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The presence of rigid boundary surfaces in a turbulent
flow can result in the enhancement of the radiated acous-
tic field. Two contributions can be distinguished: a direct
contribution of quadrupolar nature and a diffracted con-
tribution produced by the scattering of the direct field by
the geometry. In order to predict the global acoustic radia-
tion, the method of Green’s functions is a particularly con-
venient choice. Provided an appropriate Green function,
which can be found analytically for simple geometries or
numerically for arbitrary shapes, and appropriate statistics
for the incompressible turbulent flow, an estimation of both
contributions can be made. In this study, we derive an an-
alytical method based on Green’s functions satisfying the
rigid boundary condition over the boundary surfaces which
can be applied to arbitrary geometries.

The fundamental equation governing the generation of
sound in the presence of rigid boundaries in the frequency
domain is [1]:

p(x, ω) =

∫
V

∂2GT (x, y, ω)

∂yi∂yj
Tij(y, ω)dV (y), (1)

where V is the turbulence volume surrounding a solid
boundary S, Tij the Lighthill stress tensor, x the observer
location, y the source location and where GT (x, y, ω) is
the tailored Green function, satisfying the rigid boundary
condition on S, defined by:

(∆ + k20)GT (x, y, ω) = δ(x− y)

∂GT
∂yi

ni = 0, ∀y ∈ S.
(2)

For a turbulent flow, the source term Tij can be consid-
ered as a random function and is therefore not square-
integrable. The computation of (1) is then not straight-
forward and a solution is to compute the power spectral
density (PSD) which is defined by:

Spp(x, ω) = 〈p(x, ω)p∗(x, ω)〉, (3)

where ∗ denotes the complex conjuguate and 〈〉 the en-
semble average. In trailing edge noise study, it is usual
to consider an incompressible turbulent boundary layer
over a semi-infinite plate such as described in Fig. 1.
Also, considering the classical Reynold’s decomposition

ui = Ui + u′i, if we assume that only the transverse mean
shear ∂U1/∂y2 is non zero and that the velocity com-
ponents can be related by an anisotropy factor so that
u′i = fiju

′
j , which will be taken equal to 1 is this study,

(1) can be writen:

p(x, ω) =

∫
V

2ρ0U1(y2)u′2(y, ω)

× ∂

∂y1

(
3∑
i=1

∂GT
∂yi

)
dV (y).

(4)

The exact Green function, tailored to the semi-infinite
plate is given for an observer in the far field (|x| → ∞)
by [2]:

GT (x, y, ω) ≈ − 1

4π

×
∞∑
m=0

am cos (νm(θx + π)) cos (νm(θy + π))

× Jνm
(
k0ry

rx
|x− y3e3|

)
eik0|x−y3e3|

|x− y3e3|
e−iπm/4,

(5)

where νm = m/2, rx =
√
x21 + x22, ry =

√
y21 + y22 ,

a0 = 1 and am = 2 for m 6= 0. Because the only assump-
tion is that the observer is placed in far field, both direct
and diffracted fields are included in this formulation.

Replacing (4) in (3) yield to an expression of the PSD as
a function of φ22(y, z, ω) = 〈u′2(y, ω)u′∗2 (z, ω)〉, the cross
spectral density (CSD) of the vertical component of the
turbulent fluctuation velocity. From the Blake-TNO wall
pressure spectrum model, widely used in applications of
the Chase’s diffraction theory [3, 4], we derived a semi-
analytical model scaled by a XFoil simulation. Consider-
ing the turbulence as isotropic and as homogeneous in the
directions parallel to the plane the CSD can be written un-
der the following separable formulation:

φ22(y, z, ω) = u′22 (y2)φ
(1)
22 (r1, ω)L2(y2)φ

(3)
22 (r3, ω) (6)

where ri = yi − zi represents the correlation separation
and u′22 (y2) is the variance of the turbulence fluctuations.
The one dimensional spectrum in the streamwise direction
is derived from the von Kármán model [5] under the frozen
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Figure 1. Typical configuration in trailing edge noise stud-
ies

turbulence assumption and yields:

φ
(1)
22 (r1, ω) =

4

15
√
πkeUc

Γ(11/6)

Γ(7/3)

× 1 + 8/3(k1/ke)
2

(1 + (k1/ke)2)11/6
e−(i+γ)ωr1/Uc ,

(7)

where ke is the energy bearing wavenumber, Uc the mean
convection velocity and γ an empirical parameter of order
0.2 to 0.3. In the transverse direction a Gaussian correla-
tion function is assumed:

φ
(3)
22 (r3, ω) = e−(r3/λ3)

2

, (8)

where λ3 = 1.4Uc/ω is a transverse correlation scale given
by Corcos [6]. Finally, if the correlation length scales of
the turbulence are small compared to the spatial extend of
the boundary layer then the CSD can be expressed as a
function of integral length scales only:

φ22(y, z, ω) = u′22 (y2)L1(ω)L2(y2)L3(ω)δ(y− z), (9)

where Li is an integral length scale defined by,

Li(ω) =

∫ ∞
−∞

φ
(i)
22 (ri, ω)dri. (10)

In order to validate the noise spectrum prediction
against experimental results, we consider a NACA 0012
airfoil in different configurations for which trailing edge
noise is the dominant contribution. Fig. 2 shows that the
predicted spectra at U = 20m.s−1, 40m.s−1, 60m.s−1 of
a profile of chord 0.2m and span 0.45m at zero angle of
attack for an observer placed at 1.22m above the trail-
ing edge are in good acccordance with the measured spec-
tra. Power law results deduced from classical dimensional
analysis are recovered: the direct acoustic field, produced
by eddies far from the edge increases in proportion to the
fourth power of the Mach number and the diffracted field
directly in proportion to the Mach number.

Figure 2. Sound pressure level (dB=Hz) for a receiver
above the trailing edge at rx = 1.22m at mid-span (θx =
ψx = π = 2) calculated using the far field half plane Green
function and measured by Stalnov et al. [4]

1. REFERENCES

[1] J. Ffowcs Williams and L. Hall, “Aerodynamic sound
generation by turbulent flow in the vicinity of a scat-
tering half plane,” Journal of Fluid Mechanics, vol. 40,
657-670 1970.

[2] J. Mathews and N. Peake, “An analytically-based
method for predicting the noise generated by the inter-
action between turbulence and a serrated leading edge,”
Journal of Sound and Vibration, vol. 422, pp. 506 –
525, 2018.

[3] D. M. Chase, “Sound radiated by turbulent flow off a
rigid half-plane as obtained from a wavevector spec-
trum of hydrodynamic pressure,” The Journal of the
Acoustical Society of America, vol. 52, 1972.

[4] O. Stalnov, C. Paruchuri, and P. Joseph, “Towards a
non-empirical trailing edge noise prediction model,”
Journal of Sound and Vibration, vol. 372, 03 2016.

[5] S. Glegg and W. Devenport, Aeroacoustics of low mach
number flows: Fundamentals, analysis, and measure-
ment. Academic Press, 02 2017.

[6] G. M. Corcos, “The structure of the turbulent pressure
field in boundary-layer flows,” Journal of Fluid Me-
chanics, vol. 18, pp. 353 – 378, 03 1964.

10.48465/fa.2020.0912 750 e-Forum Acusticum, December 7-11, 2020


