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Abstract

We consider the effect of an array of plates or beams over a semi-infinite elastic ground on the
propagation of elastic waves hitting the interface. The plates/beams are slender bodies with fle-
xural resonances at low frequencies able to perturb significantly the propagation of waves in
the ground. An effective model is obtained using asymptotic analysis and homogenization tech-
niques, which can be expressed in terms of the ground alone with effective dynamic (frequency-
dependent) boundary conditions of the Robin’s type. For an incident plane wave at oblique
incidence, the displacement fields and the reflection coefficients are obtained in closed forms and
their validity is inspected by comparison with direct numerics in a two-dimensional setting.

Keywords: asymptotic analysis; elastic waves; metamaterials; metasurfaces; multimodal
method
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1. Introduction1

We are interested in wave propagation in a semi-infinite elastic substrate supporting a perio-2

dic and dense array of thin or slender bodies. This is the canonic idealized configuration used3

to illustrate the problem of ”site-city interaction”. Such a problem, recent on the seismology4

history scale, aims to account for the urban environment as a factor modifying the seismic ground5

motion. Starting in the 19th century, the interest was primarily focused on the motion of the soil6

elicited by static or dynamic sources being concentrated or distributed on the free surface in the7

absence of buildings. These studies have led to important results as the Lamb’s problem [1, 2].8
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Figure 1: Geometry of the actual problems: (a) Array of parallel plates infinite along x3 atop an isotropic substrate; (b)
Doubly periodic array of cylindrical beams atop an isotropic substrate. The scalings are chosen to capture the bending
resonances only; with kT the wavenumber in the substrate, kTh = η and kT` = O(η2).

Then, more realistic configurations have been considered using approximate models to predict9

the effect of complex soils, including the presence of buried foundations, on the displacements10

in structures on the ground, see e.g. [3, 4, 5] and [6] for a review. In the classical two-step11

model, the displacements in the soil without structures above, so-called free fields, were firstly12

calculated and they were subsequently used as input data to determine the motion within the13

structure [4, 6]. This means that the interaction, refereed to as the soil-structure interaction, was14

restricted to the effect of the soil on the structure. In the mid-1970s, Luco and Contesse [7] and15

Wong and Trifunac [8] studied the interaction between nearby buildings and they evidenced the16

resulting modification on the ground motion. They termed this mutual interaction the structure-17

soil-structure interaction, which has been later renamed soil-structure-soil interaction. On the18

basis of these pioneering works the idea took root that several structures may interact with each19

other and modify the ground motion, supplied by numerical simulations and direct observations20

during earthquakes [9, 10, 11, 12, 13, 14, 15, 16]. At the scale of a city with the specificity of21

the presence of a sedimentary basin, the soil-structure-soil interaction has been called site-city22

interaction, a term first coined by Guéguen [10]. From a theoretical point of view, most of the23

models encapsulate the response of a building with a single or multi-degree of freedom system24

[17, 10, 18, 19, 20, 16]. On the basis of this model, Boutin, Roussillon and co-workers have25

developed homogenized models where the multiple interactions between periodically located26

oscillators are accounted for from a macroscopic city-scale point of view [19, 21, 22, 23, 24]. In27

the low frequency limit, that is when the incident wavelength is large compared to the resonator28

spacing, the effect of the resonators can be encapsulated in effective boundary conditions of29

the Robin type for the soil, a result that we shall recover in the present study. Such a mass-30

spring model has been used in physics for randomly distributed oscillators [25] and periodically31

distributed oscillators [26, 27, 28] for their influence on surface Love and Rayleigh waves. The32

ability of arrays of resonators to block Love and Rayleigh waves has been exploited to envision33

new devices of seismic metasurfaces [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] in analogy with34

metasurfaces in acoustics [40, 41] and in electromagnetism [42, 43].35

In this study, we use asymptotic analysis and homogenization techniques to revisit the pro-
blem of the interaction of a periodic array of plates or beams on the propagation of seismic
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waves in three dimensions. We consider slender bodies in the low frequency limit which means
two things. Firstly, the typical wavelength 1/k is much larger than the array spacing `, which is
a classical hypothesis. Second, we focus on the lowest resonances of the bodies being flexural
resonances. The first flexural resonances correspond to kh ∼ `p/h, with `p the body thickness, h
the body height and h/`p the slenderness (in comparison the first longitudinal resonance appears
at kh ∼ 1). Now, we consider dense arrays, which means that `p ∼ `, and ϕ = `p/` ∈ (0, 1)
(Figure 1). Hence the asymptotic analysis is conducted considering that

the wavelength 1/k is large compared to h which is itself large compared to `p ∼ `.

It is worth noting that assuming ϕ = O(ηn) with n ≥ 1 would allow a reduction of the model in a
first step, resulting in concentrated force problems, as implicitly considered in [19, 21, 36]. Here
on the contrary, the implementation of the asymptotic method will require that we reconstruct the
asymptotic theory of plates and beams in a low frequency regime, as previously done for a single
body in solid mechanics, see e.g. [44, 45] for plates and [46, 47, 48, 49] for beams. However,
this classical theory has to be complemented with matched asymptotic expansions to link the
behavior in the periodic set of bodies with that in the substrate. This “soil-structure” coupling
requires a specific treatment as used in interface homogenization [50, 51, 52, 53], see also [54]
for a resonant case. In the present case, we shall derive effective boundary and transmission
conditions in a homogenized region which replaces the actual array; and in this effective region
the wave equation for flexural waves applies. This problem can be further simplified in effective
boundary conditions of the Robin type on the surface of the soil, namely

σ · n = K(ω)u, (1)

where the frequency-dependent rigidity matrix K depends explicitly on the flexural frequencies of36

the plates/beams. The rigidity matrix is diagonal as soon as the bodies have sufficient symmetry,37

resulting in effective impedance conditions which ressemble those obtained in [22] in the same38

settings.39

The paper is organized as follows. In §2, we summarize the result of the asymptotic ana-40

lysis in the case of an array of plates, whose detailed derivation is given in §3. The resulting41

“complete” formulation (3)-(5) is equivalent to that in (6)-(7) thanks to a partial resolution of42

the problem. In §4, the accuracy of the effective model is inspected by comparison with direct43

numerics based on multimodal method [55] for an in-plane incident wave. The strong coupling44

of the array with the ground at the flexural resonances is exemplified and the agreement between45

the actual and effective problems is discussed. We finish the study in §5 with concluding remarks46

and perspectives. A short comment on the solution in the region of the plates is given in Appendix47

A. We provide in Appendix B the effective problem for the an array of beams which is merely48

identical to the case of the plates with some specificities which are addressed.49

2. The actual problem and the effective problem50

We consider in this section the asymptotic analysis of an array of parallel plates atop an51

isotropic elastic substrate. We note that the problem splits in the in-plane and out-of-plane po-52

larizations. The latter case has been already addressed in [37]. We focus in this section on the53

former, in-plane, vector elastic case. We further note that the asymptotic analysis of a doubly54

periodic array of cylinders atop an isotropic substrate is a fully coupled elastodynamic wave55

problem, which is thus slightly more involved and addressed in Appendix B.56
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2.1. The physical problem57

We consider the equation of elastodynamics for the displacement vector u, the stress tensor
σ and the strain tensor ε

in the substrate, x1 ∈ (−∞, 0) : divσ + ρsω
2u = 0, σ = 2µsε + λstr(ε)I, ε = 1

2 (∇u + t∇u),

in the plates, x1 ∈ (0, h) : divσ + ρpω
2u = 0, σ = 2µpε + λptr(ε)I,

(2)
with the Lamé coefficients (λp, µp) of the plates and (λs, µs) of the substrate, ω the angular fre-58

quency and I stands for the identity matrix. In three dimensions with x = (x1, x2, x3), stress free59

conditions σ · n = 0 apply at each boundary between an elastic medium (the plates or the sub-60

strate) and air, with n the normal to the interface. Eventually, the continuity of the displacement61

and of the normal stress apply at each boundary between the parallel plates and the substrate.62

This problem can be solved once the source uinc has been defined and accounting for the radia-63

tion condition when x1 → −∞ which applies to the scattered field (u − uinc).64

2.2. The effective problem65

Below we summarize the main results of the analysis developed in the §3, which provides the66

so-called “complete formulation” where the array of parallel plates is replaced by an equivalent67

layer associated with effective boundary and transmission conditions (Figure 2(a)). Owing to a68

partial resolution, this formulation can be simplified to an equivalent ”impedance formulation”69

set on the substrate on its own (Figure 2(b)).70

2.2.1. Complete formulation71

The effective problem reads as follow

In the substrate, x1 ∈ (−∞, 0) : divσ + ρsω
2u = 0, σ = 2µsε + λstr(ε)I,

In the region of the plates, x1 ∈ (0, h) :
∂4u2

∂x4
1

− κ4 u2 = 0, κ =

(
ρpω

2`p

Dp

)1/4

,

u1(x1, x′) = u1(0, x′), u3(x1, x′) = u3(0, x′),

(3)

with x′ = (x2, x3),

Dp =
Ep

(1 − ν2
p )
`3

p

12
, (4)

the flexural rigidity of the plates (ρp the mass density, Ep the Young’s modulus and νp the Pois-
son’s ratio). It is complemented with boundary conditions at x1 = 0 and x1 = h of the form

σ11(0−, x′) = ρpω
2ϕh u1(0, x′), σ12(0−, x′) = −

Dp

`

∂3u2

∂x3
1

(0+, x′),

σ13(0−, x′) = ϕh
Ep

∂2u3

∂x2
3

(0−, x′) + ρpω
2u3(0−, x′)

 ,
u2(0+, x′) = u2(0−, x′),

∂u2

∂x1
(0+, x′) = 0,

∂2u2

∂x2
1

(h, x′) =
∂3u2

∂x3
1

(h, x′) = 0.

(5)
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These effective conditions express (i) at x1 = 0 a balance of the stress, prescribed displacements72

and vanishing rotation and (ii) at x1 = h, free end conditions with vanishing bending moment73

and shearing force.74
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(a) (b)

Figure 2: Geometry in the effective problems for an array of plates. (a) In the complete formulation, the region of the
array is replaced by an equivalent layer where (3) applies, complemented by the transmission conditions in (5). (b) In
the impedance formulation, the problem is reduced to effective boundary conditions (6) which hold at x1 = 0. The same
holds for the array of beams, with (a) (B.1)-(B.3) and (b) (B.5).

2.2.2. Impedance formulation75

From (3), the problem in x1 ∈ (0, h) can be solved owing to the linearity of the problem with
respect to u2(0−, x2), see Appendix A. Doing so, the problem can be thought in the substrate on
its own along with the boundary conditions of the Robin’s type, namely

divσ + ρsω
2u = 0, σ = 2µsε + λstr(ε)I, x1 ∈ (−∞, 0),

σ11(0, x′) = Z u1(0, x′), σ12(0, x′) = Z f (κh) u2(0, x′),

σ13(0, x′) = Z
 Ep

ρpω2

∂2u3

∂x2
3

(0, x′) + u3(0, x′)
 ,

(6)

with the following impedance parameters

Z = ρpω
2ϕh, f (κh) =

shκh cos κh + chκh sin κh
κh(1 + chκh cos κh)

, (7)

(we have used that Dpκ
4 = ρpω

2`p). The conditions on (σ11, σ12) encapsulate the effects of the76

in-plane bending of the plates while the condition on σ13 can be viewed as the linear momentum77

of an axially loaded bar (in the absence of substrate, we recover the wave equation for quasi-78

longitudinal waves). It is worth noting that for out-of-plane displacements, u3(x1, x2) and u1 =79

u2 = 0, the boundary conditions simplify to σ13(0, x2) = ρpω
2ϕhu3(0, x2). This corresponds80

to the impedance condition σ13(0, x2) = µpϕω
√
ρp/µp tan(ωh

√
ρp/µp)u3(0, x2) used in [37] and81

obtained here in the low-frequency limit ωh
√
ρp/µp � 1.82
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3. Derivation of the effective problem83

As previously said, the asymptotic analysis is conducted considering that the typical wave-
length 1/k is large compared to the plate height h which is itself large compared to the array
spacing ` ∼ `p. Hence, with kT = ω

√
ρs/µs and kL = ω

√
ρs/(λs + 2µs) of the same order of

magnitude, we define the small non-dimensional parameter η as

η =
√

kT`, and kTh = O(η),

(note that to excite both the bending and the longitudinal modes another scaling is required with
kh = O(1), and this is a higher frequency regime studied in [36]). Accordingly, the asymptotic
analysis is conducted using the rescaled height ĥ of the plates and array’s spacing ˆ̀ defined by

(ĥ, ˆ̀) =

(
h
η
,
`

η2

)
,

which models an array of densely packed thin plates. We also define the associated rescaled
spatial coordinates

y1 =
x1

η
, z =

(x1, x2)
η2 . (8)

3.1. Effective wave equation in the region of the plates84

3.1.1. Notations85

In the region of the array of plates, the displacements and the stresses vary in the horizontal
direction over small distances dictated by `, and over large distances dictated by the incoming
waves; these two scales are accounted for by the two-scale coordinates (x′, z2), with x′ = (x2, x3).
In the vertical direction, the variations are dictated by h only and this is accounted for by the
rescaled coordinate y1. It follows that the fields (u,σ) are written in the form

u =
∑
n≥0

ηnwn(y1, z2, x′), σ =
∑
n≥0

ηnπn(y1, z2, x′), (9)

with the three-scale differential operator reading

∇ →
e1

η

∂

∂y1
+

e2

η2

∂

∂z2
+ ∇x′ , (10)

where e1 = (1, 0, 0) and e2 = (0, 1, 0). Now, we introduce the strain tensor with respect to x′

εx′ (u) =
1
2


0 ∂x2 u1 ∂x3 u1

∂x2 u1 2∂x2 u2
(
∂x3 u2 + ∂x2 u3

)
∂x3 u1

(
∂x3 u2 + ∂x2 u3

)
2∂x3 u3

 , (11)

and the strain tensors with respect to the rescaled coordinates y1 and z2,

εy1 (u) =
1
2


2∂y1 w1 ∂y1 u2 ∂y1 u3

∂y1 u2 0 0

∂y1 u3 0 0

 , εz2 (u) =
1
2


0 ∂z2 u1 0

∂z2 u1 2∂z2 u2 ∂z2 u3

0 ∂z2 u3 0

 . (12)
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The system in the region of the plates reads, from (2),

(E1)
1
η2 ∂z2σ12 +

1
η
∂y1σ11 + ∂xασ1α + ρpω

2u1 = 0,

(Eα)
1
η2 ∂z2σα2 +

1
η
∂y1σα1 + ∂xβσαβ + ρpω

2uα = 0,

(C) σ =
1
η2

(
2µpε

z2 + λptr(εz2 )
)

+
1
η

(
2µpε

y1 + λptr(εy1 )
)

+
(
2µpε

x′ + λptr(εx′ )
)
,

(13)

where repeated indices means summation, and with the convention on the Greek letters α, β =

2, 3. In the above relation, ε stands for ε(u). We shall use the stress-strain relation written in the
inverse form

(C′)
1
η2 ε

z2 +
1
η
εy1 + εx′ =

(1 + νp)
Ep

σ −
νp

Ep

tr(σ) I. (14)

Eventually, the boundary conditions read

σ2i = 0, i = 1, 2, 3, at z2 = ±ϕ ˆ̀/2, (15)

and are complemented by boundary conditions at y1 = 0, ĥ assumed to be known (they will be
justified later). We seek to establish the effective behaviour in the region of the array in terms of
macroscopic averaged fields which do not depend anymore on the rapid coordinate z2 associated
with the small scale ˆ̀ as the following averages taken along rescaled variable z2. These averaged
fields are defined at any order n as

wn(y1, x′) =
1

ϕ ˆ̀

∫
Y

wn(y1, z2, x′) dz2, πn(y1, x′) =
1
ˆ̀

∫
Y
πn(y1, z2, x′) dz2,

with Y = {z2 ∈ (−ϕ ˆ̀/2, ϕ ˆ̀/2)} the segment shown in figure 3.86
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Figure 3: Analysis of a single plate in rescaled coordinates, (9) with Y = {z2 ∈ (−ϕ ˆ̀/2, ϕ ˆ̀/2)}; the analysis holds within
the plate far from its boundaries at y1 = 0, ĥ.
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3.1.2. Sequence of resolution and main results of the analysis87

We shall derive the equation satisfied in the region of the array, and additional results on the88

stresses (π0
1i, π

1
1i ), i = 1, 2, 3, required to establish the effective boundary conditions at y1 = 0, ĥ.89

The main results will be obtained following the procedure :90

1. We establish the following properties on π0

π0
11 = 0, π0

2i = 0, i = 1, 2, 3, π0
13 = 0. (16)

2. Then we derive the dependence of (w0,w1) on z2 which have the form
w0

1 = W0
1 (x′), w0

2 = W0
2 (y1, x′), w0

3 = W0
3 (x′),

w1
1 = W1

1 (x′) −
λp

2(λp + µp)
∂W0

3

∂x3
(x′) y1 −

∂W0
2

∂y1
(y1, x′) z2, w1

α = W1
α(y1, x′),

(17)

and

π0
11 = −

Ep

1 − ν2
p

∂2W0
2

∂y2
1

(y1, x′) z2, π0
33 = ϕEp

∂W0
3

∂x3
(x′). (18)

3. Eventually, we identify the form of π1
1i, i = 1, 2, 3, and the Euler -Bernoulli equation

governing the bending W0
2 . Specifically

π1
11(y1, x′) = ρpω

2ϕW0
1 (x′) (ĥ − y1),

π1
12(y1, x′) = −

Ep

(1 − ν2
p )
ϕ3 ˆ̀2

12
∂3W0

2

∂y3
1

(y1, x′),

π1
13(y1, x′) = ϕ

Ep

∂2W0
3

∂x2
3

(x′) + ρpω
2W0

3 (x′)
 (ĥ − y1

)
,

(19)

and
Ep

(1 − ν2
p )
ϕ2 ˆ̀2

12
∂4W0

2

∂y4
1

− ρpω
2 W0

2 = 0. (20)

91

In the remainder of this section, we shall establish the above results. We shall denote (E1)n, (Eα)n
92

and (C)n the equations which correspond to terms in (13) factor of ηn.93

3.1.3. First step: properties of π0 in (16)94

From (E1)−2 and (Eα)−2 in (13), we have that ∂z2π
0
i2 = 0, i = 1, 2, 3, which along with the95

boundary conditions at z2 = ±ϕĥ/2 leave us with π0
2i = 0. Next from (E1)−1 and (E3)−1, we96

also have that ∂y1π
0
11 + ∂z2π

1
12 = 0 and ∂y1π

0
13 + ∂z2π

1
23 = 0; by averaging these relations over Y97

and accounting for π1
2i | ∂Y = 0, we get that π0

11 and π0
13 do not depend on y1. We now anticipate98

the boundary condition π0
11(ĥ, x′) = π0

13(ĥ, x′) = 0 that we shall prove later on (see forthcoming99

(54)), we get π0
11 = π0

13 = 0 in Y . We have the properties announced in (16).100

8



3.1.4. Second step: (w0,w1) in (17) and (π0
11, π

0
33 ) in (18)101

Some of the announced results are trivially obtained. From (C′)−2 in (14) along with εz2 in
(12), we get that ∂z2 w0

i = 0, i = 1, 2, 3. From (C′11)−1 and (C′13)−1 along with εz2 and εy1 in (12),
we also get that ∂y1 w0

1 = ∂y1 w0
3 = 0. This leaves us with the form of w0 in (17). Next (C′αα)−1

tells us that ∂z2 w1
α = 0, in agreement with the form of w1

α in (17). We have yet to derive the form
of w1

1, which is more demanding. From (C′12)−1, ∂z2 w1
1 = −∂y1 w0

2 and thus

w1
1 = W1(y1, x′) −

∂W0
2

∂y1
(y1, x′) z2, (21)

but we can say more on W1. Let us consider the system provided by (C11)0 and (C22)0, specifically π0
11 = (λp + 2µp)∂y1 w1

1 + λp

(
∂xαw0

α + ∂z2 w2
2

)
,

0 = (λp + 2µp)
(
∂x2 w0

2 + ∂z2 w2
2

)
+ λp

(
∂x3 w0

3 + ∂y1 w1
1

)
,

(22)

where we have used that π0
22 = 0. After elimination of ∂z2 w2

2 and owing to the form of w0
α in (16)

and that of w1
1 in (21) (at this stage), we get π0

11 = a(y1, x′)z2 + b(y1, x′) with

a = −
Ep

1 − ν2
p

∂2W0
2

∂y2
1

(y1, x′), b =
2µp

(λp + 2µp)

2(λp + µp)
∂W1

∂y1
(y1, x′) + λp

∂W0
3

∂x3
(x′)

 , (23)

(we have used that Ep/(1 − ν2
p ) = 4µp(µp + λp)/(λp + 2µp)). It is sufficient to remark that π0

11 = 0
imposes b = 0 which provides π0

11 = az2 as annouced in (18). We also get

W1(y1, x′) = W1
1 (x′) −

λp

2(λp + µp)
∂W0

3

∂x3
(x′) y1, (24)

which along with (21) leaves us with the form of w1
1 in (17). The same procedure is used to get

π0
33 which, from (C33)0, reads

π0
33 = (λp + 2µp)∂x3 w0

3 + λp

(
∂y1 w1

1 + ∂x2 w0
2 + ∂z2 w2

2

)
. (25)

Using that π0
22 = 0 to eliminate ∂z2 w2

2, we get

π0
33 = Ep

∂W0
3

∂x3
(x′) −

2µpλp

λp + 2µp

∂2W0
2

∂y2
1

(y1, x′) z2, (26)

which after integration over Y leaves us with π0
33 = ϕEp

∂W0
3

∂x3
(x′) as announced in (18). Inciden-

tally, w2
2 can be determined from (22) and we find

w2
2 = −

∂W0
2

∂x2
(y1, x′) +

λp

2(λp + µp)
∂W0

3

∂x3
(x′)

 z2 +
λp

λp + 2µp

∂2W0
2

∂y2
1

z2
2

2
+ W2

2 (y1, x′). (27)

3.1.5. Third step: the π1
1i in (19) and the Euler-Bernoulli equation in (20).102

We start with (E1)0 and (Eα)0 in (13) integrated over Y , specifically,

∂π1
11

∂y1
+ ρpω

2ϕW0
1 = 0,

∂π1
12

∂y1
+ ρpω

2ϕW0
2 = 0,

∂π1
13

∂y1
+
∂π0

33

∂x3
+ ρpω

2W0
3 = 0, (28)
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where we have used π0
1α = 0 from (16) and π2 · n| ∂Y = 0. Since W0

1 and W0
3 depend on x′ only,103

and accounting for π0
33(x′) = ϕEp

∂W0
3

∂x3
(x′) from (18), we get by integration the forms of π1

11 and104

π1
13 announced in (19). Note that we have anticipated the boundary conditions π1

1i = 0 at y1 = ĥ,105

see forthcoming (54).106

The equation on π1
12 in (28) will provide the Euler-Bernoulli equation once π1

12 has been
determined (the integration is not possible since W0

2 depends on y1). To do so, we use, that

∂y1π
0
11 + ∂z2π

1
12 = 0, from (E1)−1 in (13), along with π0

11 = −
Ep

1−ν2
p

∂2W0
2

∂y2
1

(y1, x′) z2 from (18). After

integration and using the boundary condition of vanishing π1
12 at z2 = ±ϕ ˆ̀/2, we get that

π1
12 =

Ep

2(1 − ν2
p )
∂3W0

1

∂y3
1

(y1, x′)
(
z2

2 −
ϕ2 ˆ̀2

4

)
, (29)

hence the form of π1
12 in (19). It is now sufficient to use π1

12 in (28) to get the Euler-Bernoulli107

announced in (20).108

3.2. Effective boundary conditions at the top of the array109

To derive the transmission conditions at the top of the array, we perform a zoom by substi-
tuting y1 used in (9) by z1 = y1/η, see Figure 4a. Accordingly, the expansions of the fields are
sought of the form

u =
∑
n≥0

ηnvn(z, x′), σ =
∑
n≥0

ηnτn(z, x′), (30)

where we denote z = (z1, z2). The coordinate z1 ∈ (−∞, 0) accounts for small scale variations
of the evanescent fields at the top of the plates. Next, the boundary conditions will be obtained
by matching the solution in (30) for z1 → −∞ with that in (9), valid far from the boundary, for
y1 → ĥ. This means that we ask the two expansions to satisfy

v0(z1, z2, x′) + ηv1(z1, z2, x′) + · · · ∼
z1→−∞

w0(ĥ + ηz1, z2, x′) + ηw1(ĥ + ηz1, z2, x′) + · · · ,

(and the same for the stress tensors); note that we have used that y1 = ηz1. It results that
lim

z1→−∞
v0(z, x′) = w0(ĥ, z2, x′), lim

z1→−∞

(
v1(z, x′) − z1

∂w0

∂y1
(ĥ, z2, x′)

)
= w1(ĥ, z2, x′),

lim
z1→−∞

τ0(z, x′) = π0(ĥ, z2, x′), lim
z1→−∞

(
τ1(z, x′) − z1

∂π0

∂y1
(ĥ, z2, x′)

)
= π1(ĥ, z2, x′).

(31)

110

According to the dependence of the fields in (30) on (z, x′), the differential operator reads as
follows

∇ →
1
η2 ∇z + ∇x′ , (32)

and we shall need only the first equation of (2), which reads

(e)
1
η2 divz σ + divx′σ + ρpω

2 u = 0, (33)
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(a) (b)

Figure 4: Analysis of the effective conditions at the top and at the bottom of the array. (a) Half strip at the top of the array
in z = (z1, z2) coordinate with z1 ∈ (−∞, 0), (b) Strip at the bottom of the array with z1 ∈ (−∞,+∞); for z1 ∈ (−∞, 0),
the terms in the expansions (30) are periodic with respect to z2 ∈ (− ˆ̀/2, ˆ̀/2).

where divz and divx′ mean the divergence with respect to the coordinate z and x′ respectively.
In (33), (e)−2 and (e)−1 tell us that divzτ

0 = divzτ
1 = 0, that we integrate over Z = {z1 ∈

(−zm, 0), z2 ∈ Y} to get
∫
∂Z τ

0 · n ds =
∫
∂Z τ

1 · n ds = 0. On ∂Z (see figure 4(a)), τ0 · n and τ1 · n
vanish except on the bottom edge Y of ∂Z at z1 = −zm where n = −e1. It follows, from (31) along
with π0

1i = 0 in (16), that

0 = lim
zm→∞

∫
∂Z
τ0 · n ds = − ˆ̀ π0

1i(ĥ, x
′) ei, 0 = lim

zm→∞

∫
∂Z
τ1 · n ds = − ˆ̀π1

1i(ĥ, x
′) ei, (34)

which provides the boundary conditions

π0
1i(ĥ, x

′) = π1
1i(ĥ, x

′) = 0, i = 1, 2, 3. (35)

The conditions on π0
1i are consistent with (16). The conditions on π1

11 and π1
13 are those anticipated

in the previous section, see (19). Eventually, the condition π1
12(ĥ, x2) = 0 along with the form of

π1
12 in (19) leads to the condition of zero shear force

∂3W0
2

∂y3
1

(ĥ, x′) = 0. (36)

We have yet to derive the condition of zero bending moment. First, integrating divzτ
0 over

Z, we get 0 =
∫
∂Z τ

0
i jn j dz2 =

∫
Y τ0

i1 |z1=−zm
dz2. Next, integrating over Z the scalar quantity

a · divzτ
0 = ai∂z jτ

0
i j = 0 (since divzτ

0 = 0) with a = z2 e1 − z1e2 and further integrating by parts,
we get that

0 =

∫
∂Z

ai τ
0
i jn j ds = −

∫
Y

z2 τ
0
11 |z1=−zm

dz2 − zm

∫
Y
τ0

12 |z1=−zm
dz2 = −

∫
Y

z2 τ
0
11 |z1=−zm

dz2, (37)
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(the integral on ∂Z reduces to that on Y at z = −zm). From (31), when zm → +∞,
∫

Y z2 τ
0
11 |z1=−zm

→

z2π
0
11(ĥ, x′) and, with π0

11 = −
Ep

1−ν2
p

∂2W0
2

∂y2
1

(y1, x′) z2 from (18), we obtain the boundary condition

∂2W0
2

∂y2
1

(ĥ, x′) = 0. (38)

3.3. Effective transmission conditions between the substrate and the region of the array111

To begin with, we shall need the solution valid in the substrate far from the interface at y1 = 0;
this solution is expanded as

u =
∑
n≥0

ηnun(x), σ(x) =
∑
n≥0

ηnσn(x), (39)

with no dependence on the rapid coordinates, while in the array it is given by (9). As in the
previous section, a zoom is performed in the vicinity of the interface between the substrate and
the region of the array, owing to the substitution y1 → z1. In the intermediate region, the fields
are expanded as in (30) with the interface at z1 = 0 and z1 ∈ (−∞,+∞), see Figure 4(b). It is
worth noting that for z1 ∈ (−∞, 0) the terms in the expansion (30) are assumed to be periodic
with respect to z2 ∈ (− ˆ̀/2, ˆ̀/2) while for z1 ∈ (0,∞) we have z2 ∈ (−ϕ ˆ̀/2, ϕ ˆ̀/2). Note that
in principle we should use different notations for the expansions and for z1 since their meaning
is different; for simplicity, we keep the same notations. The transmission conditions will be
obtained by matching the solution in (30) for z1 → +∞ with that in (9) for x1 → 0+, and for
z1 → −∞ with that in (39) for x1 → 0−. Matching the solutions hence means (with z = (z1, z2)
and x′ = (x2, x3)),

v0(z, x′) + ηv1(z, x′) + · · · ∼
z1→−∞

u0(η2z1, x′) + ηu1(η2z1, x′) + · · · ,

v0(z, x′) + ηv1(z, x′) + · · · ∼
z1→+∞

w0(ηz1, z2, x′) + ηw1(ηz1, z2, x′) + · · · ,

where we have used that x1 = η2z1 and y1 = ηz1. It results that
lim

z1→−∞
v0(z, x′) = u0(0−, x′), lim

z1→−∞
v1(z, x′) = u1(0−, x′),

lim
z1→−∞

τ0(z, x′) = σ0(0−, x′), lim
z1→−∞

τ1(z, x′) = σ1(0−, x′), (40)

and that
lim

z1→+∞
v0(z, x′) = w0(0+, z2, x′), lim

z1→+∞

(
v1(z, x′) − z1

∂w0

∂y1
(0+, z2, x′)

)
= w1(0+, z2, x′),

lim
z1→+∞

τ0(z, x′) = π0(0+, z2, x′), lim
z1→+∞

(
τ1(z, x′) − z1

∂π0

∂y1
(0+, z2, x′)

)
= π1(0+, z2, x′).

(41)
In the intermediate region, and with the differential operator in (32), we shall use that the equi-
librium (e) in (33) applies. Also, we shall use that from (2), the constitutive relations read

(c) σ =
1
η2

(
2µa ε

z + λatr(εz)I
)

+
(
2µa ε

x′ + λatr(εx′ )I
)
,

(c′) εx′ +
1
η2 ε

z =
(1 + νa)

Ea

σ −
νa

Ea

tr(σ) I.
(42)
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(ε stands for ε(u)) which apply in the substrate, a=s, and in the plate, a=p. We have defined

εz(u) =
1
2


2∂z1 u1

(
∂z2 u1 + ∂z1 u2

)
∂z1 u3(

∂z2 u1 + ∂z1 u2
)

2∂z2 u2 ∂z2 u3

∂z1 u3 ∂z2 u3 0

 . (43)

The continuity of the displacement is easily deduced. From (c′)−2 in (42) along with (43),
v0

3 does not depend on z, and (v0
1, v

0
2) correspond to a rigid body motion, i.e. v0

1 = Ω0
a (x′)z2 +

V0
1 a

(x′) and v0
2 = −Ω0

a (x′)z1 + V0
2 a

(x′). The periodic boundary conditions in the substrate im-
pose Ω0

s = 0; next, the continuity of the displacement at z1 = 0 imposes Ω0
p = Ω0

a = 0 and
v0 = V0(x′) = V0

a (x′). Eventually, the matching conditions (40)-(41) at order 0 impose that
u0(0−, x′) = V0(x′) = w0(0+, z2, x′), and making use of (17)

u0
1(0−, x′) = W0

1 (x′), u0
2(0−, x′) = W0

2 (0+, x′). (44)

For the same reasons, v1 = V1(x′) is a constant displacement, which from the matching condi-
tions (40)-(41) at the order 1 lead to the relations V1(x′) = u1(0−, x′) and

w1(0+, z2, x′) − V1(x′) = lim
z1→+∞

z1
∂w0

∂y1
(0+, z2, x′). (45)

As the left hand side of the above relation does not depend on z1, we deduce that V1(x′) =

u1(0−, x′) = w1(0+, z2, x′) and ∂y1 w0(0+, z2, x′) = 0. From (17), we already know that ∂y1 w0
1 =

∂y1 w0
3 = 0 but the condition for w0

2 = W0
2 (y1, x′) is not obvious and it provides the boundary

condition for W0
2 of the form

∂W0
2

∂y1
(0+, x′) = 0. (46)

We now turn to the effective conditions on the force. From (e)−2 in (33), we have divzτ
0 = 0

that we integrate over Z = {z1 ∈ (0, zm), z2 ∈ Y} ∪ {z1 ∈ (−zm, 0), z2 ∈ (− ˆ̀/2, ˆ̀/2)}. Accounting
for i) τ0 ·n continuous at z1 = 0, ii) τ0 ·n = 0 between the plates and the air, iii) τ0 periodic at z2 =

± ˆ̀/2 in the substrate, we get that
∫ ˆ̀/2
− ˆ̀/2 τ

0
1i(−zm, z2, x′) dz2 =

∫
Y τ

0
1i(zm, z2, x′) dz2. Considering the

limit zm → +∞ and the matching conditions (40) - (41) along with π0
1i = 0 from (16), we get

σ0
1i(0

−, x′) = 0, i = 1, 2, 3, (47)

which tells us that the plates do not couple to the substrate at the dominant order. The coupling
appears at the next order, starting with divzτ

1 = 0 from (e)−1 in (33). As for τ0 and using again
that π0

1i = 0, we get that σ1
1i(0

−, x′) = π1
1i(0

+, x′); eventually, using π1
1i in (19), we get

σ1
11(0−, x′) = ρpω

2ϕĥ W0
1 (x′), σ1

12(0−, x′) = −
Ep

(1 − ν2
p )
ϕ3 ˆ̀2

12
∂3W0

2

∂y3
1

(0+, x′),

σ1
13(0−, x′) = ϕĥ

Ep

∂2W0
3

∂x2
3

(x′) + ρpω
2W0

3 (x′)
 . (48)
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3.4. The final problem112

The effective problem (3) is obtained for (u = u0,σ = σ0 + ησ1) in the substrate for x1 < 0113

and (u = W0,σ = π0 + ηπ1) in the region of the array for x1 > 0. Remembering that y1 = x1/η114

and ĥ = h/η, ˆ̀ = `/η2, it is easy to see that (i) the Euler-Bernoulli equation in (3) is obtained115

from (20), (ii) the effective boundary conditions announced in (5) from (36), (38), (44), (46) and116

(47)-(B.35).117

4. Numerical validation of the effective problem for a two-dimensional problem118

In this section, we inspect the validity of the effective problem in a two-dimensional setting119

for in-plane elastic waves (u3 = 0, ∂x3 = 0). We solve numerically the actual problem of an120

incident plane wave coming from x1 → −∞ at oblique incidence on the free surface supporting121

the array of plates, and Lamb waves are excited in the plates. This is done using a multimodal122

method with pseudo-periodic solutions in the soil and Lamb modes in the plates; the method is123

detailed in [55]. In the effective problem, the solution is explicit, from (3) - (5) or equivalently124

(6)-(7).125

We set the material properties for the elastic substrate: νs = 0.2, Es = 2 GPa, ρs = 1000126

Kg.m−3, and for the plates : νp = 0.3, Ep = 2 GPa, ρp = 500 Kg.m−3. We choose ` = 1 m,127

ϕ = 0.5, and we set η =
√

kT` = 0.37 (ω = 124 rad.s−1), hence κ = 0.64 m−1. We shall128

consider h ∈ (0, 30) m resulting in κh ∈ (0, 20) which includes the first 6 bending modes for129

h = hn, n = 1, · · · , 6 : h1 ' 3 m, h2 ' 7.3 m, h3 ' 12.3 m, h4 = 17.2 m, h5 = 22.1 m,130

h6 = 27.0 m. The first resonance of the quasi-longitudinal wave along x1 appears for h =131

π/(2ω)
√

Ep/((1 − ν2
p )ρp) ' 26.5 m, hence it will be visible in our results.132

4.1. Reflection of elastic waves - the solution of the effective problem133

We define the potentials (φ, ψ) using the Helmholtz decomposition, with u = ∇φ+∇× (ψ e3).
The incident wave in the substrate is defined in terms of the incident potentials

φinc(x1, x2) = ALeiαL x1 eiβx2 , ψinc(x1, x2) = ATeiαT x1 eiβx2 ,

with (αL, β) = kL (cos θL, sin θL), (αT, β) = kT (cos θT, sin θT),
(49)
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Figure 5: The effective (partial) problem – Reflection of an elastic wave on the surface x1 = 0 where effective boundary
conditions (6) apply. The incident wave is defined by (49) and the solution by (50). The arrows show the wavevectors.
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with kL =
√

ρs
λs+2µs

ω and kT =
√

ρs
µs
ω. The solution in the substrate reads


φ(x1, x2) = φinc(x1, x2) + (RLL AL + RLT AT) e−iαL x1 eiβx2 ,

ψ(x1, x2) = ψinc(x1, x2) + (RTL AL + RTT AT) e−iαT x1 eiβx2 .
(50)

The effective problem can be solved explicitly. Accounting for the boundary conditions (6),
it is easy to show that

RLL =
1
D

[
sin 2θT sin 2θL − ξ

2 cos2 2θT − iξa (cos θL − ξ f cos θT) − ξa2 f cos(θL + θT)
]
,

RTT =
1
D

[
sin 2θT sin 2θL − ξ

2 cos2 2θT + iξa (cos θL − ξ f cos θT) − ξa2 f cos(θL + θT)
]
,

RLT = −
ξ2 sin 2θT

D

(
2 cos 2θT + a2 f

)
, RTL =

sin 2θL

D

(
2 cos 2θT + a2 f

)
,

where D = sin 2θT sin 2θL + ξ2 cos2 2θT − iξa (cos θL + ξ f cos θT) − ξa2 f cos(θL − θT),

f stands for f (κh) in (7) and ξ =
sin θL

sin θT

=

√
2(1 − νs)
1 − 2νs

, a = ϕ
ρp

ρs

kTh.

(51)
In the above expressions a = Z/(µskT) (and Z in (7)) measures the strength of the coupling134

between the plates and the substrate. Expectedly for a = 0 in (51), we recover the reflection135

coefficients for a flat interface, see e.g. [56]. It is worth noting that the same reflection coefficients136

are obtained by solving the complete problem (3)-(5).137

As previously done, the displacement fields in the region of the plates x1 ∈ (0, h) are ob-138

tained owing to the linearity of ui(x1, x2) with respect to ui(0, x2), i = 1, 2, and the continuity of139

ui(0, x2) between the plates and the substrate, see Appendix A. The displacements ui(0, x2) can140

be calculated from the reflection coefficients in (51), resulting in141

u1(x1, x2) = u1(0, x2), u2(x1, x2) = u2(0, x2)V(x1),

u1(0, x2) =
iξ2kL

D
[
2 cos θL (cos 2θT − i cos θT a f ) AL + sin 2θT (2 cos θL − iξ a f ) AT

]
eiβx2 ,

u2(0, x2) =
ikT

D
[
sin 2θL(2 cos θT − ia)AL − 2ξ cos θT(ξ cos 2θT − ia cos θL)AT

]
eiβx2 ,

V(x1) =
V1(κh) [chκ(x1 − h) + cos κ(x1 − h)] + V2(κh) [shκ(x1 − h) + sin κ(x1 − h)]

2 (1 + chκh cos κh)
,

with V1(κh) = (chκh + cos κh), V2(κh) = (shκh − sin κh).
(52)

As a reference case, typical displacement fields (u1, u2) for a surface on its own (h = 0) are142

reported in figure 6 for three incident angles θL. The incident wave is of the form (49) with143

AL = 1/(2β), AT = −1/(2αT) producing an incident horizontal displacement equal to one meter at144

x1 = 0.145
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Figure 6: Reference case – Vertical u1 and horizontal u2 displacement fields inside the substrate in the absence of array
of plates (linear colorscale in m) for three different angles θL. The fields are shown for x1 ∈ (−100, 0) m and x2 ∈ (0, 120)
m.

4.2. Weak and strong interactions between plates and substrate146

The effect of the array of plates is encapsulated in the impedance parameters (a, f ), or equiv-147

alently (Z = µskTa, f ), whose variations versus kTh are reported in figure 7. The parameter148

Z = ρpω
2ϕh tells us that heavier plates and higher frequencies produce higher coupling with149

the substrate, which is not surprising. The parameter f encapsulates the effects of the bending150

resonances and it diverges when approaching them. This occurs at the frequencies such that151

chκh cos κh = −1 which correspond to a clamped- free single plate (u2(0, x2) = 0 from (6) im-152

posed by Z → ∞).
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Figure 7: Variations of the impedance parameters a = Z/(µskT) in (51), and f in (7), versus h. The parameter f diverges
at the resonances of the clamped - free plates for ch κh cos κh = −1.

153

4.2.1. Weak interaction154

Between two successive resonances, the interaction between the substrate and the plates is155

weak. Indeed, from (6), with Z being small and f (κh) of the order of unity, the wave impinging156

the surface sees essentially a flat surface, with σ11 ' σ12 ' 0 at x1 = 0. The resulting patterns,157

not reported, are indeed similar to those obtained for h = 0 in figure 6. Since there is not much158

to be said on the field in the substrate, we focus on the capability of the complete effective159

solution to reproduce the actual displacement in the plates. Figures 8 show a small region of160

the displacement fields near the interface ( θL = 45◦ and h = 5 m resulting in kTh = 0.7).161
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Figure 8: Meaning of the homogenization process – Displacement fields (actual and homogenized) for x1 ∈ (−10, 5) m
and x2 ∈ (0, 20) m (h = 5 m, θL = 45◦).

From what we have said (the interaction is weak), the displacements in the substrate are neatly162

reproduced. More interestingly, the displacements in the plates are also accurately reproduced163

in an ”averaged” sense which clearly appears for the displacement u1 : in the actual problem, u1164

varies linearly with x2 within a single plate, in agreement with (21); this variation at the small165

scale is superimposed to a variation, at large scale, from one plate to the other. The small scale166

variations do not appear in the homogenized solution; it is the scale which aims to disappear in167

the homogenization procedure. It remains that the large scale variations are neatly captured. The168

same occurs for u2 but in this case, the small scale variations are less visible because they appears169

at the order 2 (see (17) and (27)).170

4.2.2. Strong coupling near the resonances171

Strong coupling in the vicinity of the bending resonances can be measured by the amplitudes172

of the displacements in the plates. We report in figure 9 the amplitudes of the horizontal displace-
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Figure 9: Amplitude of u2 at x1 = 0 and x1 = h against h, from direct numerics (symbols) and from the effective solution
(52) (plain line); θL = 45◦. Shifts in the resonances h → h − h0, with h0 = 0.22 m are compensated (dashed line). The
inset shows the actual variation of u2(h, x2) within a single plate with variations as small as about 10−4 with respect to
the mean value.
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ment u2 against h, at the bottom and at the top of a single plate. In the actual problem these am-173

plitudes are calculated by averaging over x2 ∈ (−`p/2, `p/2) the profiles |u2(0, x2)| and |u2(h, x2)|174

obtained numerically. In the homogenized problem |u2(0, x2)| and |u2(h, x2)| = |V(h)u2(0, x2)| are175

given in closed-forms from (52).176

For h ∈ (0, 15) m, the first three bending resonances are visible by means of high displace-
ments at the top of the plates (up to 40 times the amplitude of the incident wave in the reported
case). It is also visible by means of vanishing amplitude at the bottom of the plate, in agreement
with (52) for f → ∞. Hence, near the bending resonances, the plates, with clamped-free bound-
ary conditions, impose a vanishing horizontal displacement at the interface with the substrate,
a fact already mentioned in [22]. In the substrate, the resulting displacements are significantly
impacted. Large values of f (κh) produce

RLL ' −1 − 2ia
cos θL

ξ
, RTT ' 1 + 2ia

sin2 θT

cos θT

, RTL ' 2ia
sin θT cos θL

ξ cos θT

,RLT ' −2ia sin θT. (53)
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Figure 10: Strong coupling between the substrate and the array of plates near the three first bending resonances – The
values of hn, n = 1, 2, 3 have been taken from figure 9 at the maximum displacements in the direct numerics and in the
homogenized solution (h1 ' 3 m, h2 ' 7.3 m, h3 ' 12.3 m). Same representation as in figure 6.
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from (51), hence
u1(x1, x2) ' 2ikL (AL cos θL cosαL x1 + AT sin θL cosαT x1) eiβx2 + O(a),

u2(x1, x2) ' −2kT (AL sin θL sinαL x1 − AT cos θT sinαT x1) eiβx2 + O(a),
(54)

corresponding essentially to a superposition of standing waves. Examples of resulting patterns177

are shown in figure 10 for the first three bending resonances to be compared with those obtained178

for a flat interface in figure 6. It is worth noting that in figure 10 we have accounted for the shift179

in hn, n = 1, 2, 3 in the homogenized solution from figure 9 (h1 ' 3 m, h2 ' 7.3 m, h3 ' 12.3180

m), where a systematic shift of the effective solution h→ h− h0, with h0 = 0.22 m in the present181

case.182

4.3. Occurence of the first longitudinal resonance183

To go further in the analysis, we report in figure 11 the reflection coefficients against h ∈184

(0, 25) m and θ ∈ (0, 90◦). We represent the real and imaginary parts of the 4 reflection coeffi-185

cients. As previously said, our analysis does not hold at and above the first longitudinal reso-186
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Figure 11: Accuracy of the effective model on the reflection coefficients – Real and imaginary parts of the reflection
coefficients versus h and θ. The effective coefficients (51) (second row) reproduce accurately the actual ones (first row)
up to the first longitudinal resonance for h ' 26.5 m.
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nance, which appears for h ' 26.5 m; expectedly, the effective model indeed breaks down when187

approaching this high value but it remains surprisingly accurate up to h ∼ 15 m (hence kTh ∼ 2).188

The occurence of this resonance is visible by means of the amplitude of the vertical displace-189

ment u1(0, x2), which is reported in figure 12 against h. We observe the same trends as for the190

bending modes. Far from the resonance, the displacement is essentially the same as for a surface191

on its own; at the longitudinal resonance, it tends to zero resulting in clamped- free conditions192

for the plates. However, it is also visible that rapid variations of the displacements due to mul-193

tiple bending resonances superimpose to the smooth variations of the displacement due to the194

longitudinal resonance.195
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Figure 12: Occurence of the first resonance in reflection – Variation of the amplitude of the vertical displacement u1(0, x2)
at the bottom of the plates. The bending resonances are superimposed to the longitudinal resonance which produces an
almost clamped condition u1(0, x2) = 0 for h ' 26.5 m.

4.4. Comment on a mass-spring model used in [22]196

As previously said, impedance conditions implying a simple mass-spring resonator have been
used previously in the literature. It was pointed out in [22] that “for practical applications, these
simple cases can be extended to more complex cases, for instance slender beam or plate res-
onators”, and this is the subject of the present study. For the sake of completeness, we report
here the results from [22] in the case of mass-spring resonators forming an “isotropic horizon-
tally resonant surface” as a simplified version of an array of beams with flexural resonances. In
the absence of damping and adapting the notations, the reflection coefficients given in §4 of [22]
(see after (12)) read

R m-s
LL =

1
D m-s

[
sin 2θT sin 2θL − ξ

2 cos2 2θT + iξ2a f m-s cos θT

]
,

R m-s
TT =

1
D m-s

[
sin 2θT sin 2θL − ξ

2 cos2 2θT − iξ2a f m-s cos θT

]
,

R m-s
LT = −

ξ2 sin 2θT

D m-s
2 cos 2θT, R m-s

TL =
sin 2θL

D m-s
2 cos 2θT,

where D m-s = sin 2θT sin 2θL + ξ2 cos2 2θT − iξ2a f m-s cos θT, f m-s =

1 − (
ω

ωres

)2−1

,

(55)
where m-s stands for mass-spring and ωres is one resonance frequency. There are two noticeable197

differences between (55) and (51). The most obvious is that f is approximated locally with198

20



f m-s. However the capability of f m-s to reproduce the variation of f is limited; besides a simple199

summation of f m-s for the succession of resonances is not satisfactory. Next, there are missing200

terms in the reflection coefficients. This is attributable to the implicit assumption σ11 = 0 far201

from the longitudinal resonance (instead of our expression in (5)) which is not true for real202

plate/beam resonators. The consequence is illustrated in figure 13 where we report the reflection203

coefficient RLL against h from our model (51) and from [22] (55) together with the numerical204

result. Expectedly, the mass-spring model reasonably captures the physics of the interaction but
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(a) (b)

Figure 13: Reflection coefficient against h for θL = 20◦ – RLL (green dashed lines) from (51) and R m-s
LL (yellow dashed

lines) from (55) for mass-spring resonators considered in [22]; (a) real part and (b) imaginary part. The results from
direct numerics are shown in symbols (the same shift h → h − h0, with h0 = 0.22 m as in figure 9 have been used for
readability).

205

it clearly fails in a quantitative prediction. One the one hand the sharpnesses of the successive206

resonances is not reproduced. More visible is the fact that the slow variation of RLL with h207

is missed; notably, the reflexion at flexural resonances significantly departs from the simple208

prediction RLL = −1 given by (55), see (53) 1.209

5. Conclusion210

We have studied the interaction of an array of plates or beams with an elastic half-space u-211

sing asymptotic analysis and homogenization techniques. The resulting models (3)-(5) for plates212

and (B.1)-(B.3) for beams provide one-dimensional propagation problems which in their simpler213

form consist in effective boundary conditions at the surface of the ground, (6) for plates and (B.5)214

for beams. The exception for plates in the boundary condition σ13 in (5) is incidental for in-plane215

incidence but it is interesting since it provides non trivial coupling for arbitrary incidence. For216

in-plane incidence, the model has been validated by comparison with direct numerical simula-217

tions thanks to the multimodal method which show an overall good agreement. In particular,218

1It is worth noting that this discrepancy is attributable to the contribution of the longitudinal motions; it does not
impact the condition of vanishing horizontal velocity at the free surface. Specifically, in (54), we have

u2(x1, x2) = −2kT (AL sin θL sinαL x1 − AT cos θT sinαT x1) eiβx2 − kTa
sin 2θT

ξ cos θT
(cos θLAL + sin θLAT)

(
e−iαL x1 − e−iαT x1

)
,

hence u2(0, x2) = 0 as imposed by (6) when f → ∞.
21



the displacement fields obtained in a closed-form accurately reproduce the actual ones; this is219

of practical importance for applications to site-city interaction where the displacements at the220

bottom and at the top of buildings are relevant quantities to measure the risk of building damage.221

Our models have been obtained owing to a deductive approach which can be applied to a222

wide variety of problems. An important point is that the analysis does not assume a preliminary223

model reduction for the resonator on its own and as such, it can be conducted at any order. Higher224

order models would involve enriched transmission and boundary conditions able to capture more225

subtle effects as the shift in the resonance frequencies visible in the figure 9 or the presence226

of heterogeneity at the roots and at the top of the bodies as it has been done in [37]. Next,227

we have considered bodies with sufficient symmetry resulting in a diagonal rigidity matrices228

and which greatly simplify calculations. When symmetries are lost, and the simplest case is229

that of beams with rectangular cross-sections, the calculations are similar; they will produce230

couplings for incidences as soon as the horizontal component does not coincide with one of231

the two principal directions. Additional complexities can be accounted for straightforwardly, as232

orthotropic anisotropy along x1 or slow variations in the cross-section. Eventually, the models233

are restricted to the low frequency regime where only the flexural resonances take place. At the234

onset of the first longitudinal resonance, they fail as illustrated in figure 12. Extension of the235

present work consists in adapting the present homogenization procedure in order to capture both236

flexural and longitudinal resonances and their interplay at higher frequencies.237
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Appendix A. Remark on the solution in the region of the plates243

From the boundary conditions (5), ∂2u2
∂x2

1
(h, x2) = ∂3u2

∂x3
1

(h, x2) = 0 and u2(0+, x2) = u2(0−, x2),
∂u2
∂x1

(0+, x2) = 0, the general solution for x1 ∈ (0, h) reads as follows
u2(x1, x2) = A(x2) {a(κh) [chκ(x1 − h) + cos κ(x1 − h)] + b(κh) [shκ(x1 − h) + sin κ(x1 − h)]} ,

with a(κh) = (chκh + cos κh), b(κh) = (shκh − sin κh).
(A.1)

The displacement u2 is continuous at x1 = 0 and we have 2A(x2)(1 + chκh cos κh) = u2(0, x2),
hence

u2(x1, x2) = u2(0, x2)V(x1),

V(x1) =
a(κh) [chκ(x1 − h) + cos κ(x1 − h)] + b(κh) [shκ(x1 − h) + sin κ(x1 − h)]

2 (1 + chκh cos κh)
.

(A.2)

Obviously, this holds except at the resonance frequencies of the plates for chκrh cos κrh = −1244

which imposes u2(0, x2) = 0 (and eigenmodes in the region of the plates). It follows that the245
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relation on σ12(0−, x′) in (5) becomes σ12(0−, x′) = −(Dp/`)V ′′′(0) u2(0, x2), with V ′′′(0) =246

−κ4h f (κh), with f (κh) in (6). With σ12(0−, x′) = (κ4Dph/`) f (κh) u2(0, x2) and κ4Dp = ρpω
2ϕ`,247

we recover the form announced in (6).

(1 + chh cosh)/chh
<latexit sha1_base64="gen2Vo3ZAydTQ8yZ6PFIfN2hlks="></latexit>

h
<latexit sha1_base64="sTZwsyK8cmLCIZP1nf3ocpXmz+Y="></latexit>

�1
<latexit sha1_base64="G1/J4rVn88N7wciUmXw4PvKQR9w="></latexit>

0
<latexit sha1_base64="5Da5J2+USYBDc7Sa1HZy3SIbX4g="></latexit>

1
<latexit sha1_base64="QAWfdmEaeOKSIbL++YcTe0VghXg="></latexit>

2
<latexit sha1_base64="z4FJ6c0kyiYo0NayR24kdGUlFYg="></latexit>

0
<latexit sha1_base64="5Da5J2+USYBDc7Sa1HZy3SIbX4g="></latexit>

4
<latexit sha1_base64="Zm+f70TO5OpozJZW8hAJy7M4sRU="></latexit>

8
<latexit sha1_base64="H4w4ImxM7+t/H9tq0zv5y0TJoTk="></latexit>

12
<latexit sha1_base64="xiif/fgPEH54++L1QLAfnEqJaq0="></latexit>

16
<latexit sha1_base64="s3EyfK3K5Ktcc7ByhLe1vN8ftnc="></latexit>

20
<latexit sha1_base64="NCsghvfFGpre8TmJGTzxHaCJYrI="></latexit>

7.8548
<latexit sha1_base64="7lFn0VpnvTl6ZTM1gr+boJ6FiY0="></latexit>

1.8751
<latexit sha1_base64="DpPZO9MBTbPpe0uq38gUCoXFoxM="></latexit>

4.6941
<latexit sha1_base64="sXFxlYc2QnNtv2Cx5mx5LmNqpdk="></latexit>

10.9955
<latexit sha1_base64="gDYCknC4RSFnDnhiS3mFhguLK4Y="></latexit>

Figure A.14: Bending resonances in the region of the plates (clamped/stress free conditions).
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Appendix B. Main steps of the derivation for an array of beams of circular section249

Let us derive in this Appendix the effective model for beams of circular section with radius
rp, for which all the derivations are analytical; the circular beams are periodically located in an
array whose unit cell has a section area S (figure 1(b)). In this case, the complete formulation of
the problem reads

In the substrate, x1 ∈ (−∞, 0) : divσ + ρsω
2u = 0, σ = 2µsε + λstr(ε)I,

In the region of the beams, x1 ∈ (0, h) :
∂4uα
∂x4

1

− κ4uα = 0, α = 2, 3, κ =

ρpω
2πr2

p

Dp

1/4

,

(B.1)
where

Dp = Ep

πr4
p

4
, (B.2)

is the flexural rigidity of the beams, complemented by the boundary conditions

σ11(0−, x′) = ρpω
2ϕh u1(0, x2),

σ1α(0−, x′) = −
Dp

S
∂3uα
∂x3

1

(0+, x2),

uα(0+, x′) = uα(0−, x′),
∂uα
∂x1

(0+, x′) = 0,

∂2uα
∂x2

1

(h, x′) =
∂3uα
∂x3

1

(h, x′) = 0, α = 2, 3.

(B.3)

where ϕ = πr2
p /S . It follows that the problem can be thought in the substrate only, with

divσ + ρsω
2u = 0, σ = 2µsε + λstr(ε) I, x1 ∈ (−∞, 0), (B.4)
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along with the boundary conditions of the Robin’s type
σ11(0, x′) = Zu1(0, x′),

σ1α(0, x′) = Z f (κh) uα(0, x′),
(B.5)

where Z and f (κh) are defined in (7) (we used that Dpκ
4 = ρpω

2πr2
p ).250

Appendix B.1. Effective wave equation in the region of the beams251

Appendix B.1.1. Notations252

We shall use the same expansions as in (9) but now, the terms wn and πn depend on z′ =

(z2, z3) (and not only on z2) and we seek to establish the effective behaviour in the region of the
array in terms of macroscopic averaged fields

wn(y1, x′) =
1
ϕŜ

∫
Y

wn(y1, z′, x′) dz′, πn(y1, x′) =
1
Ŝ

∫
Y
πn(y1, z′, x′) dz′, (B.6)

where x′ = (x2, x3) and Y represents the circular section of the beam Y =

{√
z2

2 + z2
3 ≤ r̂

}
, with

r̂ = rp/η
2 and Ŝ = S/η4. It is worth noting that it is sufficient to replace z2 by z′ in (10) to (15);

in particular, we have

∇ →
e1

η

∂

∂y1
+

1
η2∇z′ + ∇x′ . (B.7)

and

εz′ (w) =
1
2


0 ∂z2 w1 ∂z3 w1

∂z2 w1 2∂z2 w2
(
∂z3 w2 + ∂z2 w3

)
∂z3 w1

(
∂z3 w2 + ∂z2 w3

)
2∂z3 w3

 . (B.8)

Appendix B.1.2. Sequence of resolution and main results of the analysis253

The analysis becomes more involved since the problem is two-dimensional in the rescaled254

coordinate z′. The procedure is thus more complex. It is as follows:255

1. We establish that
π0

11 = 0, (B.9)

and the dependence of w0 on (z2, z3), specifically

w0
1 = W0

1 (x′), w0
α = W0

α(y1, x′), (B.10)

2. We deduce the form of π0 and of w1
π0

11 = −Ep

∂2W0
α

∂y2
1

(y1, x′) zα, π0
1α = π0

αβ = 0,

w1
1 = W1

1 (x′) −
∂W0

α

∂y1
(y1, x′) zα, w1

α = W1
α(y1, x′).

(B.11)
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3. eventually the form of π1
1i and the Euler-Bernoulli equation for the bending W0

α, α = 2, 3.
Specifically 

π1
11(y1, x′) = ρpω

2ϕW0
1 (x′) (ĥ − y1),

π1
1α(y1, x′) = −Ep

ϕr̂2

4
∂3W0

α

∂y3
1

(y1, x′),
(B.12)

and

Ep

r̂2

4
∂4W0

α

∂y4
1

− ρpω
2 W0

α = 0. (B.13)

256

Appendix B.1.3. First step: π0
11 in (B.9) and w0 in (B.10)257

This step is not very demanding. From (E1)−1 in (13), ∂y1π
0
11 + ∂zαπ

1
1α = 0, which after258

integration over Y leaves us with ∂y1π
0
11 = 0; anticipating π0

11 = 0 at the top of the beams (as we259

did for the plates), we get π0
11 = 0 everywhere, as announced in (B.9).260

Now, from (C′1α)−2 in (14), ∂zαw0
1 = 0 and from (C′11)−1 ∂y1 w0

1 = 0. It follows that w0
1 depends

only on x′, in agreement with (B.10). From (C′αβ)
−2, w0

α is a rigid body motion i.e.

w0
α = W0

α(y1, x′) + Ω0(y1, x′)(e1, z′, eα), (B.14)

with (e1, z′, eα) = e1 · (z′ × eα) being the triple product, and we shall establish that Ω0 = 0. To do
so we infer, from (C′1α)−1, that

∂zαw1
1 + ∂y1 w0

α = 0, ⇒ ∂y1

(
∂z2 w0

3 − ∂z3 w0
2

)
= 0. (B.15)

Inserting (B.14) in (B.15) tells us that Ω0 does not depend on y1 and anticipating the matching261

condition with the displacement in the substrate which imposes that Ω0 = 0 at y1 = 0 (see262

forthcoming (B.41)), we deduce that Ω0 = 0 everywhere, and (B.14) reduces to the form of w0
α263

announced in (B.10).264

Appendix B.1.4. Second step: (π0,w1) in (B.11)265

We start by determining w1 incompletely (compared to what is announced in (B.10)). For
w1

1, we come back to ∂zαw1
1 + ∂y1 w0

α = 0 in (B.15), and w0
α in (B.10) provides us with

w1
1 = W1(y1, x′) −

∂W0
α

∂y1
(y1, x′) zα, (B.16)

and it remains for us to show that W1 does not depend on y1; this will be done after π0
11 has been

determined. Next, from (C′αβ)
−1, w1

α is a rigid body motion, hence

w1
α = W1

α(y1, x′) + Ω1(y1, x′)(e1, z′, eα). (B.17)

Now, we shall prove that Ω1 = 0; this will be done once π0
1α have been determined. For the

time being, we pursue the calculations by setting the boundary value problem set in Y for the
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unknowns (π0
αβ,w

2
α). From (Eα)−2 and (Cαβ)0 in (13), it reads

∂zβπ
0
αβ = 0, π0

αβ = 2µp

(
εx′
αβ(w

0) + εz′
αβ(w

2)
)

+ λp

(
∂y1 w1

1 + εx′
γγ(w0) + εz′

γγ(w2)
)
δαβ, in Y,

π0
αβnβ = 0 on ∂Y,

(B.18)
with w0 known from (B.10) and w1

1 from (B.16) at this stage. It is easy to check that the solution
of this boundary value problem is
π0
αβ = 0,

w2
α = −ex′

αβ(w
0)zβ −

λp

2(µp + λp)
zα
∂W1

∂y1
(y1, x′) +

λp

2(µp + λp)
gα + W2

α(y1, x′) + Ω2(y1, x′)(e1, z′, eα),

(B.19)
where

g2 =

 z2
2

2
−

z2
3

2

 ∂2W0
2

∂y2
1

+ z2z3
∂2W0

3

∂y2
1

, g3 =

 z2
3

2
−

z2
2

2

 ∂2W0
3

∂y2
1

+ z2z3
∂2W0

2

∂y2
1

. (B.20)

The above form of w2
α along with w0

α in (B.10) can now be used to find π0
11 =

(
2µp + λp

)
∂y1 w1

1 +

λp

(
∂xαw0

α + ∂zαw2
α

)
, and we get

π0
11 = Ep

∂W1

∂y1
(y1, x′) −

∂2W0
α

∂y2
1

(y1, x′) zα

 , (B.21)

where we used that Ep = µp(2µp + 3λp)/(µp + λp). It is now sufficient to remember that π0
11 = 0 to266

get that ∂y1 W1 = 0, hence the above expression of π0
11 simplifies to the form announced in (B.11)267

and w1
1 in (B.16) simplifies to to that in (B.11).268

We now use the boundary value problem set in Y for the unknowns (π0
1α,w

2
1). From (E1)−2

and (C1α)0 in (13), it reads as follows{
∂zαπ

0
1α = 0, π0

1α = µp

(
∂y1 w1

α + ∂xαw0
1 + ∂zαw2

1

)
, in Y,

π0
1αnα = 0, on ∂Y,

(B.22)

with w0
1 known from (B.10) and w1

α from (B.17) at this stage. The solution is found to be of the
form 

π0
1α = µp

∂Ω1

∂y1
(y1, x′)(e1, z′, eα),

w2
1 = W2

1 (y1, x′) − zα

∂W1
α

∂y1
(y1, x′) +

∂W0
1

∂xα
(x′)

 , (B.23)

and we see that Ω1 = 0 implies π0
1α = 0. To show that Ω1 = 0, we use ∂y1π

0
1α + ∂zβπ

1
αβ = 0

which we infer from (Eα)−1. Multiplying by v = vαeα with the triple product vα = (e1, z′, eα) and
integrating over Y , we find that∫

Y
vα∂y1π

0
1α dz′ +

∫
∂Y

vαπ1
αβnβ dl −

∫
Y
∂zβvαπ

1
αβ dz′ = 0. (B.24)
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Since π1 is symmetric and ∇v is anti-symmetric, we have ∂zβvαπ
1
αβ = 0, and π1

αβnβ = 0 on ∂Y .
Hence, (B.24) reduces to∫

Y
vα
∂π0

1α

∂y1
dz′ = 0, hence

∂2Ω1

∂y2
1

(y1, x′)
∫

Y
(e1, z′, eα)2dz′ = 0. (B.25)

Next, with (e1, z′, eα)2 = |z′|2 whose integral does not vanish, we obtain that ∂y1Ω
1 does not269

depend on y1; anticipating that ∂y1Ω
1(ĥ, x′) = 0 (see forthcoming (B.35)) and Ω1(0, x′) = 0 (see270

forthcoming (B.41)), we deduce that Ω1 = 0 everywhere. It follows that π0
1α = 0, from (B.23),271

and that w1
α = W1

α(y1, x′), from (B.17), in agreement with (B.11).272

Appendix B.1.5. Third step: π1
1i in (B.12) and the Euler-Bernoulli equations in (B.13)273

This starts with (E)0 in (13) integrated over Y , specifically

∂π1
11

∂y1
+ ρpω

2ϕW0
1 = 0,

∂π1
1α

∂y1
+ ρpω

2ϕW0
α = 0, (B.26)

where we have used that π0 = 0 from (B.9) and (B.11) and π2n| ∂Y = 0. Since W0
1 depends only274

on x′ and anticipating that π1
11(ĥ, x′) = 0 we obtain the form of π1

11 in (B.12) by integration of275

(B.26).276

To get π1
1α, we multiply (E1)−1 (which reads ∂y1π

0
11 + ∂zβπ

1
1β = 0, with π0

11 in (B.11)) by zα
and integrate over Y to find that

Ep

∂3W0
β

∂y3
1

(y1, x′)
∫

Y
zαzβ ds +

∫
Y
π1

1β δαβ ds = 0, (B.27)

where we have used that π1
1β nβ

| ∂Y
= 0. For the circular cross-section of the beams,

∫
Y z2z3dz′ = 0

and
∫

Y z2
2dz′ =

∫
Y z2

3dz′ = πr̂4/4. It follows that

Ŝ π1
1α(y1, x′) = −Ep

πr̂4

4
∂3W0

α

∂y3
1

(y1, x′), (B.28)

in agreement with (B.12) (with ϕŜ = πr̂2). Coming back to (B.26) with the above form of π1
1α,

we deduce that

Ep

πr̂4

4
∂4W0

α

∂y4
1

− ρpω
2ϕŜ W0

α = 0, (B.29)

in agreement with (B.13).277

Appendix B.2. Effective boundary conditions at the top of the array of beams278

As we have done in (30), we consider the following expansions for the displacement and
stress

u =
∑
n≥0

ηnvn(z, x′), σ =
∑
n≥0

ηnτn(z, x′), (B.30)
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with now z = (z1, z2, z3). We use (e) in (33) which provides us with divzτ
0 = divzτ

1 = 0, and this
makes the calculations identical to those conducted in §3.2 for the plates when integrating over
Z = {z1 ∈ (−∞, 0), z′ ∈ Y}. We thus obtain

π0
1i(ĥ, z

′, x′) = π1
1i(ĥ, z

′, x′) = 0, i = 1, 2, 3, (B.31)

(see (54)). The conditions on π0
1i are consistent with (B.9) and (B.11). The condition on π1

11 is

that anticipated to find (B.12). Eventually, the condition on π1
1α combined with (B.12) provides

the conditions of zero shear force
∂3W0

α

∂y3
1

(ĥ, x′) = 0. (B.32)

To derive the condition of zero bending moment, we proceed in the same way as we have done in
(B.24); with v = vαeα and vα = (e1, z, eα), we consider the vanishing integral

∫
Z vα∂ziτ

0
iα dv = 0,

hence ∫
∂Z

vατ0
iαni = 0, (B.33)

where we have used that ∂zi vατ
0
iα = 0 by construction. Because τ0 · n vanishes on ∂Z except at

the bottom face z1 = −zm and passing to the limit zm → +∞, this integral reduces to∫
Y

vα π0
1α(ĥ, z′, x′) ds = 0. (B.34)

Making use of (B.23) leads to the anticipated boundary condition

∂Ω1

∂y1
(ĥ, x′) = 0, (B.35)

that we have used to get π0
1α = 0. It remains to derive the condition of zero bending moment. By

considering a = zα e1 − z1eα and integrating over Z the scalar a · divzτ
0 (since divzτ

0 = 0), we
found that

0 =

∫
∂Z

ai τ
0
i jn j ds = −

∫
Y

zα τ0
11 |z1=−zm

ds − zm

∫
Y
τ0

1α |z1=−zm
ds, (B.36)

for α = 2, 3. Since we have in addition 0 =
∫
∂Z τ

0
i jn j ds =

∫
Y τ0

1α |z1=−zm
ds, we can pass to the

limit zm → ∞, and get 0 =
∫

Y zατ0
11 → zαπ0

11(ĥ, x′). Now accounting for π0
11 in (B.21), we obtain

the expected boundary condition
∂2W0

α

∂y2
1

(ĥ, x′) = 0. (B.37)

Appendix B.3. Effective transmission conditions between the substrate and the array of beams279

In the vicinity of the interface between the substrate and the array of beams, we consider the
same expansions as in (B.30), and at the dominant order, we still have divzτ

0 = divzτ
1 = 0. The

calculations are identical to that conducted in §3.3 when integrating over Z = {z1 ∈ (0,+∞), z′ ∈
Y} ∪ {z1 ∈ (−∞, 0), z′ ∈ (− ˆ̀/2, ˆ̀/2)2}, and we find

σ0
1i(0

−, x′) = 0, i = 1, 2, 3, (B.38)
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which are consistent with (B.9) and (B.11). Next, using π1
1i in (B.12), we find

σ1
11(0−, x′) = ρpω

2 ϕ ĥW0
1 (x′), σ1

1α(0−, x′) = −Ep

πr̂4

4S
∂3W0

α

∂y3
1

(0, x′). (B.39)

We have yet to establish the continuity of the displacement. From the counterpart of (c′) in (42)
(with z′ → z), it is easily seen that we have at the dominant orders

εz(v0) = εz(v1) = 0. (B.40)

Therefore v0 and v1 are piecewise rigid body motions, namely vi = Ω̂i(x′) × z + Vi(x′), i = 0, 1.
Invoking the periodicity of vi, i = 0, 1 with respect to z2 and z3 for z1 < 0 and the continuity of
vi at z1 = 0, these rigid body motions reduce to a single translation over Z, hence Ω̂i = 0. Using
the matching conditions on the displacements, we obtain the conditions that we have anticipated
(see (B.15) and (B.25)), namely

Ωi(0, x′) = Ω̂i · e1 = 0, i = 0, 1, (B.41)

and the boundary conditions

u0
1(0−, x′) = W0

1 (x′), u0
α(0−, x′) = W0

α(0+, x′),
∂W0

α

∂z1
(0+, x′) = 0. (B.42)

Appendix B.4. The final problem280

The effective problem (B.1) is obtained for (u = u0,σ = σ0 + ησ1) in the substrate for281

x1 < 0, (u = W0,σ = π0 + ηπ1) and in the region of the array for x1 > 0. Remembering that282

y1 = x1/η and ĥ = h/η, r̂ = rp/η
2, it is easy to see that (i) the Euler-Bernoulli equation in (B.1)283

is obtained from (B.13), (ii) the effective boundary conditions announced in (B.3) from (B.32),284

(B.37)-(B.39) and (B.42).285
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