.12),
is roughly wynaz|a|™T & 0.63 - 107 ~ 23. Thus, N should be chosen large enough to
ensure that all the poles inside the interval (0, 23) are included into the approximation
(3.15), i.e. N > 27. A more precise error control is achieved by computing the value
rny =Ty~ as described in Section 4.1. In particular,

00 & 9-1073, roso = 4.1-1072, ree0~2.2-1073, 150 &~ 1.2-1073.
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Reference I
0.5+ ——N=30 [ B
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- f ' |
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PIYRIA]
A\ v | “ !
—0.5 ! V B
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Reference
0.5 —— N =500 N
<0

FIGURE 6. Top: dependence of the solution uy; measured in the middle of the edge X2 o of the
tree on time nAt. Top: N = 30, bottom: N = 500

The dependence of the solution ux on time evaluated in one point of the tree is shown
in Figure 6. We plot the dependence of the error

lur — uepllnz (m-1)

(5.12) - : ,
meaX Ilure_f ||L}2L(Tm71)

on time nAt for different values of N in Figure 5.

5.3.2. Convergence rates. In this section we study the convergence rates of
the method, according to the results of Theorems 4.3, 3.9. We compare the quantity
eN, to the quantity ry = r, n, computed numerically as described in Section 4.1,
as well as a theoretical upper bound given in Theorem 4.3. The results are given in
Figures 7, 8. In these figures we observe in particular that the numerically computed
value ry provides an excellent estimate for the convergence rates, as expected, and
can be potentially used as an error estimator. To verify the result of Theorem 4.3,
we conduct four numerical experiments, which cover all three cases of Theorem 4.3.
We compute the solution uy to the Neumann problem on a truncated tree 7™, with
m = 2, with the help of the approximated transparent boundary conditions (3.15),
for different values of IV, and compare it to the reference solution u,.s computed with
the help of the convolution quadrature method [6] on the truncated tree 7™. In all
the experiments we use the discretization with the spatial step h = 10~* and the time
step At = 9.9-1075. As a source term we take (5.11), with o = 102, supported on
the root edge of 7™. All the computations are done on the time interval (0,7"), with
T = 10, divided into N; time steps. We measure the dependence of the following
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100; T T T TT1TT7T T T T T % 100E T T TTTTTT T T TTTTTT \%
= ()N . = ()N .
r “rel b r “rel 1
[ —_— i I —_— i
1071 & --- O(N7Y - 10~1 =2~ --- OQlogNN"Y)
F 0 ERLCE U o
1072} NN 1072 | §
1074 Lol Lol 1074 Lol Lol T
10? 103 10? 103
N N

FIGURE 7. Relative error (5.13) depending on N. Left: a« = (0.2,0.5), p = (0.6,0.1) (ds < 1,
with 1y < CN~1). Right: o = (0.7,0.3), p = (0.3,0.6) (ds = 1, with ry < CN~llog N ).

1005\ T T T T T T TTTI T 1005\ T T T T T T Ty
L e E N e E
[~o —_—TN i ~. —_—N 1
| \\\\ - O(N—0.619> i 1071 ; s\\ - O(N—o.mn)i
107t | E i T ]
23 i ] =3 I ]
) I B NS e
k | 1072 4
1072 E i
i ! 1073
Lol Lol Lo C vl Lol (RN,
102 10°% 107 10°%
N N

FIGURE 8. Relative error (5.13) depending on N. Left: o = (0.7,0.6), p = (0.3,0.6) (ds =
1 1
1.615, ry < CN 45 ). Right: o = (0.5,0.65), p = (2,1) (ds = 1.256, ry < CN ds ). In this latter

case the Dirichlet and Neumann problems coincide.

relative error on the order N of the transparent boundary conditions:

N

Cabs

(5.13) eN, =

eN . = max |uf —ut 2 (Tmy.
s Ty (o = B I e
As a complement to Figures 7, 8, we present the numerically estimated order of
convergence associated to different experiments in Table 1. We observe a rather
good agreement with the theoretical convergence estimates, especially in the cases
a = (0.7,0.3) and o = (0.7,0.6). In the case o = (0.5,0.65), where the numerically
established convergence rates are somewhat different from the theoretical one, it ap-
pears that the numerical convergence rates are quite close to the ones measured from
the values ry. Most likely the discrepancy between the theoretical and the numerical
rate is related to the fact that the asymptotic regime has not been reached for the
range of N considered. Finally, in the case @ = (0.2,0.5), we remark that the con-
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Value of N Numerical convergence rate d
Ny, a=(02,0.5) | «=(0.7,03) | @« =(0.7,0.6) | & =(0.5,0.65)
16 - - - -
32 0.94 1.15 0.95 0.63
63 0.99 1.15 0.52 0.63
125 0.99 0.99 0.66 0.68
250 0.95 1.1 0.62 0.64
500 0.95 1.0 0.53 0.75
1000 0.93 1.0 0.69 0.72
2000 0.88 0.98 0.56 0.73
4000 - 0.96 0.65 0.75
7000 - - 0.62 0.76
Theoretical d 1 1 0.62 0.796
TABLE 1

Numerically measured convergence rates in different experiments.In the particular case of o« =
(0.7,0.3) (where the convergence is O(N~'log N)), the quantity provided in the above table is defined

Ngi1, Np
ey

—1 —1 .
log(Nk+l log Ny, 1/(N log Nk))

as d =

vergence order deteriorates slightly. Because there exists a discrepancy between the
convergence rates measured from the numerical error and the ones measured for the
numerically computed value ry (where it is very close to 1), we think that either it
is related to the accuracy of computation of the poles and residues in the method, or
the discretization error becomes significant in this case.

6. Conclusions and Open Questions. In this work, we have constructed
transparent boundary conditions for the weighted wave equation on a self-similar
one-dimensional fractal tree. The approach presented here is alternative to the con-
volution quadrature [6] and is based on the truncation of the meromorphic series
representing the symbol of the DtN operator. The complexity of the method depends
on the number of poles in the truncated series; we have presented estimates on the
number of poles, required to achieve a desired accuracy e. While the convergence
in term of the number of poles is rather slow, one of the advantages of this method
is that its cost does not increase with time (unlike the convolution quadrature ap-
proach). Our future efforts are directed towards improving the convergence of the
technique, based on approximation of the remainder of the meromorphic series.
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