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1University of Bordeaux-CNRS-CEA, CELIA, UMR 5107, 33405 Talence, France∗
2ELI-Beamlines Center, Institute of Physics, Czech Academy of Sciences, 25241 Dolńı Břežany, Czech Republic
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We present a model describing ionization and excitation of nitrogen molecules by a strong and
short laser pulse. In difference to previous publications, both processes are considered within the
same formalism of density matrix. We account for the dependence of the dipole moment on the
vibrational quantum number and for a large number of excited levels. Populations of the excited
levels depend significantly on the laser intensity, wavelength, polarization and pulse duration.

I. INTRODUCTION

Cavity-free lasing of nitrogen singly-ionized molecules
has been reported for the first time 10 years ago [1, 2]
and attracted the attention of many research groups [3–
9]. The effect consists in lasing in the forward direction
at the wavelengths 391 or 428 nm, corresponding to tran-
sitions from the excited state B2Σ+

u to the ground states
X2Σ+

g (0, 1) of N+
2 molecule with vibrational levels 0 or

1, respectively. There is still an ongoing controversy on
how this lasing is produced as, owing to a very short du-
ration of the main laser pulse, typically less than 50 fs,
it is not known whether population inversion between B
and X states can be created.

This controversy in the explanation of the lasing effect
is due to the fact that the nitrogen molecule is a com-
plex quantum object and only a limited number of ex-
cited levels is often considered. The challenge consists in
evaluating the probability of excitation of different elec-
tronic and vibrational levels after the end of the laser
pulse. Only knowing the populations at all relevant lev-
els it would be possible to define the origin of the lasing
process.

The probability of the direct laser ionization into ex-
cited state B is very low compared to ionization into
ground state X0 because of the large difference of ener-
gies and the low probability of electron recollision [10, 11].
However, there are three other processes, which may con-
tribute to the observed lasing effect. The first process is
the excitation to a third level A. There is an intermediate
state A2Πu between the X and B states that can be res-
onantly excited by the main pulse because the transition
energy between X0 and A2 levels, ~(ωa2−ωx0) = 1.59 eV
is very close to the pump photon energy, ~ω0 = 1.55 eV.
Thus, a transition of a fraction of ionized molecules to
the A state may create a population inversion between
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B and X states and explain the lasing effect [5, 6]. How-
ever, this scheme assumes a population inversion between
the A and X states, which is not evidenced experimen-
tally and is not found in the numerical modeling [12].
A second process is the polarization coupling between
B and A states [13]. This process, known also as the
V-scheme [14–16], can explain the lasing effect without
population inversion [12, 13, 17–20]. The third process is
the population inversion between B and X states because
of coherent reconstruction of rotational wave packet of
N+

2 ions [9, 21]. Indeed, ionization of nitrogen molecules
is accompanied by molecular rotations, which correspond
to a coherent excitation of many rotational levels. The
periodic alignment of the molecular ions results in a tran-
sient inversion between certain rotational B and X levels
that may explain the lasing effect [22, 23]. However, such
inversion exists only for short time periods of molecu-
lar alignment separated by a half of period of molecular
rotations, which is equal to approximately 4 ps. The
predicted gain is too small and incompatible with the
observations.

In our previous paper [12], we have considered a model
of the nitrogen molecular ion N+

2 including the ground
electronic state X2Σ+

g with two vibrational levels v = 0, 1

and two excited electronic levels: first excited state A2Πu

with two vibrational levels v = 2, 3 and second excited
state B2Σ+

u with one vibrational level v = 0. The model
was simplified by assuming a limited number of allowed
transitions, namely, four transitions were considered, A2-
X0, A3-X1, B0-X0 and B0-X1, and two A-X and two B-X
transitions were characterized by the same dipole mo-
ments, µax = 0.25 eaB and µbx = 0.75 eaB [24, 25], where
e is the unitary charge and aB is the Bohr radius. This
choice of transitions was justified by the resonance condi-
tions as the frequencies of A2-X0 and A3-X1 transitions
are close to the laser frequency.

Although this model goes beyond the traditional three
level scheme [5, 6], it is not known how good this sim-
plified five-level model corresponds to the reality as the
nitrogen ion has much more vibrational levels and many
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FIG. 1. Scheme of electronic and vibrational levels in the
molecule N+

2 . Number of lines indicates the number of vi-
brational levels considered, rotational splitting is neglected.
Arrows show the allowed transitions.

more cross-couplings are allowed. Recent study by Zhang
et al. [26] shows the possibility of efficient excitation of
higher vibrational B-levels. In the present work we ex-
tend the ionization-excitation model by revising the ion-
ization model of nitrogen molecule, including more vibra-
tional levels at X and A states and accounting for all al-
lowed transitions between the considered levels shown in
figure 1. We consider the dependence of dipole moments
on the vibrational quantum number by using experimen-
tal values for the Einstein coefficients for transitions and
Franck-Condon coefficients for ionization [24, 25, 27, 28].

A comparison of populations of involved states for the
realistic laser pulse parameters shows that it is necessary
to account for 3 − 5 vibrational levels in each electronic
state in order to have convergent results. The calculated
populations are significantly different from the simplified
three- and five-level models and from the calculation of
populations by using the equations for the probability
amplitudes [5, 7].

II. ELEMENTS OF THE THEORETICAL
MODEL

Our model is based on the Bloch equations for the den-
sity matrix of a nitrogen molecule in a prescribed strong,
time-dependent laser field. In difference from equations
for the complex probability amplitudes, which describe
only transitions between discrete levels, equations for
the density matrix may include also the terms describ-
ing the molecule ionization into the ground and excited
ionic states. Thus, the use of equations for the density
matrix allows one to account for both ionization and ex-
citation processes self-consistently, which cannot be done
with the equations for the probability amplitudes.

Some authors [5, 7, 29, 30] have proposed to associate
ionization with the maximum of the laser pulse and then
to solve the amplitude equations for the second half of
the pulse for the evaluation of population at the excited
levels. However, our analysis shows that such a scheme
is inconsistent with the density matrix approach showing
quantitatively different results for the ionization level and

populations at excited states.
The dynamic equation for the density matrix d has a

standard form [12, 26, 31]:

ḋ = − i
~

[H,d] + (1− ni)wfi, (1)

where the Poisson bracket in the first term on the right
hand side describes transitions between the ground and
excited states of the ion, and the second term describes
ionization of the nitrogen molecule to the ground and
excited states. The density matrix is normalized to the
density of neutral molecules. Then, trace of d gives the
total probability of ionization ni = Tr d. According to
equation (1), it satisfies equation

ṅi = (1− ni)Tr wfi. (2)

Ionization matrix wfi is diagonal and represents the prob-
ability of ionization to the correspondent levels.

Hamiltonian, H = H0 − µ · E(t) is assumed to be
Hermitian with the diagonal term H0 = ~ω represent-
ing the energies of the ground and excited states and the
off-diagonal term µ ·E = ~Ω representing the dipole in-
teraction between levels with Ω being the Rabi frequency.
Explicit expressions for the ionization and dipole matri-
ces for the 13 considered levels and 29 transitions are
presented in the next sections.

We consider excited electronic states of the nitrogen
molecular ion A2Πu and B2Σ+

u corresponding to the value
of the dominant orbital quantum number l = 1 and mag-
netic quantum number (projection of the orbital momen-
tum on the molecule axis) m = 0 (B state) and m = ±1
(A state). Each of these states, as well as the ground state
X2Σ+

g , includes many vibrational levels. We consider
three vibrational levels in the ground state X, v = 0− 2,
five levels in the A state, v = 0−4 and five levels v = 0−4
of the B state, which correspond to 29 transitions in the
optical and near infrared range. The wavelengths of the
considered transitions along with the corresponding Ein-
stein coefficients are given in table II. In particular, the
wavelengths of transitions A2-X0 and A3-X1 are very
close to the laser wavelength of 800 nm used in many
experiments and the wavelengths of transitions B0-X0
and B0-X1 are close to its second harmonic. Compared
to Zhang et al. [26], we omitted higher order vibrational
levels v = 3, 4 in X state as their populations are expected
to be quite small, less than 0.1%.

Expressions for the dipole interaction depend on the
laser pulse polarization. In the case of linear polariza-
tion, it depends on the angle Θ between the directions
of electric field and molecule axis. Considering the laser
field directed along the z-axis in the form

Ez(t) = E0 cos(ω0t) cos(πt/2tlas)H(tlas − |t|), (3)

where E0 is the laser amplitude, ω0 is the laser frequency,
tlas is laser pulse duration at half maximum intensity and
H is the Heaviside function. The Rabi frequencies for the
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B-X and A-X transitions read:

~ΩBX = µBXEz cos Θ, (4)

~ΩAX = µAXEz sin Θ, (5)

where ~ is the Planck constant. Considering a laser pulse
duration in a tens of femtosecond scale, which is much
smaller than the period of molecular rotation (∼ 8 ps),
we average the density matrix at the end of laser pulse
over the molecular orientation with respect to the laser
field direction, assuming there is no privileged orientation
before the laser arrival. The spatial dependence of the
laser field is not considered in this model as the laser pulse
is assumed to be sufficiently strong and weakly modified
while propagating in the gas. Consequently, all molecules
are ionized and excited synchronously with the laser pulse
propagation. Intensity in the calculations shown below
corresponds to the maximum value, Ilas = 1

2cε0E
2
0 .

Calculation of the molecule ionization and excita-
tion becomes more complicated if the laser polariza-
tion changes direction within pulse duration. Here, we
consider a laser wave of elliptic polarization propagat-
ing in the z direction and having electric field E in the
x, y plane composed of two linear polarizations, E(t) =
xEx(t) + yEy(t), defined by unit vectors x and y, with
the phases shifted by a quarter of the period:

Ex(t) = E0 cosβ cos(ω0t) cos(πt/2tlas)H(tlas − |t|), (6)

Ey(t) = E0 sinβ sin(ω0t) cos(πt/2tlas)H(tlas − |t|). (7)

A difference in amplitudes, E0x and E0y, is controlled by
the angle β and ellipticity is defined as ε = tanβ.

Molecule orientation is characterized by a unit vector
n, which in spherical coordinates is defined by the polar
angle θn with respect to the laser propagation direction
z and the azimuthal angle ψn in the laser polarization
plane x, y. The absolute value of laser electric field and
the angle between molecule orientation and laser field can
be presented as

Eabs(t) =
(
E2
x + E2

y

)1/2
, (8)

cos Θ = sin θn

(
cosψn

Ex
Eabs

+ sinψn
Ey
Eabs

)
. (9)

Rabi frequencies for B-X transitions, with orbitals that
have zero projection on the molecular axis are given by
equation (4) with the field Ez replaced by Eabs. More at-
tention is required for the definition of Rabi frequencies
for the A-X transitions, which correspond to a change
of the projection of orbital momentum to the molecular
axis ∆m = ±1. Here, there are two probability am-
plitudes corresponding to left- and right-hand rotation.
They are coupled to the corresponding field amplitudes
E± = 2−1/2(Ex′ ± iEy′), which are defined in the coor-
dinate system where molecular axis, n, is oriented along
the z′-axis. We define the y′ axis by a unit vector di-
rected perpendicularly to the plane defined by the z-axis
and the molecule axis: y′ = z × n/ sin θn. Then, the
third direction in this system, x′, is defined as a vector

product, x′ = y′ × n. Consequently, the field compo-
nents in the molecule reference system are defined by the
following relations:

E± = 2−1/2Exx · (x′± iy′) + 2−1/2Eyy · (x′± iy′). (10)

In the particular case of time-independent laser polariza-
tion, we can assume that two vectors, laser polarization
and molecule orientation, are lying in the x, z-plane, and
then cos Θ = sin θn and E± = E cos θn. In a more gen-
eral case, the Rabi frequencies are also split into left- and
right components:

~Ω±AX = µAXE
∓. (11)

This matrix is Hermitian: Ω+
AX = Ω−?AX .

A. Dipole moments of electronic and vibrational
transitions

The transition wavelengths λab and the correspond-
ing Einstein coefficients Aab are given in table II in Ap-
pendix A. The dipole moments are related to the Ein-
stein coefficients as follows [32]:

µ2
ab =

3~ε0
16π2

λ3
abAab, (12)

where, ε0 is the vacuum dielectric permittivity.
Dipole moments for B-X transitions shown in table II

are significantly larger than those for A-X transitions.
This leads to a larger population at B levels and smaller
population at A levels, which favors the subsequent am-
plification in the V-scheme. Dipole moments for the con-
sidered states depend on the vibrational quantum num-
ber. This fact was not accounted for in previous publica-
tions [5, 12, 29], which leads to quantitative differences
in the populations of excited levels.

B. Ionization probability

Ionization of the nitrogen molecules is described by
the model developed in references [33–35] and adapted
for diatomic molecules by Tong et al. [36]. Ionization
probability to level a is characterized by the ionization
potential Ua and reads:

wa,fi = ωat
qFCi
a B2

a

2|m||m|!
κ1−2/κa
a

×
(

2κ3
a

F

)2/κa−|m|−1

exp

(
2κ3

a

3F

)
. (13)

Here, m is the projection of the orbital moment on the
molecule axis, κa = (2Ua/~ωat)

1/2 and F = Eabs/Eat

are the ionization energy and electric field expressed in
atomic units, ωat = e2/4πε0aB~ and Eat = ~ωat/eaB,
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FIG. 2. a) Dependence of the total ionization probability
ni/n0 on the laser intensity. Solid lines represent calculations
with our model for linear (LP) and circular (CP) laser polar-
ization. Points show the correspondent experimental results
from reference [38]. b) Dependence of populations at excited
states X1 (green, long dashed), X2 (green, dotted), A0 (or-
ange, dashed), A1 (orange, solid), A2 (red, solid), A3 (red,
dashed), A4 (red, dotted), B0 (blue, solid), B1 (blue, dashed),
B2 (blue, dotted) normalized to the total ion density on the
laser intensity for laser pulse duration 30 fs and laser wave-
length 800 nm. Results obtained by solving equations for the
density matrix (1) for 13 levels without polarization coupling
between levels. Population at the level X0, which is on the
order of 90%, is not shown in the figure.

qFCi
a is the Franck-Condon ionization factor [28] and co-

efficient Ba is expressed as:

Ba(m,Θ) = Σl,m′ClD
(l)
m′,mQ(l,m′), (14)

where Q(l,m) = (−1)m[(2l + 1)(l + |m|)!/2(l − |m|)!]1/2

are the numerical coefficients, D
(l)
m′,m(Θ) is the matrix of

rotation [37] depending on the angle Θ between directions
of electric field and molecule axis. The coefficients Cl are
provided by Zhang et al. in Supplementary material [26]
and given in table III in Appendix A.

The angular dependence of the ionization probability
is defined by the expression for the coefficients Ba(m,Θ)
given by equation (14). Following table III, we assume
that two orbitals, l = 0 and l = 2, contribute to the
ground state X. For A and B states, it is sufficient to ac-
count for one orbital l = 1. Consequently, by using data
from table III, following expressions for coefficients B can
be found: BX ' 1 + 3 cos2 Θ, BA ' 5.3, BB ' 5.2 cos Θ.

Level X0 X1 X2 A0 A1 A2 A3 B0 B1 B2

[26] 0.560 0.049 0. 0.066 0.081 0.057 0.030 0.005 0. 0.

N 45◦ 0.773 0.057 0.003 0.064 0.057 0.029 0.012 0. 0. 0.

Avr. 0.836 0.062 0.003 0.017 0.015 0.008 0.003 0.050 0.004 0.

[26] 0.064 0.058 0.019 0.141 0.174 0.186 0.059 0.084 0.023 0.009

P 45◦ 0.043 0.087 0.016 0.056 0.061 0.075 0.042 0.095 0.191 0.091

Avr. 0.097 0.164 0.027 0.036 0.053 0.130 0.046 0.067 0.161 0.111

TABLE I. Comparison of the populations at the ground and
excited levels calculated with the model presented in refer-
ence [26] and our model for the case without polarization
coupling (N) and with polarization coupling (P). Laser inten-
sity 3×1014 W/cm2, wavelength 800 nm, pulse duration 30 fs.
Lines “45◦” and “Avr.” show our calculations for Θ = 45◦

and angle averaged, respectively, for the same conditions.

This angular dependence of ionization is in qualitative
agreement with the experimental results presented in ref-
erence [39].

This ionization model predicts, however, too high ion-
ization probability compared to experiments [38]. This
can be explained by the radial distribution of the laser
pulse intensity in the experiment: the gas ionization aver-
aged in the direction transverse to the propagation axis is
smaller than at the axis. Agreement with the experiment
can be achieved by reducing all ionization probabilities
in equation (13) by a numerical factor of 10. With this
correction, as shown in figure 2a, we find a good agree-
ment of the angle-averaged ionization probability in the
range of laser intensity (0.5− 6)× 1014 W/cm2 with the
experimental data given by Guo et al. [38] for the laser
pulse duration of 30 fs full width at half maximum. Ex-
perimental data are normalized by a factor of 3.5× 10−8

and shifted on intensity by 1.4×1013 W/cm2. (This shift
is within the precision of intensity definition in the ex-
periment.) Agreement is also good for the circular laser
polarization with the same scaling and shift factor as
for the linear polarization. This close agreement gives
us a confidence in considering the populations at excited
states. Since the excitation probabilities do not depend
on the absolute number of ionized molecules, we use this
ionization suppression factor 0.1 in all calculations pre-
sented in below.

Figure 2b shows the distribution of populations at the
excited states as a function of laser intensity for the same
pulse duration of 30 fs. Ionization to the ground state
dominates with the fraction of ions decreasing from 93%
at low intensity to about 78% at high intensity. Pop-
ulations of all excited states are low and follow the in-
verse order to the ionization energy. This figure demon-
strates that direct ionization into excited states cannot
produce inversion of population and explain the lasing
effect. Coupling between levels changes completely the
situation.

The results of our ionization model can be compared
with the population calculations performed by Zhang et
al. [26] for the laser intensity 3×1014 W/cm2, wavelength
800 nm, pulse duration of 30 fs and for a particular angle
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of molecule orientation with respect to the laser polariza-
tion of 45◦. The authors use a similar theoretical model
based on solution of equation (1) for the density matrix.
The comparison is shown in table I. In the case without
polarization coupling, there is a qualitative agreement
in the predicted populations for molecule orientation at
45◦. Differences are more significant in the case where
the populations are averaged over the molecule orienta-
tion and the polarization coupling is turned on. This is
important for the levels X0, A2 and B0, which are of par-
ticular interest for amplified emission at the wavelength
391 nm, corresponding to B0-X0 transition [13].

III. IONIZATION-EXCITATION MODEL

A. Dependence on the number of excited levels

Bloch equations (1) and (2) are solved numerically, ion
state probabilities are evaluated at the end of the laser
pulse, t = 2tlas, and averaged over the angle Θ assuming
random orientation of molecules with respect to the laser
electric filed. Figure 3a shows dependence of populations
at the excited levels on the laser intensity for pulse dura-
tion 30 fs, wavelength of 800 nm and linear polarization
obtained with the model including thirteen levels. Pop-
ulations are strongly enhanced and reversed due to the
polarization coupling compared to the case where only di-
rect ionization is activated, figure 2b. Compared to the
five-level model [12], ions are distributed more equally
between several excited levels and populations oscillate
as laser intensity increases.

Having in hand simulation results obtained with the
model accounting for 13 levels and 29 transitions, we can
now take a step back and evaluate the minimum number
of levels and transitions needed for accurate calculation
of populations. By suppressing transitions characterized
by small values of dipole moment, we conclude that all
transitions going to level X2 can be removed without
significantly affecting populations at other levels. Sim-
ilar observation applies to transitions going from levels
A4, B3 and B4. In total 4 levels and 17 transitions can
be suppressed in the model without affecting the pop-
ulations at the remaining levels. Thus, the minimum
configuration, includes two levels in X state (v = 0, 1),
four levels in A state (v = 0 − 3) and three levels in B
state (v = 0 − 2). Dependence of populations on the
laser intensity obtained with the reduced model is shown
in figure 3b. A qualitative agreement with the full model
shown in panel a) is evident, but there are quantitative
differences that might be important for evaluation of in-
version of population between some particular levels.

This analysis sheds also light on how the levels are pop-
ulated. Figure 4 shows an example of temporal evolution
of populations on several representative levels. Ioniza-
tion populates essentially X0 level. Level X1 is popu-
lated through intermediary of B0 level. So, population
of both levels are comparable at early times. Depending

FIG. 3. Dependence of the populations at levels X0 (green,
solid), X1 (green, long dashed), X2 (green, dotted), A0 (or-
ange, dashed), A1 (orange, solid), A2 (red, solid), A3 (red,
dashed), A4 (red, dotted), B0 (blue, solid), B1 (blue, dashed),
B2 (blue, dotted), B3 (purple, dashed), B4 (purple, dotted)
normalized to the total ion density, ni on the laser intensity
for laser pulse duration of 30 fs and wavelength of 800 nm.
Total ionization probability ni/n0 is shown with a solid pur-
ple line. 13 levels are considered in panel a, four levels have
been removed in panel b: X2, A4, B3 and B4.

FIG. 4. Time dependence of the populations at states X0
(green, solid), X1 (green, dashed), A1 (orange, solid), A2 (red,
solid), B0 (blue, solid) and B1 (blue, dashed) normalized to
the total density of neutral molecules. Laser intensity 1.8 ×
1014 W/cm2, pulse duration 30 fs, wavelength 800 nm and
angle Θ = 45◦. Time t = 0 corresponds to the maximum of
laser intensity.
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on laser parameters, this two-step transfer could be very
efficient with population on X1 level being at later times
higher than populations at X0 and B levels. Levels A1
and A2 are also populated from X0 level, but their role
in populating X1 level is small in the case of linear laser
polarization. By contrast, the roles of B and A states are
exchanged in the case of circular polarization. There, A
levels mediate transfer ions to X1 state and populations
at B level are strongly reduced.

B. Linearly polarized laser pulse

Figure 5 shows distribution of populations over all con-
sidered levels in more details for laser pulse duration of
30 fs calculated with the full model including 13 levels. In
the ground state X, there is an inversion between levels
X0 and X1 in all considered interval of laser intensities,
while population at level X2 remains rather small, less
than 3%. Populations at levels A0-A3 are of the same
order of 5-10%, while population at level A4 is much
smaller, less than 2%.

Populations at all levels in B state are of the same
order of 10% with notable variations at low intensities
Ilas . 3×1014 W/cm2 and approximately constant values
at higher intensities.

Figure 6 shows populations at five levels of interest in
function laser intensity for pulse duration of 10 and 50 fs.
No inversion between populations of B0 and X0 states is
observed for a short laser pulse (figure 6a). However,
population at level X0 gradually decreases with increas-
ing pulse duration, inversion appears already at pulse du-
ration of 30 fs (see figure 3a and 5) and further increases
at pulse duration of 50 fs (figure 6b).

Dependence populations on excited levels on laser
wavelength is shown in figure 7. While B0-X0 inversion
is observed for wavelength of 810 nm (panel a), zone of
inversion decreases as wavelength decreases and it is com-
pletely suppressed for wavelength of 780 nm for pulse du-
ration of 30 fs. This complicated variation of populations
with respect to the laser intensity and wavelength can be
explained by a variation of the energy difference between
levels under the effect of ponderomotive potential.

This analysis shows that inversion of populations be-
tween B0 and X0 levels is unlikely the origin of strong
amplification of signals at wavelengths corresponding to
B0-X0 and B0-X1 transitions. By contrast, inversion be-
tween B0 and A2 and A3 levels is observed in a large
range of laser intensities, which favors the hypothesis of
amplification in the three level scheme [12, 13].

C. Elliptically polarized laser pulse

Elliptical polarization of laser pulse removes the de-
generacy between transitions to A levels with m = 1 and
m = −1. Consequently, transitions to levels Av+ and
Av− should be considered separately. Figure 8 shows

FIG. 5. Dependence of the populations at states X (a), A
(b) and B (c), vibration levels are denotes as follows: X0
(green, solid), X1 (green, dashed), X2 (green, dotted), A0
(orange, dashed), A1 (orange, solid), A2 (red, solid), A3 (red,
dashed), A4 (red, dotted), B0 (blue, solid), B1 (blue, dashed),
B2 (blue, dotted), B4 (purple, dashed) and B4 (purple, dot-
ted) normalized to the total ion density, ni on the laser in-
tensity for laser pulse duration of 30 fs and wavelength of 800
nm.

temporal evolution of populations at A levels for a cir-
cularly polarized laser pulse calculated with the model
including eighteen levels. Positive ellipticity ε = 1 fa-
vors transition to the states with m = −1. A significant
level of excitation is achieved already at the laser pulse
maximum and evolves further in the second half of the
pulse.

Efficiency of ion transition to excited states depends
on polarization. As ellipticity increases the rate of tran-
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FIG. 6. Dependence of the populations at levels X0 (green,
solid), X1 (green, long dashed), A2 (red, solid), A3 (red,
dashed) and B0 (blue, solid) normalized to the total ion den-
sity, ni on the laser intensity for laser pulse duration 10 fs
(a) and 50 fs (b). Total ionization probability ni/n0 is shown
with a solid purple line. Laser wavelength is 800 nm.

sitions to A states increases while the populations at B
states decrease. Figure 9 shows intensity dependence of
populations at excited states for linear, elliptical ε = 0.4
and circular polarization. The case of linear polarization
is the same as in figure 3a but only five levels are shown
here.

Thus, our analysis shows that circular laser polariza-
tion is less suitable for excitation B states. It is more ef-
ficiently couples X and A states that correspond to mag-
netic quantum number m = ±1. This conclusion is sup-
ported by studies of dependence of populations at excited
states on laser pulse duration (in the range 10 − 50 fs)
and wavelength (in the range 750− 850 nm) for circular
polarization. The populations at the B levels are limited
to 5-7%, while the populations at X and A states vary in
the range 5-20%. In some cases an inversion between A
and B states is observed.

IV. CONCLUSIONS

We conducted an extensive analysis of ionization and
excitation of nitrogen molecules with a high amplitude
short laser pulse. The values of populations depend

FIG. 7. Dependence of the populations at levels X0 (green,,
solid), X1 (green, long dashed), A2 (red, solid), A3 (red,
dashed) and B0 (blue, solid) normalized to the total ion den-
sity, ni on the laser intensity for laser wavelength of 810 nm
(a) and 780 nm (b). Total ionization probability ni/n0 is
shown with a solid purple line. Laser pulse duration is 30 fs.

FIG. 8. Dependence of the populations at levels A0± (green,
solid), A1± (red, solid) and A2± (blue, solid) on time for
laser intensity 3 × 1014 W/cm2, wavelength of 800 nm and
pulse duration of 30 fs. Angles of molecule orientation are
θn = 45◦ and ψn = 90◦. Dashed black line shows the temporal
evolution of the laser intensity.

strongly on laser parameters and also on the number of
considered excited levels. A sufficiently complete descrip-
tion is achieved by considering 11-13 levels covering the
range of wavelengths from 300 to 1200 nm. This includes
2-3 vibrational levels in the ground state, 4-5 levels in the
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FIG. 9. Dependence of the populations at levels X0 (green,
solid), X1 (green, dashed), A2 (red, solid), A3 (red, dashed)
and B0 (blue, solid) on laser intensity for wavelength of
800 nm and pulse duration of 30 fs. Panel a: linear polar-
izaion, b: ε = 0.4, c: circular polarization. Curves A2 and A3
report cumulative populations at the right and left-handed
states.

A state and 4-5 levels in the B state.
A theoretical approach based on the density matrix

formalism has an advantage compared to the equations
for the probability amplitudes by accounting at the same
time for the ionization and excitation processes. It
is therefore, quantitatively more accurate and capable
for predicting population dependence on laser intensity,
wavelength and pulse duration.

Ionization model proposed by Tong et al. [36] agrees
well with the experimental data. The ionization probabil-
ity is reduced by a constant factor of 10 due to averaging
over radial intensity profile of laser pulse. Ionization to
the ground level X0 dominates. Excitation to higher elec-
tronic and vibrational levels is due to a dipole coupling
of excited levels to the ground state in a strong laser elec-
tric field. For linearly polarized laser pulse, transitions
to B state dominate. This is explained by the preference
of transitions with the same magnetic quantum number
m = 0. By contrast, a circularly polarized laser pulse
favors transition with ∆m = ±1, which leads to increase
of populations in A states and decrease in B states.

We found, however, a significant quantitative differ-
ence in the populations presented in reference [26], where
the authors used very similar approach, except the an-
gle averaging. The origins of this difference need further
investigation. Averaging the results over molecule ori-
entation with respect to the laser field orientation is an
important part of the model. By choosing appropriate
orientation one may enable or disable B-X and A-X tran-
sitions and, therefore, incorrectly evaluate to the popula-
tion partition. We performed averaging by assuming an
isotropic molecule distribution. It would be interesting
to control the populations by using a aligned nitrogen
gas in experiments.

Ionization-excitation model predicts a robust inversion
between B and A states in a broad range of laser inten-
sities and pulse duration considered. By contrast, pop-
ulation inversion between B0 and X0 and X levels with
vibrational numbers v ≥ 1 is found to exist only in a
very limited range of parameters. This fact indicates
that amplification without inversion in the V scheme is
the most plausible explanation of observed B0-X0 and
B0-X1 emissions at 391 and 428 nm [13].

ACKNOWLEDGMENTS

The work is supported in part by the National Natu-
ral Science Foundation of China (Grants No. 12034013),
Innovation Program of Shanghai Municipal Education
Commission (Grant No. 2017-01-07-00-07-E00007).

Appendix A: Parameters of the nitrogen molecular
ion

Dipole moments are expressed in the atomic units, eaB.
According to equation (12), expressions for dipole mo-
ment through the Einstein coefficient read:

µab = 0.99× 10−3(Aabλ
3
ab)

1/2,

where Aab is in s−1 and the wavelength λab in microns.
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Transition λab, nm Aab, s−1 ωab/ωat µab/eaB

A(0)-X(0) 1108.7 4.63× 104 0.0415 0.249

A(0)-X(1) 1461.0 1.46× 104 0.0315 0.211

A(0)-X(2) 2126.5 1.37× 103 0.0216 0.114

A(1)-X(0) 918.15 5.70× 104 0.0501 0.208

A(1)-X(1) 1147.2 3.17× 103 0.0401 0.068

A(1)-X(2) 1521.1 1.17× 104 0.0302 0.201

A(2)-X(0) 785.25 3.86× 104 0.0585 0.135

A(2)-X(1) 946.69 3.68× 104 0.0486 0.175

A(2)-X(2) 1188.0 1.32× 103 0.0387 0.047

A(3)-X(0) 687.36 1.94× 104 0.0669 0.079

A(3)-X(1) 808.18 5.27× 104 0.0569 0.165

A(3)-X(2) 977.40 1.25× 104 0.0470 0.107

A(4)-X(0) 612.30 8.17× 103 0.0751 0.043

A(4)-X(1) 706.37 4.13× 104 0.0651 0.119

A(4)-X(2) 832.31 4.30× 104 0.0552 0.156

B(0)-X(0) 391.44 1.24× 107 0.1175 0.854

B(0)-X(1) 427.81 3.70× 106 0.1075 0.533

B(0)-X(2) 470.92 7.34× 105 0.0976 0.274

B(1)-X(0) 358.21 5.86× 106 0.1283 0.514

B(1)-X(1) 388.43 4.87× 106 0.1084 0.529

B(1)-X(2) 423.65 4.40× 106 0.1085 0.572

B(2)-X(0) 330.80 7.90× 105 0.1390 0.167

B(2)-X(1) 356.39 8.25× 105 0.1290 0.605

B(2)-X(2) 385.79 1.50× 106 0.1192 0.291

B(3)-X(0) 307.82 2.02× 104 0.1494 0.024

B(3)-X(1) 329.87 1.77× 106 0.1394 0.250

B(3)-X(2) 354.89 8.80× 106 0.1295 0.621

B(4)-X(1) 307.64 6.23× 104 0.1494 0.042

B(4)-X(2) 329.34 2.35× 106 0.1396 0.287

TABLE II. Wavelengths λab, the corresponding Einstein co-
efficients Aab, frequencies and dipole moments for the transi-
tions AX and BX of the molecular ion N+

2 . Here, ωat = vat/aB
is the atomic frequency and vat = e2/4πε0~ is the atomic ve-
locity; µab is calculated from equation (A1) by using the Ein-
stein coefficients given in references [24, 25, 27, 28].

N+
2 orbital l m Cl v qFCi

a

0 0 2.86 0 0.905

X2Σ+
g 2 0 1.37 1 0.089

4 0 0.21 2 0.006

1 ±1 3.06 0 0.275

3 ±1 0.21 1 0.320

A2Πu 2 0.215

3 0.111

4 0.049

1 0 4.23 0 0.886

B2Σ+
u 3 0 0.83 1 0.111

2 0.002

TABLE III. Coefficients for N2 molecule ionization in the
ground and excited states [26] and Franck-Condon ionization
factors [28].
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